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1. Introduction

The starting point of studying the stability of functional equations seems
to be the famous talk of Ulam [29] in 1940, in which he discussed a number
of important unsolved problems. Among those was the question concerning
the stability of group homomorphisms.

Let G1 be a group and let Ga2 be a metric group with a metric d(.,.).
Given ¢ > 0, does there exists a § > 0 such that if a mapping h : G1 — Go

satisfies the inequality d(h(my), h(a:)h(y)) < 6 for all x,y € G, then there

exists a homomorphism H : G1 — G2 with d(h(l‘),H(ZL‘)) < € for all
z € (G1.

The first partial answer, in the case of Cauchy equation in Banach
spaces, to Ulam question was given by Hyers [22]. Later, the result of Hy-
ers was first generalized by Aoki [?]. And only much later by Rassias [27]
and Gavruta [20]. Since then, the stability problems of several functional
equations have been extensively investigated.

We say a functional equation is hyperstable if any function f satisfying
the equation approximately (in some sense) must be actually a solution to
it. It seems that the first hyperstability result was published in [11] and
concerned the ring homomorphisms. However, the term hyperstability has
been used for the first time in [25]. Quite often the hyperstability is con-
fused with superstability, which admits also bounded functions. Numerous
papers on this subject have been published and we refer to [1]-[5], [8], [15]-
[18], [21], [25], [26], [28].

Throughout this paper, N stands for the set of all positive integers,
Np := NU{0}, Ny, the set of integers > mg, R4 := [0, 00) and we use the
notation Xy for the set X \ {0}.

Let us recall (see, for instance, [24] some basic definitions and facts
concerning non-Archimedean normed spaces.

Definition 1.1. By a non-Archimedean field we mean a field K equipped
with a function (valuation) | - | : K — [0,00) such that for all r,s € K, the
following conditions hold:

1. |r| =0 if and only if r = 0,
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2. |rs| = |rllsl,
3. r+s| < max{\r], ]s]}

The pair (K, |.|) is called a valued field.

In any non-Archimedean field we have [1| = | — 1| =1 and |n| < 1 for
n € Nyo. In any field K the function |- | : K — R4 given by
= 0, =z=0,
Tl L z#0,

is a valuation which is called trivial, but the most important examples of
non-Archimedean fields are p-adic numbers which have gained the interest
of physicists for their research in some problems coming from quantum
physics, p-adic strings and superstrings.

Definition 1.2. Let X be a vector space over a scalar field K with a non-
Archimedean non-trivial valuation | - |. A function || - ||« : X — R is a
non-Archimedean norm (valuation) if it satisfies the following conditions:

1. ||z||« = 0 if and only if z = 0,
2. lrefle = Irl [lzlle (r e K,z € X),

3. The strong triangle inequality (ultrametric); namely

e+ ylle < max {|lzll-, lyll- } @y € X.

Then (X, || - ||+) is called a non-Archimedean normed space or an ultra-
metric normed space.

Definition 1.3. Let {z,} be a sequence in a non-Archimedean normed
space X.

1. A sequence{x,}5>; in a non-Archimedean space is a Cauchy sequence
iff the sequence {xp11 — xp 52, converges to zero;

2. The sequence {z,} is said to be convergent if, there exists v € X
such that, for any € > 0, there is a positive integer N such that
|xn — ||« < ¢, for all n > N. Then the point x € X is called the
limit of the sequence {x,}, which is denoted by lim, oy = x;
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3. If every Cauchy sequence in X converges, then the non-Archimedean
normed space X is called a mon-Archimedean Banach space or an
ultrametric Banach space.

Let X, Y be normed spaces. A function f: X — Y is Cubic provided
it satisfies the functional equation

fQRr+y)+ fQ2z—y)=2f(z+y)+2f(z—y)+12f(x) forall z,ye€ X,

(1.1)

and we can say that f : X — Y is Cubic on Xj if it satisfies (1.1) for all
x,y € Xo such that z +y # 0.

