DOI: 10.4067/S0716-09172017000200347

Proyecciones Journal of Mathematics
Vol. 36, N° 2, pp. 347-361, June 2017.
Universidad Catdlica del Norte
Antofagasta - Chile

Skolem difference mean labeling of disconnected
graphs

P. Jeyanthi
Govindammal Aditanar College for Women, India
M. Selwn
Dr. Sivanthi Aditanar College of Engineering, India and
D. Ramya
Govenrnment Arts College for Women, India
Recewved : January 2017. Accepted : March 2017

Abstract

Let G = (V,E) be a graph with p vertices and q edges. G is
said to have skolem difference mean labeling if it is possible to label
the vertices © € V' with distinct elements f(x) from 1,2,3,...,p+ q in

such a way that for each edge e = uv, let f*(e) = [w—‘ and the

resulting labels of the edges are distinct and are from 1,2,3,....,q. A
graph that admits a skolem difference mean labeling is called a skolem
difference mean graph. In this paper, we prove that the graphs C,, U
Cn(n,m >3 and m <n), F, U (n—2)Kay(n >2), (P, + Ka) U (2n —
3)Ka(n > 2) and W, U (n — 1)Ka(n > 3) are skolem difference mean
graphs.
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1. Introduction

Throughout this paper by a graph we mean a finite, simple and undi-
rected one. The vertex set and the edge set of a graph G are denoted
by V(G) and E(G) respectively. A graph labeling is an assignment of
integers to the vertices or edges or both, subject to certain conditions.
Terms and notations not defined here are used in the sense of Hararyl[1].
There are several types of labeling. An excellent survey of graph label-
ing is maintained by Gallian[2]. The notion of mean labeling was due
to Somasundaram et al.[8]. A graph G = (V,E) with p vertices and ¢
edges is called a mean graph if there is an injective function f that ma(ps
V(G) to {0,1,2,...,q} such that for each edge wv, labeled with M
if f(u)+ f(v) is even and W if f(u)+ f(v) is odd. Then the
resulting edge labels are distinct. The concept of skolem difference mean
labeling was introduced by Murugan et al.[4] and they studied the skolem
difference mean labeling of H-graphs. In[3], they studied skolem differ-
ence mean labeling of finite union of paths. Further, the skolem difference
mean labeling of K,(n > 3), Kyn(m,n > 2), GUK,, (G1)f * (G2)g,
G U H were proved in[5]. Ramya et al. [6], proved that (I'0K} ), where
T is a Tp-tree, caterpillar, S,,, and C,QK;,, were skolem difference
mean graphs. In [7], we proved that the graphs C,,@QP,,(n > 3,m > 1),
T(Kin, : Kipg it Kig,), T (K1 py 0 Kipy000Kjp,,), st(ng,na, ..., )
and Bt(n,n,...n) admit skolem difference mean labeling.

We use the following definitions in the subsequent section.

Definition 1.1. A graph G = (V, E) with p vertices and q edges is said to
have skolem difference mean labeling if it is possible to label the vertices
x € V with distinct elements f(x) from 1,2,3,...,p + q in such a way that
for each edge e = uv, let f*(e) = [Mgf(v)lw if | f(u) — f(v)] is even and

w if |f(u) — f(v)| is odd and the resulting labels of the edges are
distinct and are from 1,2,3,...,q. A graph that admits a skolem difference
mean labeling is called a skolem difference mean graph.

Definition 1.2. Let G; and Gs be two graphs having vertex sets V; and
V5 and edge sets Fy and Es respectively. Then their union G1 U G4 has
V=ViuV,and E = E1 U Es.

Definition 1.3. A path is a walk if all the vertices and edges are distinct.
A path on n vertices is denoted by P,,. The graph mP, is the disjoint union
of m copies of the path P,.
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Definition 1.4. The wheel graph W, is obtained by joining a central ver-
tex to all vertices of the cycle C,, by an edge.

Definition 1.5. The fan graph F,, is obtained by joining a vertex to all
vertices of the path P,, by an edge.

