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Abstract

We determine the continuous solutions f,g : G — C of each of
the two functional equations

/G {F(eyt) — Flo@)at)hdu() = f(@)g(w), =y € G,

/G {F(eyt) — Flo()at)hdu(t) = g(@)f(w), 2y € G,

where G is a locally compact group, o is a continuous involutive au-
tomorphism on G, and p is a compactly supported, complex-valued
Borel measure on G.
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1. Introduction

In the papers [8,9], Van Vleck studied the continuous solutions f : R — R,
f # 0, of the functional equation

(1.1) fle—y+20)— flx+y+20) =2f(x)f(y), =,y €R,

where zp > 0 is fixed. We shall in this paper study extensions of (1.1) and
related functional equations from R to locally compact groups.

Let G be a group and Z(G) be the center of G. In [4], Perkins and
Sahoo extended the result of Van Vleck by determining the abelian solutions
f + G — C of the functional equation

(1.2) far(y)z0) — fleyzo) = 2f (@) f(y), =,y €G,

where zp € Z(G) and 7 : G — @ is an involution (that is, an anti-
homomorphism such that 7(7(z)) = x for all z € G). As a very recent
result, Stetkaer extended the result of Perkins and Sahoo in [7] by solving
the functional (1.2) on semigroups.

Van Vleck’s functional equation (1.1) was generalized in another direc-
tion by the authors in [3], viz. to the functional equation

(1.3) flo(y)zzo) — fzyz0) = 2f(2)f(y), x,y€G,

where 29 € G is a fixed element that need not belongs to Z(G) and o : G —
G is an involutive automorphism (that is involutive means that o(o(x)) = x
for all x € G). Observe that (1.3) can be written as follows

|t = f@nldut) = F@)f ). 2y €,

where p = %520 (04, is the Dirac measure concentrated at zp). Our aim is to
generalize this equation by substituting the Dirac measure by an arbitrary
compactly supported, complex-valued Borel measure and considering more
unknown functions.

Let G be a locally compact group, o be a continuous involutive auto-
morphism on G, and p be a compactly supported, complex-valued Borel
measure on G. The purpose of the present paper is first to give an explicit
description of the continuous solutions f,g : G — C of each of the two
integral-functional equations
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(1.4) [;ﬂww—ﬂdwwmmwzfmmw,mwee,

(1.5) ﬂ;ﬂww—fwwnowmwzg@ﬁw» .y €G,

and second to present several consequences of these results as well. In
particular, using our main results (Theorem 3.3 and Theorem 4.2), we find
the continuous solutions f : G — C of the following Van Vleck’s integral-
functional equation

(1.6 [ {Flewat) — fyldut) = f@)f W), vy eC,

and the solutions f,g: G — C of each of the equations

(1.7) f(zyz0) — flo(y)zz0) = 2f(2)g(y), =,y €G,

(1.8) f(zyz0) — flo(y)zz0) = 29(x) f(y), =,y €G,

L9 S {flays) - flowaz)} = 2f(@gly), vy € G,
1=0

(1.10) > Af(xyzi) = flo(y)zz)} = 29(2) f(y), z.y€G,

=0

where 2g, 21, ..., zn € G are fixed elements. Note that each of the equations
(1.7)-(1.10) results from (1.4) or (1.5) by replacing p by a suitable discrete
measure and that all these equations are, according to our knowledge, not
in the literature even for abelian groups.

Results of [1,2,3,5,10] have been an inspiration by their treatments of
similar functional equations on groups.

2. Notation and terminology

To formulate our results we recall the following notation and assumptions
that will be used throughout the paper:

Let G be a group with neutral element e. The map ¢ : G — G denote an
involutive automorphism. That it is involutive means that o(o(z)) = x for
all x € G. If (G, +) is an abelian group, then the inversion o(z) := —z is an
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example of an involutive automorphism. Another example is the complex
conjugation map on the multiplicative group of non-zero complex numbers.
For any complex-valued function F' on G we use the notations

F+F F—-F
Fe:% and Foz#.

We say that F'is even if F' = F,, and odd if F' = F,,.

A function A : G — C is called additive, if it satisfies A(xy) = A(x) +
A(y) for all z,y € G.

A character of G is a homomorphism from G into the multiplicative
group of non-zero complex numbers.