In 2013, A. Bahyrycz and al. [7] used the fixed point theorem from [12,
Theorem 1] to prove the stability results for a generalization of p-Wright
affine equation in ultrametric spaces. Recently, corresponding results for
more general functional equations (in classical spaces) have been proved in
[9], [10], [30] and [31].

In this paper, by using the fixed point method derived from [8], [15]
and [14], we present some hyperstability results for the equation (1.1) in
ultrametric Banach spaces. Before proceeding to the main results, we state
Theorem 1.4 which is useful for our purpose. To present it, we introduce
the following three hypotheses:

(H1) X is a nonempty set, Y is an ultrametric Banach space over a non-
Archimedean field, fi,...,fr : X — X and L1,...,L; : X — R4

are given.

(H2) 7 :Y¥* — YX is an operator satisfying the inequality

£(£@) - (@)

&peYX, zeX.

|Té(a) - Tuto)

< L;
< o {10

J

*

(H3) A:RY¥ — R is a linear operator defined by

Ad(z) := max {Lz(x)5<fz(a:))}, SERY, zeX.

1<i<k
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Thanks to a result due to J. Brzdek and K. Cieplinski [13, Remark 2],
we state a slightly modified version of the fixed point theorem [12, Theorem
1] in ultrametric spaces. We use it to assert the existence of a unique fixed
point of operator 7 : YX — Y X,

Theorem 1.4. Let hypotheses (H1)-(H3) be valid and functionse : X —
R, and ¢ : X — Y fulfil the following two conditions

[T(x) = p(2)]l« < (), z € X,
nlggoA”e(:n) =0, z e X.

Then there exists a unique fixed point 1) € YX of T with

[p(z) = P(@)[l« < sup A"e(w), z € X.
n€Np
Moreover
P(x) = nli_)rgo’]'"go(x), z e X.

2. Main results

In this section, using Theorem 1.4 as a basic tool to prove the hyperstability
results of the cubic functional equation in ultrametric Banach spaces.

Theorem 2.1. Let (X, ||-]|) and (Y, ||-||«) be normed space and ultrametric
Banach space respectively, c > 0, p,g € R, p+qg<0Oandlet f: X - Y
satisfy

If 2z +y)+ fQ2x—y) —2f(x+y) —2f(x —y) — 12f (@[, < c =] ly[
(2.1)
for all x,y € Xy. Then f is cubic on Xj.

Proof. Take m € N such that

— 1\ Pta
Oy 1= (mT) <1 and m > 4.
Since p + ¢ < 0, one of p, ¢ must be negative. Assume that ¢ < 0 and
replace y by mz and = by mTHm in (2.1). Thus
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H12f<m+l >+2f(3m2+1x)+2f(1_2m

2) = f((2m+ o) - )|
< emt(TI2 fafre,

Define operators 7, : YX0 — Y X0 and A,, : Rfo — Rfo by

- (252)2) o (252):) o (52)-)

(2.2) —&(@2m+1z), £eYX ze X,

ot o5 (252)2) o (252)-) . o((452)-)
(2.3) 5(2m+1), §€ R, =€ Xy

and write

(2.4) em@y:cmqﬁglmmwﬂ,xexd

It is easily seen that A,, has the form described in (H3) with k£ = 4,
A@) = (25 2, f(2) = (3%2L) 2, fa(@) = (552) 2, fal2) = @2m+ D)2
and Li(z) = La(z) = L3(x) = Lg(x) = 1. Further, (2.1) can be written in
the following way

[T f(x) = f(@)ll« < em(z), =€ Xo.
Moreover, for every &, € YX0, 2 € X

H:rmg Tuii@)|

3m+1 H

).

k@m+1ﬂ) M@m+1 HJ

/
/\
N
* MJF
—
—v ~
8
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So, (H2) is valid.

By using mathematical induction, we will show that for each = € Xj
we have

1
(25) Aem(z) = emt(F=) o] Ha,

+
where a,, = (mT_l)p ?. From (2.4), we obtain that (2.5) holds for n = 0.

