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Abstract

The equitable total coloring of a graph G is a combination of vertex
and edge coloring whose color classes differs by atmost one. In this
paper, we find the equitable total chromatic number for S,, W,, H,
and G,,.
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1. Introduction

Graphs in this paper are finite, simple and undirected graphs without loops.
The total coloring was introduced by Behzad and Vizing in 1964. A total
coloring of a graph G is a coloring of all elements (i.e,vertices and edges) of
G, such that no two adjacent or incident elements receive the same color.
The minimum number of colors is called the total chromatic number of
G and is denoted by x” (G). In 1973, Meyer|[7] presented the concept of
equitable coloring and conjectured that the equitable chromatic number of
a connected graph G, is atmost A (G). In 1994, Hung-lin Fu first intro-
duced the concepts of equitable total coloring and equitable total chromatic
number of a graph. Furthermore Fu presented a conjecture concerning the
equitable total chromatic number, x” (G) < A + 2.

Let G = (V,E) be a graph with vertex set V(G) and edge set E(G).
Clearly X (G) > A(G) + 1, where A(G) is the maximum degree of G.
In 1989, Sanchez Arroyo[8] proved that the problem of determining the
total chromatic number of an arbitrary graph is NP-hard. It is also NP
- Hard to decide X (G) < A(G) +1 or XL (G) < A(G) + 2. Graphs
with xZ (G) < A(G) + 1 are said to be of Type 1, and graphs with
X2 (G) < A(G) + 2 are said to be of Type 2. The problem of deciding
whether a graph is Type 1 has been shown NP-Complete in this paper for
Sn, Whn, Hy, and G,.

2. Preliminaries

Definition 2.1. For any integer n > 4, the wheel graph W, is the n-
vertex graph obtained by joining a vertex vg to each of the n — 1 vertices
{v1,v2,...,v,} of the cycle graph Cy,_1.

Definition 2.2. The Helm graph H, is the graph obtained from a Wheel
graph W,, by adjoining a pendant edge to each vertex of the n — 1 cycle in
Wi,

Definition 2.3. The Gear graph G, is the graph obtained from a Wheel
graph W, by adding a vertex to each edge of the n — 1 cycle in W,.

Definition 2.4. The n- sunlet graph on 2n vertices is obtained by attach-
ing n pendant edges to the cycle C,, and is denoted by .S,.

Definition 2.5. [6] For a simple graph G (V, E), let f be a proper k—total
coloring of G
T = [T5|| <1, 4,5 =1,2,...,k.
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The partition {T;} = {V;UE; : 1 <14 <k} is called a k—equitable total
coloring (k—ETC of G in brief), and

X2 (G) = min {k : there exists a k — ETC of G}

is called the equitable total chromatic number of G, whereVx € T; = V;UE;,
fl®)=1,i=1,2,... k.

Following [4], let us denote the Total Coloring Conjecture by TCC.

Conjecture 2.6. [TCC] For any graph G, A(G)+1<x"(G) < A(G)+
2.

Conjecture 2.7. [4][10] For every graph G, G has an equitable total k—coloring
for each k > maz{x" (G),A(G) +2}.

Conjecture 2.8. [4] [ETCC] For every graph G, x” (G) < A(G)+ 2.

Lemma 2.9. [6] For complete graph K,, with order p,

" ] p p =1 mod 2
X_(Kp)_{p—i-l, p = 0mod 2.

Lemma 2.10. [10] Let G be a graph consisting of two components G and

Gs. If G1 and G4 are equitably total k—colorable, then so is G.

Proof. Let (Tvl, T;, ... ,T;;) and (Tl, T, ... ,Tk) be equitable total k—colorings
of G1 and G5 repectively, satisfying )Tvl‘ < ‘E‘ <...< )ﬁ;‘ and )Tl‘ <

‘TQ‘ <...< ‘Tk‘ Then we put

E:ﬁUTk7i+l7 Z:17277k

It is easy to see that (11,75, ...,T) is an equitable total k—coloring of G.
O

In the following section, we determine the equitable total chromatic
number of S,, W,, H, and G,,.

3. Main Results

Theorem 3.1. For Sunlet graph S,, withn >3, x” (S,) = 4.
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Proof. Let S, be the sunlet graph on 2n vertices and 2n edges.

Let V (Sp) = {v1,v2,v3,...,0,} U{U1,u2,u3, ..., Up} and

E(Sp) ={ei:1<i<n—1}Hea} | JHei:1<i<n}

where e; is the edge vjvi41 (1 <i<n-—1), e, is the edge v,v; and €} is
the edge vu; (1 <1i<mn).