By N(G, o) we mean the vector space of the solutions § : G — C of the
homogeneous equation

O(zy) —0(o(y)x) =0, z,y€q.

If G is a topological space, then we let C(G) denote the algebra of all
continuous functions from G into C.

If G is a locally compact group, then we let Mo (G) denote the space
of all compactly supported, complex-valued Borel measures on G. For 1 €
Mc(G), we say that u is o-invariant if pu(f o o) = p(f) for all f € C(G),
ie.,

| #e®)dutt) = [ f®dutt) forall 1€ C(©).
G G

3. Solution of equation (1.4)

In this section, we solve the integral-functional equation (1.4), i.e.,

L@yt = fowedu® = f@gt), .G,

by expressing its continuous solutions in terms of continuous characters.

The following theorem is an immediate consequence of Theorem 4.2 in
[1]. It will be used in the proof of Theorem 3.3. For the notation N(G, o)
see section 2.

Theorem 3.1. Let G be a group, let o be an involutive automorphism on
G, and let f,g,h : G — C be solutions of the functional equation

(3.1) f(zy) = flo(y)z) = 29(x)h(y), =,y € G.

Then we have the following possibilities:
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a) g =0, h is arbitrary, f € N(G,0).
b) h =0, g is arbitrary, f € N(G,0).

c) There exist a character x of G with x # x o o, constants «, 3 € C,
~v € C\{0}, and a function § € N(G, o) such that

g = ax+pBxoo,
h = ~v(x—xoo0),
f = 27(ax—ﬁxoa)+9.

d) There exist a character x of G with x = x o o, constants a, 3 € C,
an additive function A : G — C with Ao o = —A, and a function
0 € N(G, o) such that

g = ax+pBx4,
h = xA,
1
f = aXA+§ﬁXA2+9.

Conversely, the formulas above for f,g and h define solutions of (3.1).
Moreover, if G is a topological group, g # 0,h # 0, and f,g,h € C(G),
then x,x oo, A,0 € C(G).

The following lemma will be used in the proof of Theorem 3.3 in which
the integral-functional equation (1.4) will be solved.

Lemma 3.2 (3, Lemma 4.1). Let G be a group and let ¢ be an invo-
lutive automorphism on G. Let x be a character of G with x # x o o,
A : G — C be an odd additive function, 6 be a function in N(G, o), and
a, 8 be complex numbers.

1. Ifax+Bxococ+60=0,thena=p=0andf =0.

2. If A2+ aA+0=0, then A=60=0.

By help of Theorem 3.1 and Lemma 3.2, we now describe the complete
continuous solution of (1.4).
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Theorem 3.3. Let G be a locally compact group, let o be a continuous
involutive automorphism on G, and let u € Mc(G). Assume that the pair
fyg € C(Q) is a solution of the functional equation (1.4). Then we have
the following possibilities:

(a) f =0, g is arbitrary in C(G).
(b) g=0, fe{k e C(G) |z [gk(zt)du(t) € N(G,0)}.

(c) There exist a non-even continuous character x of G with u(y) # 0
and a non-zero complex number « such that

f=ax and g=p(x)(x —xoo0).

(d) There exist a continuous character x of G with pu(x) # 0, u(x o o) =
—u(x), and non-zero complex numbers «, 3 such that

f=ax+pxoo and g=p(x)(x —xoo0).

Conversely, the functions given with these properties satisfy the func-
tional equation (1.4).

Proof.  The first two cases are obvious, so we suppose that f % 0 and
g # 0. Define F': G — C by

(3.2) F(x) = Q/G f(xt)du(t) for all x € G.

Since p € M¢c(G) and f € C(G), we have F' € C(G). Using (3.2), the
equation (1.4) becomes

F(zy) — F(o(y)z) = 2f(z)g(y), =,yeG.

Since f,g € C(G)\ {0}, we know from Theorem 3.1 that there are only
the following two cases:

Case 1: There exist a continuous character y of G with x # yoo, constants
a, € C, v e C\{0}, and a continuous function § € N(G, o) such that

[ = ax+pBxoo,
g = v(x—xoo0),
F = 2y(ax—pBxoo)+0.
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Using the expression F(z) = 2 [ f(xt)du(t) for all z € G, we get that

2yax(x) = Bx o o(2)] + 0(x) = 2ax(z)u(x) + 2Bx o o(z)u(x © 0),

for all x € G. We reformulate the last equality as follows

2afy — pO)Ix(w) = 28]y + p(x o o)lx e o(z) + 0(z) =0,

for all z € G. According to Lemma 3.2(a), we obtain

afy —p(x)] =0
{ By +u(xoo)] =0

Since f # 0, then at least one of « and 3 is non-zero.