Next, we will assume that (2.5) holds for n = k, where k € N. Then we
have

Aetle, (2) = Ay (Aﬁlem(x)) = max{ AF
Ak e, ((——1) :c) L AR e ((2m+ 1))

2
+ -+
= maX{ e mA(EL )P |||+ of, (5 T e ma(mEL ||z ok, (3m2+1)1’ .
Jr
e ma(ZEL P |z P o, (25) mi|j|Pre ok, (2m 4 1Pt

+ + +
— ¢ md||z|[Pta afﬂmax{ (T“)p ! ,(3’”;1)p ! (mT‘l)p °, (2m+1)p+q}

= cmd(ZH)P||z|Pte ok, z € Xo.

This shows that (2.5) holds for n = k + 1. Now we can conclude that
the inequality (2.5) holds for all n € Ny. From (2.5), we obtain

Jim AN'ep(z) =0,

for all x € Xy. Hence, according to Theorem 1.4, there exists a unique
solution Cp, : Xo — Y of the equation

e (22 ) (252)2) 2 (52)

(2.6) — Cn((2m + 1)),
(27) x € Xg
such that

m+1
8)1@) = Cula)l < sup { em (=Pl al e X,
nelNog
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Moreover,

Cp(z) := lim 77 f(x)

n—oo

for all z € Xy. Now we show that

1T f Qe +y) + Ty f Qo —y) =275 f (x +y) — T f (x —y) — 12T, f(2) |,

(2.9) < cagp[l]” [yl

for every x,y € Xo such that  +y # 0. Since the case n = 0 is just (2.1),
take k € N and assume that (2.9) holds for n = k and every z,y € X such
that  +y # 0. Then

TEHLF (20 + y)+TELf (20 — o) —2TF P f (2 + y)—2T K f (2 — y)— 12751 f(2)

ST £ ((2m 4 1) (2x+y))+127n’§f((m“) (20 —y))+2757 (5

1278 f (52) (20 + ) +2T5 F (255 (20 + ) +275F ((152) 22+ )

) e )

+2Th f (52 y)) =Tk f (2m+1) 22 — ) -24TEf ((252) (@ + 1))

) (2z —
ATE (355 (24 9)) — 4Tk (( ) (@ +)) + 255 f (2m +1) (2 +y))
2 (22) tr-0) o787 ((252) - 0) 471 ((52) ()

+2TEf ((2m+1) (v —y) — 14TEf ((22) (@) — 2475 (352 (@)

24Tk £ ((52) (@) + 1275 ((2m+ 1) ()
(2.10) ’
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< maX{HT"f (Zw—i-y)) + T f (m—(QiU— )) —21,f (m_($+y)>

)

~Tof (2w —y)) - 12T ()|

|77 (225 20 ) + T (25520 - ) - 27 (252 + )

Y

_Tnf (3m+1 )

|Tas (o4 ) + T (S0 - ) 2700 (M2 + )

(v —y)) — 127 f (2L ar)

9

~Tif (52 —y)) - 1275 f(52a) |

|77 (@m o+ 120+ 9) + T f (2m+ Do~ ) — 275 (2 + D+ )

J

;e aplz]Pllyll

T f (2m+1)(z —y)) — 12T3f((2m + 1)z)

pt+q pt+q
< max{ cablolP Iyl (24) (2me1)

p+q
cab ol lyle (432)"" cablalPll? (2m -+ 1+

= ca ol ma { (22) 7 ()77 (m )T s 1yt

< cog |l |y | ®

(2.11)
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for all z,y € Xg such that  + y # 0. Thus, by induction we have shown
that (2.9) holds for every n € Ny. Letting n — oo in (2.9), we obtain that

Com 2z +y)+ Cp 2z —y) =2C, (x + y) + 2C, (x — y) + 12C,, (x)

for all z,y € Xg such that x + y # 0. In this way we obtain a sequence
{Cm }m>m, of cubic functions on Xj such that

m+1 n
17@) = Cula)l. < sup { el an |, o

n€Np
this implies that

1
1f(2) = Cm(2)]l+ < Cmq(TJr)”IIQSII”‘% x € Xo,

It follows, with m — oo, that f is Cubic on Xg. O
In a similar way we can prove the following theorem.

