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Abstract

Let Ty, (respectively, I's ) be a free group of rank n (respec-
tively, a free group of countable infinite rank). We consider the
space of algebraic representations of the group I',, (respectively,
I's) Hom(T'y,, PGL(2,C)) (respectively, Hom(I's, PGL(2,C))).
Inside each of these spaces we consider a couple of open and
dense subsets. These subsets contain non-discrete groups of
Mébius transformations. We proceed to find complex analytic
parameters for these spaces given by fized points.
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1. Introduction

In [3] we have considered a real parameterization of the Teichmiiller
space of a closed Riemann surface. This parameterization is real an-
alytic and given by a collection of fixed points of a particular set of
generators of a Fuchsian group acting on the upper-half plane H. One
of the main ideas used in that paper is a geometric configuration of
axis for a particular set of generators (inequalities of real numbers).
In this note, we produce parameterizations of the deformation space
of finitely generated groups of Mobius transformations by a collection
of fixed points of a particular set of generators. We do not use axis
configurations and it is important to note that, in this general situa-
tion, we work with groups which may not be discrete ones nor Kleinian
groups nor Fuchsian groups (this, including the complex nature of the
parameters, is the main difference with the above work). This pa-
rameterization can be used in particular for describing (fixed points)
complex analytic parameters for the deformation space of a Kleinian
group. We also compute explicit (real analytic) models of some fuch-
sian groups (including an example of genus two). To describe this
parameterization we start with some basic definitions.

A Mobius transformation B is a conformal automorphism of the
Riemann sphere C. In particular, B(z) = Zjis, where a, b, c,d are
complex numbers satisfying ad — bc # 0. There is a natural isomor-
phism between the group of Mobius transformations and the projective

linear group PGL(2,C) given by

s a b
B(z):CZIS—><C d )

For each Mobius transformation B, we denote its set of fixed points
by F(B). If B is neither the identity nor elliptic of order two, we can
define the values a(B),r(B) € F(B) as follows.

(1) If B is Loxodromic, then a(B) and r(B) are the attracting and
repelling fixed points of B.

(2) If B is parabolic, then a(B) = r(B) is its unique fixed point.
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(3) If B is elliptic, then a(B) and r(B) are its fixed points for
which there exists a Mobius transformation H such that H o
Bo H™'(2) = Az, where ||A]| = 1, imaginary part of \ is positive
and H(a(B)) = o0, H(r(B)) = 0.

The space of infinitely generated marked groups (G, Ay, ..., Ap, ...))
can be identified to the set Hom(I'w, PGL(2, C)), where I'y, is a free
group of infinite rank. This is a infinite dimensional complex man-
ifold (isomorphic to PGL(Q,C)N). Similarly, the space of finitely
generated marked groups (G, A, ..., A,)) can be identified the set
Hom(T',,, PGL(2,C)), where I',, is a free group of rank n. This is
a 3n-dimensional complex manifold (isomorphic to PGL(2,C)").

Two marked groups (G, (A, ..., Ay, ....)) and (Ga, (B, ..., By, ...))
are said equivalent if and only if there is a Mobius transformation
H € PGL(2,C) satisfying Ho A;jo H ! = B;, fori=1,...,n,.... The
respective spaces of equivalence classes of marked groups are the (al-
gebraic) deformation spaces Def(I's, PGL(2,C)) (an infinitely com-
plex dimensional space) and Def(I',,, PGL(2,C)) (a complex analytic
space of dimension 3(n — 1)).

The sets Foo C Def(I'w, PGL(2,C)) and F,, C Def(I',, PGL(2,C))
consist of equivalence classes of marked groups [(G, (A, ..., Ay, ...))] of
Mobius transformations (non necessarily discrete ones) satisfying the
following.

(1) A2 #£1, for all i > 1;
(2) (Aj0A1)2#1, for all j > 2; and

(3) F(A1)NF(Aj) =0, for all j > 2.

Analogously, we define the subsets G,, and G, consisting of the
equivalence classes of marked (non necessarily discrete ones) groups
(G, (Ay, ..., Ay, ...))] of Mobius transformations satisfying the follow-
ing.