2. Main results

In this section we prove that Cy,, U Cp(n,m > 3 and m < n), F, U (n —
2)Ka(n > 2), (P, + K2) U (2n — 3)Ka(n > 2) and W, U (n — 1)Ka(n > 3)
are skolem difference mean graphs.

Theorem 2.1. The union of two cycles Cy, U Cp(n,m > 3 and m < n) is
a skolem difference mean graph.

Proof. Case(i). m is odd.
Let m =20 4 1.

Subcase(i). n is odd.

Let n =2k +1

Let uy, ug, .., u;, v7, v1—1, ..., v1, Vg be the vetices of C91 and u;, u/2, v u}c, U;g,
v;{:fl, - vll, vé be the vertices of Coy1 respectively.

Then E(Cm UCn) = {Uivi+1 1 < i <1 - 1} U {uiui“ 1 <
i <l-1}U{vuigr’ 01 <i <k—-1}U{uuy, :1<i<k-1}U
{vou1, vous, wvy, vyvy, vouy, uyvy, +. Define f: V(Cry UC,) — {1,2,3, ....,p+
q=2(m+n)} as follows:

21 if 7isevenand 2 <7 </,

f(vﬂ)zlv
2(m+n)—2i+1 if iisoddand 1<i<I
f(vi) =
2t +1 if diseven and 2 <i </,
2(m+n)—2i+2 if iisoddand 1<i<]|
fui) =
3

For n=3, f(vg) =2, f(v)) =7, f(uy) = 10.
When n > 3, f(v,) = 3,
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2n—21+5 if 7isoddand1<i<k-—1

f i) =
20+ 3 if disevenand2<i¢<k-—1,
2n—2i+6 if disoddand 1<i<k-—1
fug) =
20+ 2 if disevenand 2 <i<k-—1,
) n+T7 if  kisodd
f(vk)_{n—i—l if  kis even,
fluy) =n+4.

For each vertex label f, the induced edge label f* is calculated as fol-
lows:

ffvvip) =m+4+n—2i—1 for1 <:<1-1,
fujuipr) =m+n—2i for1<:<l-—1,
fr(wov) =n+m =1, f*(urvo) = n+m, f*(ww) =1

[ (vjvj4q) =n =25 for 1 <j<k-—2,
f*(u;-u;H)—n—Zj—i—l for 1 <j<k-2,
f*(Ué)Ull) =n, f*(vouy) =n+1, f*(opu) =2,
f*(uk—luk) =3 and f* (Uk 1%) =4.

Therefore, E(Cy, UCy) ={1,2,3,...,q} and hence f is a skolem differ-

ence mean labeling.

Subcase(ii). n is even.
Let n =2k, k > 1.

Let UL, Uy s UL, Vs V=15 -5 V15 VO be the vetices of Cy41 and
! ! ! ! ! . .
ul,ug, . uk 93 W15 U, Vy_1.--, U1, Vg be the vertices of Cyy, respectively.

Then E(C UCp) = {viviy1 ¢ 1<i<l—1}U{uiui+1 1< <
l—l}U{vjvJH 1 <5< l{:—Z}U{uJuJH 1 < j < k-2}U

{wov1, vour, v, vy, Vou, UgUy s UgU)_1 }-
Define f: V(C,,, UC)y) — {1,2,3,...,p+ q¢=2(m +n)} as follows:

f(vo) =1,
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2(m+mn)—2i+1 if iisoddand 1 <i<]|

f i) =

2t+1 if ¢isevenand2<i<I,

2(m+n)—2i+2 if disoddand 1 <i<I
fui) =

27 if diseven and 2 <7 </,
f(?}é)):3,

n+5 if kisodd
flug) =

n+3 if kiseven,

2n—25+5 if jisoddand 1<j<k—-1
f(vj)_

2743 if jisevenand 2<j<k—1,

2n—2j+6 if jisoddand1<j<k-—1
f(uj)_

25+ 2 if jisevenand2<j<k-—1,

For each vertex label f, the induced edge label f* is calculated as fol-
lows:

ff(vvig1) =m+n—2i—1 for1<:i<i-—1,
f(ujuizr) =m—+n—2i for1 <:<l-1,
f*(vovl) =n+m—1, f*(urvo) = n+m, f*(wv) =1,

[ (v; j+1) —2j for 1 <j<k-2

f*(J 1) = n—2j+1 for 1 <j<k-2,
FHluguy, 1) =2, f*(uguy,_,) =3, f*(vgvy) = n and f*(vguj) = n + 1.