Theorem 2.2. Let (X, ||-]|) and (Y, ||-||«) be normed space and ultrametric
Banach space respectively, ¢ > 0, p,g € R, p+qg>0andlet f : X - Y
satisfy

1f 2z +y)+ fQ2z—y) —2f(x+y) —2f(x —y) — 12f (@), < c=|” ly[
(2.12)
for all x,y € Xy. Then f is Cubic on Xj.

Proof. Take m € N such that

_ 4\Pta
Qpy = (m—) <1 and 6 <m.
m

Since p+q > 0 one of p, g must be positive; let ¢ > 0 and replace y by
—y and z by % y in (2.12). Thus

127 (20 + 27 (C520) + 26 () - F(249) - £
<c (&) (%2) Iy, = e Xo.

(2.13)

*



Hyperstability of cubic functional equation in ultrametric spaces 471

Write

Toé(o) =126 ((52) o) +2¢ ((%22) o) +2¢ ((%2) ) — £ ((=2) 2)
EeYXo ze X,

(2.14)
and

2\ _1\P
(2.15) eml(z) = ¢ (E) (”;—m) lz|PH, = e Xo,

then (2.13) takes form
1T f () = f(2)]l« < em(x), @€ Xo.
Define
M) s=max {0 ((1552) 2) - 3 (552 ) o ((50) =) - 3 ((47) =)
5 €RY°, z € Xo.
(2.16)

Then it is easily seen that A,, has the form described in (H3) with k = 4,

filz) = ("21—7;2) x, fa(x) = ("5—;2) z,f3(x) = ("21—7;6) x,fo(x) = (%) z and
L1($) = 1, Lg(x) = 1, Lg(x) = 1, L4($) =1.

Moreover, for every &, € YX0, z € X

Hng(x) - Tonla)| = H12§ ((2) @) + 26 ((22) «) + 26 ((22) )
~€((574) @) = 120 ((550) =) — 20 ((53) =) — 20 ((57) )

So, (H2) is valid.
By using mathematical induction, we will show that for each = € Xj
we have

(2.17) Mm@ = e (2) () lal?e e,

2m
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+
where o, = (m—_‘l)p ? From (2.15), we obtain that (2.17) holds for n = 0.

m

Next, we will assume that (2.17) holds for n = k, where k¥ € N. Then we

have

Aetle (z) = Ay, (Afnem(m)> = max{ Ak e, ((73—;?) :B) , Ak e, ((73—;2) ZL‘)

e (352)7) . Mo ((25) )

m + +
¢ (%)q (73;2)]) |z |[PTaak, max{(fg_2>p . ( 2;;2)13 . (

= o (2)" (32)] lalrro ot ze X0

m 2m

—6

)p+q 7 (mTél)p—&-q}

This shows that (2.17) holds for n = k + 1. Now we can conclude that
the inequality (2.17) holds for all n € Ny. From (2.17), we obtain

lim A", (x) =0,

n—0o0

for all x € Xy. Hence, according to Theorem 1.4, there exists a unique

solution C}, : Xo — Y of the equation

= (152)2) 2 (255)-) 6 (%57

(2.18) —Cm<<m_4> x) z € X

such that

1) = Cu@)l < swp { e (2)(52) el an}. s

nGNO

(2.19)

Moreover,

Cn(z) == lim 7,7 f(x)

n—oo

for all x € Xg. We show that
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1T f Qe +y) + Ty f Qo —y) =275 f (x +y) — T f (x —y) — 12T, f(2) |,