We define an equitable total coloring f, such that f : S — C where
S=V(S,)UE(S,) and C = {1,2,3,4}. The order of coloring is followed
by coloring the pendant vertices first followed by pendant edges, rim ver-
tices and rim edges respectively. In this total coloration, C'(u;) means the
color of the i*" pendant vertex u;, C(e;) means the color of the i rim edge
e; and C(e}) means the color of the i** pendant edge €. While coloring,
when the value mod 4 is equal to 0 it should be replaced by 4.

Case 1: n = 0(mod 4)

1, if i = 1(mod 4)

V) 2,ifi=2(mod 4) for 1<i<n
P =19 3" = 3(mod 4)
4, if i = 0(mod 4)

f(ef) ={C(wi) +1}(mod 4), for 1 <i<n
f(v;) ={C(e}) +1}(mod 4), for1 <i<mn
fe;) =C(u;), for1<i<n
Case 2: n = 1(mod 4)

1, if i = 1(mod 4)

) 2,ifi=2(mod 4) for1<i<n-—2
f(wi) = 3, if i = 3(mod 4)
4, if i = 0(mod 4)
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f(e) ={C(u;) + 1}(mod 4), for1<i<n-—2
flen1) =2
flen) =3

f(v;) ={C(e)) + 1}(mod 4), for 1 <i<mn—2
f (Unfl) =4
fvn) =2

fe) =C(u;), for1<i<n
Case 3: n =2(mod 4)

1, if i = 1(mod 4)
N ) 2,ifi=2(mod 4) for i<n-—1
f(wi) = 3, if i = 3(mod 4)
4, if i = 0(mod 4)
fun) =

3, fori=n

f(eh) = { {C(u;) +1}(mod 4), for1<i<n-—1

f (Uz)

2, fori=n

{ {C(e}) +1}(mod 4), for1<i<n-—1

f(ei) =C(u;), for1<i<n

Case 4: n = 3(mod 4)

1, if i = 1(mod 4)

V) 2,ifi=2(mod 4) for 1<i<n-—-1
F() =9 3" = 3(mod 4)
4, if i = 0(mod 4)
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f(un) =4
N} {C(u;)+1}(mod 4), for1<i<n-—1
f(ei)_ 3, fori=n
[ {C(e) +1}(mod 4), for1<i<n-—1
f(w) _{ 1, fori=mn

fe) =C(u;), for1<i<n

Based on the above mehod of coloring, we observe that S, is equi-
tably total colorable with 4 colors, such that its color classes are T (S,,) =
{T1,T5,T3,T4}. Clearly these color classes T7,T»,T3,Ty are independent
sets of S, with no vertices and edges in common and satisfies ||T;| — |Tj]| <
1, for ¢ # j. For example consider the case n = 0(mod 4) (See Figure 1),
in this |T1| = |T2| = |T3| = 14| = n which implies ||T;| — |T}|| < 1, for i # j
and so it is equitably total colorable with 4 colors. Hence x” (S,) < 4.
Since A = 3, we have x” (S,) > X" (Sn) > A+ 1 (= 4). Therefore
X_ (Sy) = 4. Similarly this is true for all other cases. Hence f is an

equitable total 4-coloring of S,,. O
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Figure 1: Sunlet 5.

Algorithm : Equitable total coloring of Sunlet graph
Input: n, the number of vertices of S,
Output: Equitably total colored S,

Initialize .S,, with 2n vertices, the rim vertices by v1,v2,vs, ..., v, and
pendant vertices by ui, ug,us, ..., Uy.
Initialize the adjacent edges on the rim by e, eo, €3, ..., e, and pendant
!/ / / /
edges by e}, e5,€e5,..., €.

Let f be the coloring of vertices and edges in S, such that f : S —
{1,2,3,4} where S =V (S,) U E(S,).

Apply the coloring rules of Theorem 3.1 for each of the following cases
if (n =0mod 4)


Marisol Martínez
fig-1
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fori=1ton

{
ei = {C(u;) + 1}(mod 4);
{0(62) 1}(mod 4);
C(ui);
}
end for

if (n =1 mod 4)
fori=1ton—2

{
if(i=n-1)
U; = 1,

if (i =n)

U; :4,

e; ={C(u;) + 1}(mod 4);
if(i=n-1)
e, =2;

if (1 =n)

e, =3;

v; = {C(e}) + 1}(mod 4)
if (i =n—1)
Vi = 25

if (1 =n)

v; =25

}

end for
fori=1ton
{

ei = C(w;);

}

end for

if (n =2 mod 4)
fori=1ton—1

{

if (1 =n)

U; :4;

e, ={C(u;) + 1}(mod 4);
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v; = {C(€}) + 1}(mod 4);
if (1 =n)

V; = 2;

}

end for
fortc=1ton

{

€; = C(ul),

}

end for

if (n =3 mod 4)
fori=1ton—1

{

if (1 =n)

u; =4

ef = {C(u;) + 1}(mod 4);
if (i =n)

e = 3;

v; = {C(e}) + 1}(mod 4);
if (i =n)

V; = 1;

}

end for

fori=1ton

{

ei = C(u;);

}

end for

return f ;

Theorem 3.2. For Wheel graph W,, with n > 4, x”. (W,,) = n.