(1) A2 41, for all i > 1;

(2) (AjoA;_1---AyoAy)* # 1, forall j > 2; and
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(3) F(A1)NF(Aj) =0, for all j > 2.

The sets Fuo, Goo, Fn and G, are open dense subsets of the re-
spective deformation spaces. In particular, they are complex analytic
spaces of the same respective dimensions.

In each class [(G,(Ay,...,An))| ineither F, or G, (respectively,
(G, (A, ..., Ay, ...))] in either F, or G ), there exists a unique repre-
sentative (G, (A1, ..., A,)) (respectively, (G, (A, ..., A,,...))) normal-
ized by a(A;) = 00, a(As) = 0 and a(Ay o A;) = 1. In this way, we
may think of the elements of F,, and G, (respectively, F, and G,) as
normalized marked groups satisfying the above respective properties.

Using the unique normalized representative, we may construct
functions

0, ([(G, (A1, ..., An))]) =

vy a(Ay),r(Ag 0

(An
([(G’ (Ala s An, ))D:
(r(A1), ...y 7(An), ooy a(Az), oya(Ay), oy m(Az 0 Ay)y oy (A 0 Ay, L),
‘I/oo([EGﬂ (A1, Apy 2 ))]) =

a(Az), .y a(Ay), o r(Az 0 Ay), . r(Ay 0
An—l . 'A2 e} A1>, )

Theorem 1. The functions ®,,, V,,, ¢o and Vo, are one-to-one com-
plex analytic map.

For each normalized marked group (G, (A4,..., A,,...)) in either
Frs Gny, Foo and G, we write down explicit matrices in PGL(2, C)
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representing all the transformations A;. The entries of such matrices
are rational functions in the corresponding fixed point coordinates
given by the above theorem.

2. A Couple of Applications

2.1. Deformation Spaces of Mobius groups

Let G be a group of Mobius transformations, maybe infinitely gener-
ated. The algebraic deformations of G are defined in similar fashion
as it was done for I';, and I',,. More precisely, we consider the space
Hom(G, PGL(2,C)) of representations of G into PGL(2,C). Two
representations are said equivalents if they are conjugate by some
Mobius  transformation. The set of equivalence classes
Def(G,PGL(2,C)) is the algebraic deformation space of G. An-
other deformation space associated to G is the quasiconformal de-
formation space. A quasiconformal homeomorphism w : C - C
is called a deformation of G if w o G o w™! is again a group (nec-
essarily Kleinian) of Mébius transformations. Two deformations of
G, say w; and ws, are equivalent if there exists a Mdbius transfor-
mation A so that wy 0o gowy' = Aow; ogow; oAt for all
g € G. The set of equivalence classes of deformations of G is called
the deformation space of G and denoted by T'(G). In each class there
is a unique representative deformation w, satisfying w,(z) = =z, for
z € {00,0,1}. In the case that G is a geometrically finite Kleinian
group, then the above two deformation spaces are the same. In gen-
eral, we have T(G) C Def(G,PGL(2,C)). In [8] the following is
proved.

Theorem (Kra—Maskit). If G is a finitely generated Kleinian
group, then T(G) is biholomorphically equivalent to a domain in C™.

The proof of such a theorem is a consequence of the existence of
certain points called stratification points. Our coordinates are a kind
of stratification points for Mébius groups (non necessarily discrete ones
and maybe infinitely generated). In particular, we have the following
concerning the above Kra-Maskit’s result. Let G be a Mobius group
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which can be generated by Mobius transformations Ay,..., A,,...so that
the following hold:

(1) A2 #1, (AjoA))> #1,foralli>1andall j>2.
(2) F(A))NF(A;) =0, for all j > 2.
(3) a(A;) = 00, a(Az) =0 and a(Ay0 Ay) = 1.