(2.20) < cag[l]” [yl

for every z,y € Xy such that z 4y # 0. Since the case n = 0 is just (2.12),
take k € N and assume that (2.20) holds for n = k and every z,y € Xp
such that z + y % 0. Then

|71 f 224 y) + TEFLF (20— y) = 2T f (@ 4 y) = 2T f (@ — y) = 12750 f (@)
|= 127k ((%2) 2o +v) + 2757 ((322) Qo +v)) + 275 f ((%2) (22 + )

|3

~Thf (220 +y)) + 12757 ((B72) (20 — v)) + 2757 ((B82) (2 — )
+275f ((558) (22— y)) — Tk f ((252) (22 — y)) — 2475 f (B2)(@ +))
TR ((352) @+ w) — 48 ((552) @+ ) + 270 ((252) (@ +)

~AUTEf ((552) (e =) —4T87 ((52) (@ =) — 478 ((522) (= — )

/N

S
N———
—~
K
|
Y
N———
|
—_
IS
=~
)
-
VS
/
M‘s
3|,
N————
K<
N———
|
[\
S
A
-
/
/N
v
3 [\V)
N———
K
N————

+27 ) f (et

“ouThr ((528) (@) + 1278 ((22) ()|
(2.21)
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< max {||Tnf (52 Qo+ ) + Taf (5200 - y)) - 2721 (%2 +v))

~Taf (B2 —y)) — 1270 f(%20)]|
|Tr (5220 + ) + Tof (5200 — ) — 2T (52 +)
~Tnf (%32(x —y) - 12T (%2a)|
|7t (B2 2e + ) + Tof (%200 —y)) — 270 f (B2 +v)
~Tnf (B2 —y)) - 1270 (%50) |
| f (=)@ + ) + T f (252 2e —y)) — 270 f (2@ +)
~Taf (=)@ —y)) - 1202 (22|}

y

p+q
< maxc {ca ey (52)"" e ok o)yl (255

_a\Dbtq
cals|lzlPllyle (32)" ", ok llalPllyla(styrre)

ptq +q _g\Pta _
— cah ol Iylomax{ (322)"", (32)" L (320)" . ety

< c ol [ly]®
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for all z,y € Xg such that x + y # 0. Thus, by induction we have shown
that (2.20) holds for every n € Ny. Letting n — oo in (2.20), we obtain
that

Crm 22+ y) + Chy (22 —y) = 2C, (z 4+ y) + 2C, (x — y) + 12C,, (x)

for all z,y € Xg such that x +y # 0. In this way we obtain a sequence
{C }m>me of Cubic functions on Xy such that

15@) = Cnl@)l < swp { e (2)(52)" el af,

n€Np 2m

this implies that

2 m— 2

If (@) = Cu(@)||. < ¢ (EY (WY [P, 2 e Xo.

It follows, with m — oo, that f is Cubic on Xy. O
It easy to show the hyperstability of Cubic equation on the set contain-
ing 0. We present the following theorem and we refer to see [8, Theorem

5).

Theorem 2.3. Let (X, ||-]|) and (Y, ||-||«) be normed space and ultrametric
Banach space respectively, ¢ > 0, p,q € R, p,g > 0 and let f : X — Y
satisfy

If 2z +y) + f(2x +y) = 2f(z +y) —2f(z —y) — 12f(2)[|, < c [|=[]” [ly]]*,
(2.22)

for all x,y € Xg. Then f is Cubic on Xj.

Proof. Same proof of last theorem
The above theorems imply in particular the following corollary, which
shows their simple application.

Corollary 2.4. Let (X, |]|) and (Y, ||-||«) be normed space and ultrametric
Banach space respectively, G : X? —Y and G(x,y) # 0 for some z,y € X
and

(2:23) |Gy, < cllalP Iyl @y e X

where ¢ > 0, p,q € R. Assume that the numbers p, q satisfy one of the
following conditions:
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1. p+q <0, and (2.1) holds for all z,y € Xy,
2. p+q >0, and (2.12) holds for all z,y € X).

Then the functional equation

fRx+y)+fRx+y)=2f(x+y)+2f(x —y)+12f(z) + G(z,y), z,ye X

(2.24)

has no solution in the class of functions g : X — Y.