Subcase 1.1: Suppose that § = 0. Then o # 0 and hence v = u(x),
which implies that f = ax and g = p(x)(x — x 0 o). This is case (¢) in our
statement.

Subcase 1.2: Suppose that & = 0. Then § # 0 and hence v = —pu(x o o),

which implies that f = fx oo and g = —pu(xoo)(x —xo0) = u(xoo)(xo
o—X). So we are in case (c¢) with the continuous character x oo replacing x.

Subcase 1.3: We now suppose that a # 0 and 8 # 0. Then v = u(y) =
—u(x o o) which implies that g = p(x)(x — x © o). Then we arrive at the
solution in case (d). This completes case 1.

Case 2: There exist a continuous character x of G with x = x oo, constants
a, B € C, a continuous additive function A : G — C with Aoo = —A, and
a continuous function § € N(G, o) such that

[ = ax+8xA,
g = x4,
1
F axA+ 55)@42 +0.

A small computation based on (3.2) shows that

() A(z) + 5x(x) A%() + 0(z)

= 2ap(x)x(z) + 2B8u(x)A(x)x(z) + 28x(z)u(Ax),
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for all x € G. We reformulate the last equation as follows
(3.3) BA2 4+ 20— 2Bu(x)| A+ 61 = 0,
where 6; := 2(%)—40[#()()—45#(/1){). Since x is even we have 0; € N(G, o).

Subcase 2.1: Suppose that § = 0. From (3.3) we see that 2aA + 6; = 0.
Then oA € N(G,0), i.e., for all x,y € G we have

aA(zy) — aA(o(y)z) =0,

which implies that 2aA(y) = 0 for all y € G, i.e., ®A = 0. Since f = ay
and f # 0, then o # 0 and hence A = 0. Therefore g = 0. This subcase
does not apply, because g # 0 by assumption.

Subcase 2.2: We now suppose that § # 0. Dividing (3.3) by 5 and using
Lemma 3.2(b), we get that A = 0. Hence g = 0. Also this subcase does not
apply, because g # 0. This finishes the necessity assertion.

Conversely, simple computations prove that the formulas above for (£, g)
define solutions of (1.4). O

As a consequence of Theorem 3.3 one can obtain the following corollar-
ies.

Corollary 3.4. Let G be a locally compact group, let ¢ be a continu-
ous involutive automorphism on G, and let u be a o-invariant measure in
Mc(G). Then a pair f,g € C(QG) \ {0} satisfies the functional equation
(1.4) if and only if there exist a non-even continuous character x of G with
wu(x) # 0 and a non-zero complex number « such that

f=ax and g=p(x)(x —xoo0).

Proof. Let x be a continuous character of G such that p(x) # 0. Since
u is o-invariant we have u(y o o) = p(x). This implies that p(x o o) #
—u(x). Indeed, u(xoo) = —pu(x) would entail p(x) = 0, contradicting our
assumption. So a pair f,g € C(G) \ {0} satisfies the equation (1.4) if and
only if it has the form stated in case (¢) of Theorem 3.3. O

Corollary 3.5. Let G be a locally compact group, let o be a continuous
involutive automorphism on G, and let ;1 € Mc(G). Then a function f €
C(G) \ {0} satisfies the functional equation (1.4) if and only if there exists
a continuous character x of G with u(x) # 0 and u(x o o) = —u(x) such
that

f=-p0)(x—xoco0).
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Proof.  The proof follows on putting g = — f in Theorem 3.3. O

In the following corollaries let G be a group, n € N, 29, 21,...,2n, € G
be arbitrarily fixed elements, and let o be an involutive automorphism on
G. To illustrate our theory, we continue by discussing the solutions of Eq.
(1.4), but now for the case of p being supported by a finite set. We can
of course get all solutions, continuous or not, by considering the special
instance of the discrete topology on G.