Therefore, we get the edge labels are from {1,2,3,...,q}. Hence f is a
skolem difference mean labeling.

Case(ii). m is even.

Let m = 21.

Subcase(i). n is odd.
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Let n =2k + 1.

Let UL, U2, ooy UL—15 U VL1 05 VL, VO be the vertices of C9; and
ul,uQ, . uk,vk,vk 1 vl,vo be the vertices of Coy1 respectively.

Then E(Cm UCn) = {Uivi—H 1 <i <l —- 2} U {uiui_H 11 < <
Z—Z}U{U;v;-ﬂ 1 <5< k:—l}U{u;u;-H 1 < j < k-1}U
{vovl,voul,ul,lu(),ulovgfl,vlovll,véull,u;v;}.

Define f: V(C,,, UCy) — {1,2,3,...,p+ ¢ =2(m +n)} as follows:

flvo) =1,
2(m+mn)—2i+1 if disoddand 1<i<I[-—1
fvi) =
2i+1 if disevenand 2 <¢<I[-—1,
2(m+n)—2i+2 if disoddand 1 <i<[—1
flui) =
27 if disevenand2<¢<I[-—1,
m+2n+1 if [isodd
fuo) =
m—+1 if [iseven,
f('UE))—37
2n—25+3 if jisoddand1<j3<k
f(vj)_
2743 if jisevenand 2 <j <Kk,
2n—25+4 if jisoddand 1<j<k
f(uj)_

2542 if jisevenand2<j<k.

For each vertex label f, the induced edge label f* is calculated as fol-

lows:

ffvvig) =m+4+n—2i—1 for 1 <:<1-2,

fuuipr) =m+n—2i for1<:<-2,

[f(vov1) =n+m—1, f*(uivg) = n +m,

f*(vi-1uo) fn+1 [ (uoup—1) = n + 2,

v UJH) —-25—1 for1<j<k-—1,

f(u; )—n—2j for1<j<k-—1,
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frwgvy) = n =1, f*(vguy) = n, f*(vpuy) = 1.
Therefore, f is a skolem difference mean labeling.

Subcase(ii). n is even.
Let n =2k, k > 1.

. ! ! i
Let u, u2, .., u—1, o, Vj—1, ..., V1, Vg be the vertices of Co; and uy, uy, ..., up_o,
! / / / / . .
Up,_1,Ugs Vy_q---, V1, Ug be the vertices of Uy, respectively.

Then E(CmUCn) = {Uivi—H 11 < < l—2}U{uiui+1 11 < <
Z—Z}U{U;v;-ﬂ 1 <5< l{:—Z}U{u;u;-H 1 < j < k-2}U

! ! !/ !
{vovt, vour, uovi—1, Uou—1, Vyvy, VyUy, UgUp_1, Uovkq}-

Define f: V(Cp, UCy) — {1,2,3,...,p+q=2(m+n)} as follows:

f(UO):lv
2(m+4+n)—2i+1 if disoddand 1<i<I[-—1
flvi) =
21+ 1 if disevenand 2 <i<l[-—1,
2(m+mn)—2i+2 if iisoddand1<i<Il—-1
flug) =
21 if iisevenand 1<i<I[-—1,
m+2n+1 if [isodd
f(ug) =
m-+1 if [iseven,
f(vg) =3,
flug) = n+3
2n—25+3 if jisoddand 1 <j<k-—1
f(Uj):
2743 if jisevenand 1<j<k-—1,
n+2 if kisodd
flog_1) =