We denote by a; the attracting fixed point of A;, r; the repelling
fixed point of A;, and s, the repelling fixed point of A; o A;. Then
theorem 1 implies the following:

Corollary 1. If G is a Mébius group finitely generated by Mobius
transformations Ay,..., A, so that they satisfy conditions (1), (2)
and (3) as above, then the map ® : T(G) — C x C34, defined by

O ([w]) = (wp(r1), ..., wp(rn), wplaz), ..., wy(ay), Wy (S2), -y Wy (sy))

turns out to be a one-to-one holomorphic map. Similarly, if G is a
Mobius group infinitely generated by Mdbius transformations Aq,...,
Ap,..., so that they satisfy conditions (1), (2) and (3) as above, then
the map @ : T(G) — CxCN, defined by

O([w]) =

(W (11)5 ooy W (1), ey Wi (@3)y ooy Wi (@) ey Wi (S2), ey Wi (Sn), )

1$ a one-to-one holomorphic map.

The above is in really true at the level of the algebraic deformation
spaces by theorem 1.

2.2. Models of Teichmiiller spaces

Let ' < PGL*(2,R) be a finitely generated Fuchsian group acting on
the hyperbolic plane H. A Fuchsian representation of F' is a monomor-
phism ¢ : F — PGL*"(2,R) such that there is a quasiconformal home-
omorphism ¢ : H — H satisfying 0(y) = ¢oyo ¢!, for all v € F.
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Two Fuchsian representations #; and 6, are said Fuchsian equivalent
if and only if there exists a Mobius transformation A € PGL(2,R)
such that 65(y) = Aof;(y)o AL, for all ¥ € F. The set of equivalence
classes of Fuchsian representations of the Fuchsian group F' is called
the Teichmiiller space of F' and denoted as 7 (F). This set is a simply
connected real analytic manifold of dimension 6g — 6 + 2k + 3[, where
H/F is a Riemann surface of genus g with & punctures and [ holes
(see [1]). We say that F' has signature or type (g, k, ).
The Fuchsian group F' has a presentation of the form:

F = (A}, Bf o, A2 B2, Pl oo PEL L L
Ty Ly Ty By TH (A, By = 1),

where [A}, B}] denotes the commutator between the hyperbolic trans-
formations A} and Bj, the transformations L are also hyperbolic and
the transformations P are parabolic. We also may assume:

(1) if g > 1, then a(A}) = o0, a(B}) = 0 and a(BfA}) = 1;

(2) if g =0 and k > 2, then a(P}) = 00, a(P5) = 0 and a(P5 Py) =
L;

(3) if g =0, k =1, then a(Py) = oo, a(L}) =0 and a(LiP}) = 1;
(4) if g =0, k=0, then a(L}) = oo, a(L}) =0 and a(L3L}) = 1.

We can identify the Teichmiiller space of F' with the set of marked
groups (G, (A1, By, ..., Ay, By, Py, ..., Py, Ly, ..., L)) for which:

(1) G is a fuchsian group acting on H of same type as F;

(2) there is an isomorphism 1 : F' — G, so that ¢(A}) = Aj,
U(Bj) = B, ¥(F) = P and $(L]) = Ly;

(3) if g > 1, then a(A;) = oo, a(B;) =0 and a(B1A;) = 1;

(4) if g=0and k > 2, then a(P;) = o0, a(P;) = 0 and a(P,Py) = 1;

(5) if g=0, k=1, then a(P;) = 00, a(Ly) =0 and (L1 P,) = 1;

(6) if g =0, k=0, then a(L,) = 0o, a(Ls) =0 and a(LyL) = 1.
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If we use the function ¥,,, with n = 2¢g + k + [, then theorem 1 im-
plies it is a one-to-one real analytic map into R**~3. The image is con-
tained inside an algebraic variety defined by (3 + k) real polynomials.
Let us set the following notation a; := a(4,), b; :==r(4;), ¢; := a(B;),
dj = r(B;), pj = a(F)), z; := a(Ly), y; := r(L;), €; := r(A;A),
fi = r(BiAr), rj = r(PiAy), s; = r(L;jAr), ¢ o= r(FiBj1--- P1),
wj = ’I“(Lij_l s Llkak—l cee Pl) and tj = ’T’(Lij_l Tt Ll)

2.3. Signature (g,0,0), g > 2

In this case, the map Q : T(F) — W C R%73 defined by
Q(G, (A1, By, ..., Ay, By)) = (a,b,c.d, e, f), where

a = (an ’ag)
b = (b,....b)
c = (027 709)
d = (dlv 7dg>
€ = (627 769)
f = (fla ) fg)

turns out the to be a one-to-one real analytic map into the real affine
variety W defined by three polynomials. These three polynomials are
Ey =1, By = 0 and Eyp = 1, where [T{_,[A;, B)] is represented by
the matrix (AH, Alg, A217 AQQ).