Corollary 3.6. The non-zero functions f,g : G — C satisfying the func-
tional equation

f(zyzo) = flo(y)zzo) = 2f(2)9(y), =,y € G,

are the ones of the forms:

(a)

x(20)
f=ax and g=="(x-xo00),
where « is a non-zero complex number and Y is a non-even character
of G.
(b)
x(20)

f=ax+pBxoo and g= (x —xoo0),

2

«, B are non-zero complex numbers and x is a character of G such
that x o o(z0) = —x(0)-

Proof. The proof follows on putting u = %(LO in Theorem 3.3. O
As a consequence of Corollary 3.5 (or Corollary 3.6) we have the fol-
lowing result which is a natural extension of Van Vleck’s equation (1.1).

Corollary 3.7. The non-zero solutions f : G — C of the functional equa-
tion

flo(y)r20) — f(wyz0) = 2f(2)f(y), z,y€G,

are the functions of the form f = —@(X — xo0), where x is a character

of G such that x o o(29) = —x(20)-
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Proof. The proof follows on putting pu = %(5,30 in Corollary 3.5. O

Corollary 3.8. The non-zero functions f,g : G — C satisfying the func-
tional equation

S (Fleyz) — flowez)) = 20 (2)alw), .y € G,
1=0

are the ones of the forms:

(a)
f=oax and 922@(x—x00)7
=0

where « is a non-zero complex number and  is a non-even character

of G such that Y ;" x(z) # 0.
(b)

n 2
f=oax+Bxoo and gzzg(x—xoa),
i=0

where a, 5 are non-zero complex numbers and x is a character of G
such that Y ;" o x(zi) # 0 and

n

S xoo(z) = -3 vz,
7=0

=0

Proof. The proof follows on putting p = % it 0s in Theorem 3.3. O
In view of Corollary 3.8, we have the following.

Corollary 3.9. The non-zero solutions f : G — C of the functional equa-
tion

S Foly)ez) — fleyz)) = 20() (), 2y € G,
1=0

are the functions of the form

fZ—ZX(Zi)(x—XOU),

n
=0 2

where x is a character of G such that > ;o x(z;) # 0 and >1" g x 0 0(z) =
— > izo x(zi)-
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Proof. The proof follows on putting g = — f in Corollary 3.8. O

4. Solution of equation (1.5)

In this section, we solve the integral-functional equation (1.5), namely

/G {f(ayt) — Flo)ot) dult) = 9(@)F(y), =y € G,

by expressing its continuous solutions in terms of continuous characters and
continuous additive functions.

Lemma 4.1. Let G be a locally compact group, let ¢ be a continuous
involutive automorphism on G, and let u € Mc(G). The following pairs of
functions f,g : G — C are continuous solutions of the functional equation

(1.5):

(a)
f=cx—xo00) and g=p(x)x+pu(xoo)xoo,

where ¢ € C and Y is a continuous character of G, and

(b)
f=xA and g=2u(x)x,

where x is a continuous character of G such that x oo = x and where
A is a continuous additive function on G such that Aoo = —A.

Proof. (a) Assume that there exist a continuous character x of G and
a complex number ¢ € C such that f = ¢(xy —xoo) and g = pu(x)x + n(x o
o)xoo. Then f,g € C(G) and a small computation shows that

flzyt) — flo(y)zt) = c[x(z)x(t) + x o o(z)x o o(t)][x(¥) — x 2 o(y)];

(4.1)

for all z,y,t € G. Using (4.1) at the first equality sign:
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So the pair (f, g) is a solution of (1.5).
(b) Assume that there exist a continuous character x of G with y oo =y
and a continuous additive function A on G with A oo = —A such that
f = xA and g = 2u(x)x. Then f,g € C(G) and a small computation
shows that

(4.2) f(zyt) — flo(y)zt) = 2x(=)x(y) Aly)x(t), forall =z,y,teq.

Using (4.2) at the first equality sign:

/G {f(zyt) — flo(y)at) tdu(t) = 2x(z)x(y)A(y) / x(t)du(t)

)
= 2x(2)x(¥)A(y)n(x)
= [f(@)g(y).