Proof. The Wheel graph W), consists of n vertices and 2(n — 1) edges.
Let V(W) = {vo} U{vZ :1<i<n-—1} and

EW,)={e;:1<i<n—-1} J{ej:1<i<n-—-1}

where ¢; is the edge vov; (1 <@ <n —1)and €} is the edge v;vi41 (1 < i <n —1).
We define an equitable total coloring f, such that f : § — C where
S =VW,) UEW,) and C = {1,2,...,n}. In this coloration, C(e;)



316 Veninstine Vivik J. and Girija G.

means the color of the i** edge e; and when the value mod n is equal to 0
it is replaced by n. The equitable total coloring is obtianed by coloring the
vertices and edges as follows:

fwo) =1
f (o) =n
Flo)=i, for2<i<n-—1
fle)=i+1, for1<i<n-—1

f(e) = {C(e;) +2}(mod n), for 1 <i<n-—2
)= 3, fori=n—1

It is clear from the above rule of coloring W, is equitably total col-
orable with n colors. The color class of W,, are grouped as T (W,) =
{T1,Ts,...,T,}, which are independent sets with no vertices and edges in
common and ||T;| — |Tj|| < 1, for any ¢ # j. For example consider the case
n = 7 (See Figure 2), for which |T1| = |T| = 2 and |T3| = |T4| = |T5| =
|Ts| = |T%7| = 3, such that it satisfies the condition ||T;| — |T}|| < 1, for
i # j. So it is equitably total colorable with n colors. Hence x” (W,,) < n.
Further, since A = n — 1, we have xZ (W,) > X" (W,) > A+1 (= n).
Therefore xZ (W,,) = n. Similarly it holds the inequality ||T;| — |7}|| < 1 if
i # j for all other values of n > 4. Hence x_ (W,) =n. O
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Fipure 2: Wheel W75,

Algorithm : Equitable total coloring of Wheel graph
Input: n, the number of vertices of W,
Output: Equitably total colored W,

Initialize W,, with n vertices, the center vertices by vy and rim vertices
by v1,v2,vs, « .., Up—1.

Initialize the adjacent edges on the center by ej, eo,€3,...,e,-1 and ad-
jacent edges on the rim by €}, €5, eh, ... el 4.

Let f be the coloring of vertices and edges in W, such that f : § —
{1,2,...,n} where S =V (W,,) U E(W),,).

Apply the coloring rules of Theorem 3.2 for each of the following cases

fori=0ton—1
{

if (i =0)

’l)l':l;

if (i=1)


Marisol Martínez
fig-2
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end for

fori=1ton-—1

{

e; =1+ 1;

if(i=n-1)

e, =3;

else

e, ={C(e;) + 2}(mod n);

end for
return f ;

Theorem 3.3. For Helm graph H,, withn >4, x” (H,) = n.

Proof. The Helm graph H,, consists of 2n — 1 vertices and 3(n — 1)
edges.

Let V(Hn):{vo}U{vi:1§i§n—1}U{ui:1§i§n—1} and

and E(Hy) ={e; : 1 <i<n—-1}U{e; : 1 <i<n—2}U{e,_;}U{e} :
1<i<n-1}
where e; is the edge vov; (1 <@ <n —1), e} is the edge vovi+1 (1 < i < n —2),
el is the edge v,—1v1 and € is the edge viu; (1 <i <mn—1).

Define a function f : S — C where S = V (H,) U E (H,) and C =
{1,2,...,n}. The equitable total coloring pattern is as follows:

f(v) =1
f(v1)=n-1
f(v2)=n

fw)=i—-1,for3<i<n-—1

flei)=i+1, for1<i<n-—1

£ = i+3(mod n), for 1 <i<n-—-2
) 3, fori=n-—1
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f(//)_ i+ 4(mod n), for 1 <i<n-—2
v ) 4, fori=n—1

fu) =i, for1<i<n-—1

7

With this pattern we can equitably total color the graph H, with n
colors. The color classes of H,, are grouped as T (H,) = {T1,T5,..., T}
which are independent sets and satisfies the condition ||T;| — |T}|| < 1,
i # j. For example consider the case n = 7 (See Figure 3), for which
|T1| = |Ta| = |T3] = |T7| = 4 and |T4| = |T5| = |T6| = 5. This implies
||T;| —|75]] < 1, for @ # j and so it is equitably total colorable with n
colors. Hence x” (H,) < n. Since A = n — 1 , we have xZ (H,) >
X" (Hp) > A +1 (=n). Therefore x” (H,) = n. Similarly this is true for
all other values of n > 4. Hence x” (H,) =n. O

Figure 3: Helm Hj.