2.4. Signature (g,k,1), g >1,1>1

The map Q : T(F) — RS976+2k+3 " defined by
Q(G, (A1, By, ..., Ay, By, Py, ..., Py, Ly, ..., L))
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- (CL? b? c? d7 67 f7p7 T? SJ ‘/L‘7 y)7 Where

PREES! Sl—l)
xl?"'axl—l)
Y1y --es ylfl)

@R ® IV O QU0 TR
NN N N N N N N N N
—

s

~— —

turns out the to be a one-to-one real analytic map.

2.5. Signature (g,k,0), g > 1,k > 1

The map Q:T(F)— W C R%52% defined by
Q(G, (A1, By, ..., Ay, By, Py, ..., Py)) = (a,b,c,d, e, f,q,r), where

a = (ag,...,a,)
b = (by,....by)
c = (c2,..s¢9)
d = (dlv 7d9)
e = (eg,...,e,)
f= (fi,- fy)
q = <QI7---7Qk71)
ro= (ry, ... Tr1)

turns out the to be a one-to-one real analytic map into the real affine
variety W defined by a polynomial £ = 0, where E is defined by
the following observation. The above data determines uniquely the
transformations P;,..., P,_;. Since the transformation P, is the inverse
of the compositions of these transformations and it is parabolic, then
the polynomial corresponds to have square of the trace of Py equal to
4.
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2.6. Signature (0,k,0), k > 4
The map Q : T(F) — W C R?*7° defined by Q(G, (P, ..., B,)) =

P = (p?n"'apk’)
q = (C]2a---7Qk72)

turns out the to be a one-to-one real analytic map into the affine real
variety defined by one polynomial obtained in the same way as in the
case above.

2.7. Signature (0,k,1), k > 2,1>1

The map Q : T(F) — R**3=6 defined by Q(G, (P, ..., Py, L1, ..., L;)) =
(p>Q7wqx7y), where

p = (ps, -‘,pk)
q = (g )
w = (wy,...,w_2)
r = (T1,.,T-1)
Yy = (yh --7yz)

turns out the to be a one-to-one real analytic map.

2.8. Signature (0,1,1), 1 > 2

The map Q : T(F) — R**, defined by Q(G, (P, Ly,...,L;)) =
(w,x,y), where

w = (wl, ...,wl,z)
r = (Tg,..,T1)
Yy = (yly"'ayl)

turns out the to be a one-to-one real analytic map.

2.9. Signature (0,0,1), 1 > 3
The map Q : T(F) — R¥¢ defined by Q(G, (L1, ..., L)) = (t,z,y),

where
t = (to, ..., t1_2)
r = (r3,...,7)

Yy = (yh "'7ylfl)
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turns out the to be a one-to-one real analytic map.

Remarks. In the last section we do more explicit computations for
types (0,4), (1,1) and (2, 0).We obtain parameter spaces related to the
ones given by Maskit in [4], [5], [6] and Min in [9]. We must remark
that Min’s parameters use multipliers and ours (also Maskit’s ones)
only use fixed points. Unfortunately, our parameters look more diffi-
cult to Maskit’s ones. Application to the Schottky space and noded
Riemann surfaces can be found in [2].

For infinitely generated Fuchsian groups, we may also use the re-
sults in this note to construct models of the respective Teichmiiller
spaces.

3. Proof of Theorem 1

In this section we prove theorem 1. For this, we need the following
lemmas.

Lemma 1. <T>2 s Fy — C x C? is one-to-one.

Lemma 2. Let A and A be two Mdbius transformations such that,
F(AYNF(B)=0. If A, a(B), r(B) and r(Bo A) are known, then the

transformation B is uniquely determined.

Proof of Theorem 1. The proof is a direct consequence of lemmas
1 and 2 as follows.