So the pair (f,g) is a solution of (1.5). O
The second main theorem of the present paper asserts that the converse
result to Lemma 4.1 is also valid. It reads as follows:

Theorem 4.2. Let G be a locally compact group, let ¢ be a continuous
involutive automorphism on G, and let u € Mc(G). Let the pair f,g €
C(G)\ {0} be a solution of the functional equation (1.5). Then there exists
a continuous character x of G such that

9= p()x+uxoo)xoo.
Furthermore, we have the following possibilities:

(a) If x # x o o, then there exists a constant ¢ € C\ {0} such that

f=clx—xoc0).
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(b) If x = x oo, then there exists a continuous additive function A : G —
C with Ao o = —A such that
[ =xA

Conversely, the formulas above for g and f define continuous solutions of

(1.5).

Proof. It remains to prove the necessity assertion. Similarly to the
proof of Theorem 3.3 we define F': G — C by

F(z) = 2/ f(zt)du(t) forall z € G.
G
So F € C(G) and the equation (1.5) becomes

F(zy) — F(o(y)z) = 29(2)f(y), =,y €.

Since g, f € C(G) \ {0}, we know from Theorem 3.1 that there are only
the following two cases:

Case 1: There exist a continuous character y of G with x # yoo, constants
a, € C, v € C\{0}, and a continuous function § € N(G, o) such that

ax + Bx oo,
= v(x—xo0),
= 2y(ax —pBxoo)+0.

N -

Since F(z) = 2 [, f(zt)du(t) for all z € G, we have
2y[ax(z) — Bx o o(x)] +0(z) = 2v[x(x)u(x) — x o o(z)u(x ° 0)],
for all 2 € G. Since 7y # 0, we can write the last equation as follows
[a = nO)Ix (@) + [(x 0 0) = Blx o o(z) + 0(x) = 0,

for all z € G. Using Lemma 3.2(a), we get that a = p(x) and 5 = p(xoo).
From this, we see that g = p(x)x + p(x 0o)x oo and arrive at the solution
in case (a) with ¢ = ~.
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Case 2: There exist a continuous character x of G with x = xoo, constants
a, B € C, a continuous additive function A : G — C with Aoo = —A, and
a continuous function § € N(G, o) such that

= ax+ BxA4,
XA,

S LYY
|

1
= axA+ 55)(/12 + 6.

Since F(x) = 2 [ f(xt)du(t) for all x € G, then a small computation
shows that

ax() A(z) + 50x(x) A%(@) + 6(z) = 200X (@) A() + 2x()(Ax),
for all x € G. We reformulate the last equation as follows
BA® +2[a — 2u(x)]A + 61 = 0,
where 0] := 2(%) — 4pu(Ax). Since y is even we have 0; € N(G, o).
Subcase 2.1: Suppose that § = 0. Hence [a — 2u(x)]A € N(G, o), which
implies that [a — 2u(x)]A = 0. Since f # 0 we have A # 0, and hence

a—2u(x) =0, ie., o =2u(x). Therefore g = 2u(x)x and we arrive at the
solution in case (b).

Subcase 2.2: We now suppose that § # 0. According to Lemma 3.2(b),
we get that A = 0. Hence f = 0. This subcase does not apply, because
f # 0 by assumption. This finishes the proof. O

As a consequence of Theorem 4.2, we have the following result on the
solution of the functional equation

(4.3) flzyzo) — flo(y)zz) = 29(2) f(y), =,y €@,
which contains the solution of Van Vleck’s equation on abelian groups.

Corollary 4.3. Let G be a group, zg € G be a fixed element, and o be
an involutive automorphism on G. Let f,g : G — C be non-zero functions
satisfying the functional equation (4.3). Then there exists a character x of

G such that (20) (20)
x (20 x 0o (z0
5 XT7

Furthermore, we have the following possibilities:

g = X ©0.
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(a) If x # x o o, then there exists a constant ¢ € C\ {0} such that
f=clx—xc0).

(b) If x = x o 0, then there exists an additive function A : G — C with
Ao o = —A such that
[ =xA

Conversely, the formulas above for g and f define solutions of (4.3).

Proof. The proof follows on putting pu = %5,30 in Theorem 4.2. O
As another consequence of Theorem 4.2, we have the following result
on the solution of the functional equation

n

(4.4) > Aflxyzi) = flo(y)za)} = 29(2) f(y), z.yeq

i=0
which generalizes the equation (4.3).