Marisol Martínez
fig-3
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Algorithm : Equitable total coloring of Helm graph
Input: n, the number of vertices of Hy,
Output: Equitably total colored H,

Initialize H,, with 2n — 1 vertices, the center vertices by vg, the rim ver-
tices by vy, ve,vs,...,v,—1 and the pendant vertices by ui, us, us, ..., Unp—1-

Initialize the 3(n — 1) edges, the adjacent edges on the center by
e1,€2,€3,...,en_1, the adjacent edges on the rim by €, €5, ¢5, ... €

n—1
the pendant edges by ef,e5, €4, ... el ;.

and

Let f be the coloring of vertices and edges in H,, such that f : S —
{1,2,...,n} where S =V (H,) U E (Hy,).

Apply the coloring rules of Theorem 3.3 for each of the following cases

fori=0ton—1

fori=1ton—1

{

ui:z';
Gi:i'i‘l;
if(i=n-1)

€ = 3;

else

ei =1+ 3(mod n);
if(i=n-1)

N _ g.
e; =4
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else

e/ =i+ 4(mod n);
}

end for

return f ;

Theorem 3.4. For Gear graph G,, withn >4, x” (G,) = n.

Proof. The Gear graph G,, consists of 2n—1 vertices and 3(n—1) edges.
Let V(Gp) ={vo} U{vi: 1 <i<n—-1}U{v): 1 <i<n-—1}and E(G,) =
{ei:1<i<n—1}He:1<i<n-—-1}{ef:1<i<n—-2}Hel

where e; is the edge vov; (1 <i <n—1), ¢} is the edge v;v} (1 <i<n—1),

el is the edge vivi11 (1 <i<n—2) and e],_; is the edge v],_;v;.

Figure 4: Gear G7.

Define a function f : S — C where S = V (Gy) U E(G,) and C =
{1,2,...,n}. The coloring pattern is as follows:

f(vo) =1

V) i4+2(mod n), for 1 <i<n—2
f(vl)_{Q, fori=n—1

f@)=i+1 for1<i<n-—1

7


Marisol Martínez
fig-4
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flei)=i+1, for1<i<n-—1
f(e) = C(e;) +2(mod n), for 1 <i<n-—2
Y11, fori=n-—1

f(el)=14,1<i<n-1

(3

Based on the above procedure, the graph G,, is equitably total colored
with n colors and by sustituting differnet values for n, it is inferred that
no adjacent vertices and edges receives the same color. The color classes
can be classified as T'(Gy,) = {11, T3, ..., T, } and satisfies ||T;| — |T}|| < 1,
for any i # j. For example consider the case n = 7 (See Figure 4), for
which ’Tl‘ = |T2| = |T3| = ‘Tﬂ = 4 and ‘T4| = ’T5‘ = |T6’ = 5. This
implies ||T;| —|T}|| < 1, for @ # j and so it is equitably total colorable
with n colors. Hence x” (Gy) < n. Further, since A = n — 1, we have
XL (Gr) > X" (Grn) > A+1 (=n). Therefore x” (G,) =n. O

Algorithm : Equitable edge coloring of Gear graph
Input: n, the number of vertices of G,
Output: Equitably edge colored G,

Initialize G,, with 2n — 1 vertices, the center vertices by vg, the rim

vertices by v1,v2,v3,...,vp—1 and v}, vh, v, ..., V), _;.

Initialize the 3(n — 1)edges, the adjacent edges on the center by

e1,€2,€3...,en_1, the adjacent edges on the rim by €/, e5, e, ..., el,_; and

" 2
€1,€9,€3,...,€, 1.

Let f: S —{1,2,...,n} where S =V (G,,) U E(Gy).
Apply the coloring rules of Theorem 3.4 for each of the following cases
fori=0ton

{
if (i = 0)
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V; = 1;
if(i=n-1)
V; = 2;

else

v, =14+ 2;

}

end for

fori=1ton—-1
{

vi=1i+1;

e =1+ 1;
if(i=n-1)

e, =1;

else

e, = [C(e;) + 2](mod n);
no__ .

el =1;

}

end for

return f ;
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