(1) Lemma 1 implies that A; and A, are uniquely determined. Now,
apply Lemma 2 to the pair A = A; and B = A; to obtain A,
uniquely, for every 7 > 3. The complex analyticity of the map
®,, and &, follows easily from the explicit matrix description of
the generators in PGL(2,C).
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(2) Apply Lemma 1 to obtain uniquely the elements A; and A,.
Next, apply Lemma 2 to the pair A = Ay 0 A} and B = A3 to
obtain Aj uniquely. We continue inductively applying Lemma
2 to the pairs A = Aj_10---0A; and B = A; to obtain A,
uniquely.

Proof of Lemma 1. We decompose the set F; as the disjoint union
of four subsets, say F, = U}, L;, where
Ly = {[(G, (A1, A2))] € F2; A; and A, are not parabolics};
Ly ={[(G, (A1, Ay))] € Fao; Ay is parabolic and As is not parabolic};
Ls = {[(G, (A1, A3))] € Fa; Ay is parabolic and A; is not parabolic};
Ly = {[(G, (A1, As))] € F2; A; and A, are both parabolic}.

It is easy to see that the images under @, of L; and L; are disjoint if
1 # j. This is a consequence of the fact that, 7" is parabolic if and only
if a(T) = r(T). The injectivity of ®5 then follows from the injectivity
of @, restricted to each L;, + = 1,2,3,4. In what follows, we denote
by x, y and z the points r(A;), r(Az) and r(As o A;), respectively.

(I) @, is injective on L;. The transformations A; and As are
not parabolics. The matrix representation of these transformations
is given by

0 1

_ y 0
‘42‘(1—%% ks )

A1:<k% :E(l—]{,‘%) )7
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where either [[k3|| > 1 or k2 = €*™ 6; € (0,1/2), for j = 1,2. In this
case, the product A, o A; has the matrix representation

_ yk? zy(1 — k7)
e CTT C I a y |

Since 1 is a fixed point of A3 o Ay, we have the equation
k(i 4+ 2(1— k) —y) = (L= y)(kf + 2(1 — k).

The facts y # 1, y # 0 and ky # 0 imply that k2 +z(1—k%)—y # 0.
In particular,

2 _ (I—y)(K3+z(1-k}))
(*> k2 - k§+z(11—k§)_y1

The fixed points of Ay0A; are the roots of the quadratic polynomial
in w:

ki(1 = k3)w? + [2(1 — k) (1 — k3) + yki — ykilw — 2y(1 — kf) = 0.

In particular, z = %:kgl? and (since z # 0)
(%) k2 = 7xy(1_k]%%2+2k%.

The equality of the RHS of (%) and (*x) gives us the following
equation to be satisfied by k%:

4 _ p2ozzy=1l)tay(1-—z)+(z—y)(z—zy) a(z—y)
ki — ki V(1-0)G—) )+ o = 0

The solutions to this equations are by 1, —1, kyand — k;. (From
that one obtain:

2 _ __z(z—y) 2 _ z(y=1)(y—2)
M= toae-ay ad k=0

(IT) @, is injective on L. In this case A; and As have the following
representation
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1
Al:(oi )
_ y O

(o )

where either ||k3]] > 1 or k3 = €™ § € (0,1/2) and a # 0. In this
case the product A, o Ay has the following matrix representation

_ y ay
Aot = ( 1— k3 a(l—k3)+yk3 )

The fact that 1 is a fixed point of Ay o Ay gives us the equation

(I+a)(y—1)=ky—1-a).

Since kg # 0 and y # 1, we must have that 14 a = 0 if and only if
= 1+ a; in which case y = 0, a contradiction. In particular, we get

_ (+a)y-1)
(%) ks = St

The fixed points of the transformation A; o A; are the roots of the
quadratic equation in w:

w?+ (@ —y)w — 1?]’{5 =0.

It follows that z = 3%, and
2

The equality of the RHS of (x) and (%) implies the following
equation to be satisfied by a:

a*y+ay(z—y+1)=0.