n+4 if kiseven
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2n—25+4 if jisoddand 1 <j<k-—1
f(uj) =
27542 if jisevenand2<j<k—1.
For each vertex label f, the induced edge label f* is calculated as fol-
lows:
ffvvip)=m+4+n—2i—1 for 1 <:<1—2,
fujuipr) =m+n—2i for1<:<-2,
[*(vov1) =n+m—1, f*(urvo) = n+m, f*(uovi—1) =n+1, f*(uow-1) =

f*(qu;;+1):n—2j—1 for 1 <j<k-—2,
frujujg) =n—2j for1<j<k-2,
Frwgry) = n =1, f*(uouy) =n, f*(vp_yug) =1, f*(uguy, ) =2

Therefore, f is a skolem difference mean labeling and hence C,, U C,
is a skolem difference mean graph. The skolem difference mean labeling of
C7 U Cg and Cy U C3 are shown in Figure 1 and 2.

Figure 2: Co U Cy


Marisol Martínez
fig1-2
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Theorem 2.2. The graph F,, U (n — 2)K>, (n > 2) is a skolem difference
mean graph.

Proof.  Let vo,v; (1 <4 < n) be the vertices of F,, and z;,y; (1 <j <
n — 2) be the vertices of (n — 2) Ky respectively.

Then E(F, U (n—2)Ks) = {vjviy1 : 1 <i<n—1}U{vv; : 1 <i <
n}pU{zjy;:1<j<(n—2)}

Define f: V(F,U(n—2)K3) — {1,2,3,....,p+q = 6(n—1)} as follows:
I 5

f( n—24+14 ifiisodd and 1 <i<n,

fvi)=3n—2—14 ifiisevenand 2 <i<mn,
I J
I 6

for 1 <j<n-2,
yj)=6n—-5—j forl<j<mn-2.

Let e; = vou;, e; =v0i11(1 <i<n—1)and e; = z;y;(1 <j<n-2).

For each vertex label f, the induced edge label f* is calculated as fol-
lows:

f*(ej)=3n—2—7j for1<j<n-2,
fe))=n—i for 1 <i<mn-—1,
f*(e;) = 2n — (1) ifiisodd and 1 <i <n,
f*(es) :n+(é) if ¢ is even and 2 < i < n.

Therefore, f is a skolem difference mean labeling of F,, U (n — 2) Ks and
hence F,, U (n — 2)Ks(n > 2) is a skolem difference mean graph.

A skolem difference mean labeling of F7 U5Kj5 is shown in Figure 3.
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31 le— o336
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§ 17 & 15 10 13 12
Figure 3: F- UK,

Theorem 2.3. The graph (P, + K3) U (2n — 3)Kas, (n > 2) is a skolem
difference mean graph.

Proof.  Let ug,vp,v; (1 <4 <n) be the vertices of (P, + Ks) and zy, 3,
(1 <t <2n—3) be the vertices of (2n — 3) K3 respectively.

Then E((P,+K2)U(2n—3)K2) = {vivi11 : 1 <i < n—1}U{ugv;, vov; :
1<i<n}U{xpy:1<t<(2n-3)}.

Define f: V((P, + K2) U (2n — 3)K3) — {1,2,3,...,p+q = 10n — 8} as
follows:
f(vo) =8n —5, f(ug) = 6n —5,
flwi)=2n—-3+i ifiisoddand 1<i<n,
fvi)=4n—2—14 ifiisevenand 2 <i <m,
flze) =t forl1<t<2n-3,
fly)=10n —7—t for1<t<2n-—3.

!

Let e; = vovs, €; = uovi(l < i < n), ej = vjuj41(l <j<n-—1)and
et = xtyt(]- <t< 2n — 3)

For each vertex label f, the induced edge label f* is calculated as fol-
lows:

ff(er) =b6mn—3—1 for 1 <t<2n-3,
fej)=n—j for1<j<n-1,


Marisol Martínez
fig3
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f*(e;) =3n—
f*(e;) =2n+
fr(e;) =2n~
frle) =n+

ifiis odd and 1 <i <mn,
if 7 is even and 1 < i < n,
ifiisodd and 1 <7 <mn,
ifiiseven and 1 <37 < n.