Corollary 4.4. Let G be a group, zo,z21,...,2n € G be fixed elements,
and o be an involutive automorphism on G. Let f,g : G — C be non-
zero functions satisfying the functional equation (4.4). Then there exists a
character x of G such that

g = Xoo|.

P§0X+xog%)

n
i=0
Furthermore, we have the following possibilities:

(a) If x # x o o, then there exists a constant ¢ € C\ {0} such that
f=clx—xoo0).

(b) If x = x o o, then there exists an additive function A : G — C with
A oo = —A such that

[ =xA

Conversely, the formulas above for g and f define solutions of (4.4).
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Proof.  The proof follows on putting p = % Y ieo 0z in Theorem 4.2. O

5. Examples

Example 5.1. Let G = (R, +), o(z) = —x for all x € R, 29 € R\{0} be
a fixed element, and let pn = 16.,.

We indicate here the corresponding continuous solutions of Eqs. (1.4),
(1.5) and (1.6) by the help of Theorems 3.3 and 4.2 and Corollary 3.5.

The continuous characters on R are known to be x(z) = e, z € R,
where X ranges over C (see for instance [6, Example 3.7(a)]). The condition
p(xoo) = —u(x), i.e. x(220) = —1, of Theorem 3.3 (d) becomes e?** = —1,
which reduces to A = i(QnTl_OIM, where n € Z. The relevant characters are
thus

e L
Xn(z) =€ 20 7, z€R, andn € Z.

The continuous additive functions on R are the functions of the form
A(x) = azx, x € R, where the constant « ranges over C (see for instance
[6, Corollary 2.4]).

That 0 € N(R, o) is equivalent to 6(z +y) = 0(z — y) for all x,y € R,
ie., 6(z) = 0(x + 2y) for all z,y € R. Since R is 2-divisible, then each
function in N(R,o0) is a constant. From this we infer that a function
fe{keCR) |z ik(z+20) € N(R,0)} if and only if f is a constant
function.

In conclusion, by help of Theorem 3.3 we find that the continuous so-
lutions f, g : R — C of the functional equation (1.4), which is here

fl@+y+z) - fle—y+2)=2f(x)g(z), z,yeR,
are
(a) f =0 and g is arbitrary in C(R).
(b) f is a non-zero constant and g = 0.
(c) f(z) = e and

e)\(:r+z0) _ ef/\(zfzo)

g(x) = 5 , TR,

for some non-zero complex numbers o, A.
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(d)

.(2n+1)7 _s@Cnt )
flz) = ae 20 "4 Be 2 ¢
2 1 2 1
2zp 229

and

(2n+ 1)m
220

gla) = (<1 sin
for some «, f € C\{0} and n € Z.

a:), z eR,

Now we seek the solutions f,g € C(R)\{0} of the functional equation
(1.5) which is here

flx+y+20)— flx —y+20) =29(x)f(z), zyecR.

According to Theorem 4.2, we see that there exists a constant A € C
such that

ei)\(z+zo) + efi)\(achzo)

g(x) = 5 =cos(AN(z+2)), z€R.

Furthermore, we have the following possibilities:

(a) If X # 0, then there exists a € C\{0} such that

ez)\z _ efz)\:r

5 =asin(A\z), z€R.

(b) If A =0, then g = 1 and there exists o € C\{0} such that

f(z) =az, zeR.

Finally, by help of Corollary 3.5 we see that the solutions f € C(R)\{0}
of the functional equation (1.6), which is here Van Vleck’s equation (1.1),
are the sine functions

(2n+ 1)m
220

f(x)z(—l)”sin( x), reR, neZ.

This result can be found e.g. in [7].
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Example 5.2. For an application of our results on a non-abelian group,
consider the 3-dimensional Heisenberg group G = Hj described in [6, Ex-
ample A.17(a)], and take as the involutive automorphism

-1

1 a ¢ 1 b ¢ 1 =b —c+ab
cl 01 b ]=]101a = 0 1 —a for a,b,c € R.
0 0 1 0 0 1 0 1
1 a() Co
Let Zog = | 0O bo be a fixed element of Hs and let p = 520.
0

We indicate here the correspondmg continuous solutions of Egs. (1.4), (1.5)
and (1.6).

The continuous characters on Hs are parametrized by («,3) € C? as
follows (see, e.g., [1, Example 5.2]).