In the following theorem, we present a general hyperstability for the
Cubic equation where the control function is ¢(z)+¢(y), which corresponds
to the approach introduced in [14]

Theorem 2.5. Let (X, ||-||) be a normed space, (Y, ||-||«) be an ultrametric
Banach space over a field K, and ¢ : X — R be a function such that

U:={neN:a,:=max{A\(n), \Bn—-1), A(-n+1), \(4dn—-1)} < 1}
(2.25)
is an infinite set, where A(a) := inf{t € Ry : p(azx) < to(z) for all z € X}
for all a € Kg. Suppose that

Jim Aa) =0 and Jim A(—a) = 0.

And f: X — Y satisfies the inequality

(Hf (2)56 +y) + fQz+y) - 2f(x+y) - 2f(z —y) — 12f ()|, < o(2)+e(y),
2.26
for all x,y € Xo. Then f is Cubic on Xj.

Proof.  Replacing x by ma and y by (—2m + 1)z for m € N in (2.27)
we get,

1f (2)) + f((4m — D)z) = 2f((=m + Dz) = 2f((3m — D)z) — 12f (ma)|,
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(2.27) < go((—2m + l)x) + o(mz)

for all z € Xy. For each m € U, we define the operator 7, : Y X0 — Y ¥Xo
by

Tk (z) = 12§(mx)+2£((3m—1)x)+2§((—m+1)x) —5((4m—1)x) EcyXo,

x € Xp.

Further put

em(x) == @((—2m+1)x)+g0(ma:) < (A(—Qm—l—l)—f—)\(mx))go(x), z € Xp.

(2.28)
Then the inequality (2.28) takes the form

[T f () = F(@) |l < em(2), = € Xo.

For each m € U, the operator A, : Ri(o — Rfo which is defined by

Apnd(x) := max {5(m:ﬂ) , 5((3m - 1):3)} , 5((—m + 1)1:),

(5((4m - 1)3:), s € R, = € X
has the form described in (H3) with k£ = 4 and
fi(x) =mz, fo(z) = Bm-1)z, f3(z)=(-m+Dz, fi(z)=({Edm-1),

Li(z) = La(x) = La(z) = Ly(x) =1

for all z € Xg. Moreover, for every &, u € YX0, 2 € Xq
Tt @) ~ Ton(a)| = [12¢ ((m) ) + 26 (3 — 1)) + 26 (- + 1))

=& ((4m — 1) z) = 12 ((m) 2) — 2u((3m — 1) z) = 2u ((-m + 1) z)

+&((4m —1) z)

§((3m — 1)a) — u((3m — 1)z)
§(4m — 1)) — p((4m — 1))

< max { [|¢ ((m) @) = p((m) )], , |
[&((=m + 1)2) = p((=m + 1)2)

i

, .
* *
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So, (H2) is valid. By using mathematical induction, we will show that for
each x € Xy we have

(2.29) A (@) < (A(—Qm 1)+ /\(m)) o (@)

From (2.29), we obtain that the inequality (2.30) holds for n = 0. Next,
we will assume that (2.30) holds for n = k, where k € N. Then we have

AeAle, (z) = Ay, SAﬁlsm(x» = max {Afnsm(m:z:);, Ak e ((Sm - 1)1:) ,
A'ﬁnsm((—m + 1)z, Ak e, ((4m - 1)x)

< (/\(m) + A(—2m + 1))0451 max {go(mw) , (p((?)m - 1)x),

cp((—m + 1)1‘) ,cp((4m - 1):1:) }

< <)\(m) + A(—2m + 1)>afn+ltp(x), z € Xp.