357

Therefore, f is a skolem difference mean labeling of (P, + K3) U (2n —
3)K3 and hence (P, + K2) U (2n — 3)K3 is a skolem difference mean graph.

A skolem difference mean labeling of (P —1—72) U11K35 is shown in Figure

4.

le——262
2e—a(]
Je—G0)

4

[y Sl |
B @

—
He——

Ge——— 57

—a N

Figure 4: (P + K3) U 11K>

Theorem 2.4. The graph W,, U (n — 1)K», (n > 3) is a skolem difference

mean graph.

Proof.  Let vg,v; (1 <i < n) be the vertices of W,, and z¢,y¢ (1 <t

n — 1) be the vertices of (n — 1) K» respectively.

Then E(Wp, U (n — 1)K3) = {vjvit1 : 1 <i<n—1}U{vv; : 1 <1
nPU{zy: 1<t <(n—1)}U{v,v}.

IN

IN

Define f: V(Wp U (n —1)K2) — {1,2,3,...,p+ ¢ = 6n — 2} as follows:

Case(i). n is odd.


Marisol Martínez
fig4
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Letn—2/€+1.
flay) = for1 <t<n-—2,
f(@n— )
f(yt)—6n—t—1 for 1 <t<mn-2,
Flum-1) = 51— 1, f(v0) = 5n, f(or) =n— 1,
f(vz)—3n—22+2 1lesevenand2§i§n—1,
flwi))=n+2i—4 if iisodd and 3 <i <k +1,
f(vogio—) =3n—2i—1 if 1is odd and 1 <17 < k.

For each vertex label f, the induced edge label f* is calculated as fol-
lows:

f(xeyr) =3n—t for1<t<n-2,
f*(xn 1Yn— 1)—2’0,

ff(vvig1) =n—2i+2 for 1 <i<k+1,
ffvvig1) =2i—n—1 for k +2 <1 < 2k,

¥ (vag1v1) =n — 1,

f(vovy)) =2n+2—14 if iis odd and 1 <7 < n,
floovi)) =n+i—1 if 7 is even and 2 < i < n.

Therefore, E(W, U (n —1)K3) ={1,2,3,...,q} and hence f is a skolem
difference mean labeling.

Case(ii). n is even.

Letn-?k k> 1.

f(zy) = for 1 <t<n-2,
f(n- )

f(yt)—6n—t—1 for1 <t<n-2,

f(yn—1) =5n—1, f(vo) =5n, f(v1) =n—1,
flu)=3n—2i+2 if 7is even and 2 <1 < k,
flo))=n+2i—4 if i is odd and 3 < i <k,

H(vrq) = { 2n —1 if ks even

2n if  kis odd,
flvogs1—3) =3n—2i—1 if i isoddand1<¢<k-—1,
floggy1—) =n+2i if iisevenand 2 <¢<k-—1.
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For each vertex label f, the induced edge label f* is calculated as fol-
lows:

Tiy) = 3n —t for1 <t<n-2,

f(

f(

ffvvig1)) =n—2i+2 for 1 <i<k,
ffovig1) =2i—n—-1 fork+1<i<2k-—1,
f(

2n+2—4¢ if ‘isoddand1<i<k+1
n—1+4¢ if disevenand 2<i<k+1,

F*(vov ) = n+144 if disoddand 1 <i<k-—1
0F2kH1=0) =) op — g if disevenand 2<i<k-—1.

Therefore, f is a skolem difference mean labeling and hence
Wy, U (n —1)K> is a skolem difference mean graph.

A skolem difference mean labeling of Wg U 7K5 is shown in Figure 5.

2 45 He—eo412
6o e 1l
Je—odd
8 e e 29
lg 43

Figure 5: W, UTK;
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