= e for a,b,c € R.

o = Q
= o0

1
Xa,8 | 0O
0

We compute that a0 0 = X—8,—a, S0 Xa,8 © 0 = Xa,8, if and only if
B8 = —«, and in that case

Xo,—a =200 for a,b,c e R.

S O =
S = 2
— o0

In view of [1, Example 5.2], the continuous odd additive functions on
Hj are parametrized by v € C as follows

1 a c
Ayl 01 b | =~(a+b) for a,b,ceR.
0 0 1

Now we are in the position to describe the solutions f,g € C(H3)\{0}
of the functional equation (1.5), which is here

F(XY Zo) = fo(Y)X Z0) = 29(X)f(Y), X,Y € H3.

By help of Theorem 4.2 we see that there exist constants «, 5 € C such
that

ea(atao)+B(b+bo) 4 o—B(atao)—a(b+bo)
2 )

a,b,c e R.

Ns)
S O =
S = Q
— o0

Il
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Furthermore, we have the following possibilities:

(a) If B # —a, then there exists v € C\{0} such that

1 a c
f1 0 10 :’y[eo‘“'wb—e_ﬁ“_ab}, a,b,c e R.
0 0 1
1 a c
(b) If B = —a, then g| 0 1 b | = ea=btao=bo) and there exists
0 0 1

v € C\{0} such that

1
fl1 o0 =~(a+b)e® P g bceR.
0

o~ 2
— S0

Now we seek the solutions f,g € C(Hs)\{0} of the functional equation
(1.4) which is here

(5.1) F(XY Zo) = fo(Y)X Zo) = 2f(X)g(Y), X,Y € H3.

The condition j1(xa500) = —f(Xa,p), -6 X—,-a(Z0) = —Xa,3(Z0),
of Theorem 3.3 (d) becomes e(@0+b0)(@+B8) — _1 which breaks the job into
two cases: by = —aqg or by # —ag.

Case 1: Suppose that by = —ag. A small computation shows that x_g (%) #
—Xa,38(20), for all a, 3 € C. Then, using Theorem 3.3, the solutions f,g €
C(H3)\{0} of Eq. (5.1) are the functions of the forms:

1 a ¢
f O 1 _ ,.}/eoz(ki»ﬁb7
00 1
1l a c colatao)+A(b+bo) _ o—Bla—bo)—a(b—ao)
gl 0 1 b = ,
00 1 2

for all a,b,c € R, where «, 3,7 are complex numbers such that  # —«
and vy # 0.
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Case 2: Suppose that by # —ag. A small computation shows that x_g _(Zy) =
—Xa,3(Zp) if and only if B = i% — «, where n € Z. Then, using The-
orem 3.3, the solutions f,g € C(H3)\{0} of Eq. (5.1) are the ones of the

forms:

(1)

1 a c
fl1 010 = ettt
0 0 1
(1] . ealatao)+8(b+bo) _ o—Bla—bo)—a(b—ap)
g = )
00 1 2
for all a,b,c € R, where «, 3, are complex numbers such that 5 #*
—a and vy # 0.
(2)
1 a c
. (2n+1)mw . (2n41)m
f1 0 1 b = eolah) ye' @0t b1 e aotho @
0 0 1
1 .(2n+1)7rb _s@nt 7
g| O Cll IC) ea(a*b+aofbo)+i(iﬁiiéﬂbo e aotho " — ¢ aotho ¢
00 1 2 7

for all a,b,c € R, where o € C, ~,§ € C\{0}, and n € Z.

We complete this section by solving the functional equation (1.6), which
is here

(5-2) Fo(Y)X %) — f(XY Zo) = 2f(X)f(Y), XY € Hs.

By help of Corollary 3.5 and the previous discussion we see that we
have the following two possibilities:
If by = —ay, then the only solution of Eq. (5.2) is the function f = 0.
If by # —ay, then the solutions f € C(Hs) of Eq. (5.2) are either f =0 or

1 a c .(2n+1)7rb _z.(2'n,+1)7ra
“btag—by)4i2ntT, e’ e0tbo T — e 7 eotbo
f 01 b = —ea(a a0—bo)+i agtby O 5 ,
0 01

for all a,b,c € R, where a € C and n € Z.
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