This shows that (2.30) holds for n = k + 1. Now we can conclude that
the inequality (2.30) holds for all n € N. From (2.30), we obtain

lim A"en,(z) =0,

n—oo

for all z € Xy and all m € U. Hence, according to Theorem 1.4, there
exists, for each m € U, a unique solution C,, : Xo — Y of the equation

Con(@) = 12C,(ma)+2C, ((3m—1)2) +2Cp ((=m-+1)z) = Con ((4m—1)2),

(230) x € Xg
such that

1£2) = Cnfa)l < sup { (Am) + AM=2m+ 1) )afola) } o € Xo.

neNp

(2.31)

Moreover,
Cn() = lim (T72)(x)

for all x € Xg. Now we show that
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1T f Qe +y) + T f Qo —y) =27 f(x +y) — 27, f (x +y) — 127, f ()],

(2.32) < ap, (w(m) + sO(y))

for every =,y € Xg such that x +y # 0 and n € N. Since the case n = 0
is just (2.27), take k € N and assume that (2.33) holds for n = k, where
k € N and every x,y € Xg such that  +y # 0. Then

| T+ F w4 y) + T (20— y) = 251 f (@ + y) = 2T f (2 — ) — 1205 f()|
= 1275 f (2 + y)) + 2TEF ((Bm — 1) (22 + ) + 2T f ((-m +1) (22 +y))
—TEf((4m — 1) (20 +y)) + 12T5 f () (22 — ) + 2TEf (3m — 1) (22 — y))
+2TEf (=m +1)(22 — y)) — TEF ((4m — 1)(20 — y)) — 24T f (m) (= + )
—ATEF ((3m = 1) (x +y)) — ATEf (—m + 1) (v +y)) + 25 F (4m — 1) (z + )
~UTEf (m) (z —y)) —ATEf ((35%72) (@ — ) = 4TEF (—m+ 1) (z — v)
+ 2T f (4m — 1) (w — y)) = LUTEF ((m) (@) — 2475 f ((252) (@) —

2475 f (—m+1) (@) + 1275 f (4m — 1) ()

*

< max { |73 (m(2e +y)) + T f (m(2e —y)) = 2T (m(z + )

~Tif (mlx —y) = 1275 f(ma)|| | Zaf (3m— 1)z + ) +
Tif ((3m = 1) 2z —y) = 2T f (3m— V(@ +9)) = Tif (3m— D)@ —y)) -
1277 £((3m — 1)) || T f (= + 123+ ) + T f (—m+ 1)(20 —9)) -
2T ((-m+1)(2+9) = Taf (—m+ 1)@ — ) = 12T f(=m + D)a)|
|72 f ((4m — )22 +y)) + T f ((4m = 1)(2 — y)) — 272 ((4m = 1) (2 + ) —

T f ((4m = 1)(w — y)) — 1272 f((4m — 11)a). }
(2.33)
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< maxc {a, (i((ma) + ¢ ((my) ) . o ((3m ~ Do) + o((3m - ) ).
ol (il=m -+ 1)z) + p((=m + 1)) ).

ol (stm = 1)) + o((am ~ 1)) ) |

< abmax {A(m) . A3m = 1), A=m -+ 1), Adm = D} (¢(@) + ()

R COR0)

Thus, by induction we have shown that (2.33) holds for every n € N.
Letting n — oo in (2.33), we obtain that

Com 2z +y)+ Cp 2z —y) =2C, (x + y) + 2C, (x — y) + 12C,, (x)

for all z,y € Xp such that x +y # 0. In this way we obtain a sequence
{Cin}mev of Cubic functions on Xy such that

192) = Cnla)l. < sup { (A +2) + 2=m) Jafo(a) |, @ € Xo,

RGNO

this implies that

1£() = Co(@)]]s < (Mm) + A(=2m + 1>)so<x>, e Xo.

Because the precedent inequality holds for over n = 0 and a,,, < 1



Hyperstability of cubic functional equation in ultrametric spaces 481

It follows, with m — oo, that f is Cubic on Xy. O
The following corollary is a particular case of Theorem 2.5 where ¢(x) :=

¢ ||z|[P with ¢ > 0 and p < 0.

Corollary 2.6. Let (X, |]|) and (Y, ||-||«) be normed space and ultrametric
Banach space respectively, ¢ > 0, p < 0 and let f : X — Y satisfy

If 2z +y) + f2x +y) = 2f(z +y) — 2f(z —y) — 12f ()|,

(2.34) <e (||:c||p + ||y||p),

for all x,y € Xy. Then f is Cubic on Xj.
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