Since a # 0 and y # 0, we obtain

k2 = (y—D(y—2)

a=y—z—1, and ~
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(III) @, is injective on Ls. In this case, A; and A, have the following
matrix representation
10

_ (K ow(l—k)
Al_( 0 1 I

where either ||k3]| > 1 or k¥ = ¢ 0 € (0,1/2) and b # 0. The
product As o A; has the following matrix representation

_ (R a(l=k)
AQOAl_(b/cf br(1—k)+1 )

The fact that 1 is a fixed point of Ay o A; implies the following
equation

L+z(b—1)=k(1+z(b-1)-0).

Since k; # 0, we must have that 1 + z(b — 1) = 0 if and only if
1+2(b—1)—b =0, in which case b = 0 a contradiction. In particular,
we get

_ita(e-1)
(%) K = T-n5

The fixed points of the transformation A o A; are the roots of the
quadratic equation in w:

bkiw? + (br + 1)(1 — k})w — z(1 — k}) = 0.

Tt follows that z = —=1-F) and
1
(%) k= 2.

The equality of the RHS of (%) and () gives the following equation
to be satisfied by b:

zzb?* + b(2(1 —x) —z) = 0.
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Since b # 0, x # 0 and z # 0, we obtain

z2

_ ztz(z-1) 2 _
b==—"—"""— and ki= =t

Tz

(IV) @, is injective on L,. In this case, A; and A, have the following
matrix representation

10
A2_<b1 >7
1 a
A1:<0 1 )7

where ab # 0. In this case the product As o A; has the following
matrix representation

1
AQOAl_(b l—fab )

Since 1 is a fixed point of As o A;, we have the following equation
a=0b(1+a).
The fact that a # 0 implies a # —1, and we obtain the equation
() b= 1%1

The fixed points of the transformation A; o A; are the roots of the
quadratic equation in w:
w? + aw — 7 =0.

It follows that z = —, and
() b= —2.

The equality of the RHS of (x) and (#x*) implies

_ 14z
b= 1=,

a=-1—2z and
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Proof of Lemma 2.
We normalize so that a(A) = oco.

Case 1. Assume A and B to be parabolic elements. In this case, A
and B have the following matrix representation

1 a
=0t )
2
B:<1—|—px px )7
p 1—pzx

where ap # 0 and z is the fixed point of B. We want to obtain a
unique value of p in function of a, x and r(B o A).

In this case, the product B o A has the following matrix represen-
tation

2
BoA:(l—i_p:C a(l+ pz) — px )
P 14+ap—px

Denote by z the point 7(B o A). The fact that z is fixed point of
B o A gives us the equation p(z — z)(z + a — ) = —a. Since a # 0,
we obtain

—a

b= (z—2)(24+a—=x)"

Case 2. Assume A to be parabolic and B to be non-parabolic. In
this case, A and B have the following matrix representation

1 a
=0t )
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where a # 0, r(B) = = and a(B) = y are the fixed point of B and
either [[k|| > 1 or k2 = €™ 0 € (0,1/2). We want to obtain a unique
value of k% in function of a, z, y and r(B o A).

In this case, the product B o A has the following matrix represen-
tation

k2 k2 2 _
BoAz(m yk* a(r —yk*) + zy(k* — 1) )

1—k  a(l—Fk)+ak?—y

Denote by z the point (B o A). The fact that z is fixed point of
B o A gives us the equation k*(y —2)(r — 2z —a) = (x — 2)(y — 2 — a).
Since z # z and y # z, we have that © — z — a = 0 if and only if
y — 2z —a = 0 in which case x = y a contradiction. In particular,

e T=2y=z-a

(y—2)(z—2—a)

Case 3. Assume A non-parabolic and B to be parabolic. Let r(A) =
r,a(B) =r(B) =z and r(B o A) = z. The transformations A and B
have the following matrix representation

A:<k:; r(l;kQ) )

B:<1—|—px —pa? )7
p 1—px

where p # 0. In this case we want to determine the value of p uniquely.
The transformation B o A has the matrix representation

Bod— K21+ px) (1+px)r(l —k?) — pa?
o pk pr(l1—Fk*)+1—px ’

The condition that z is a fixed point of B o A gives us the equation

p((*+Drz+r(1—k*)(x—2) — 2 = k*2%) = (1 = k*)(z — r).
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Since p # 0, k* # 1 and z # r, both sides of the above equation
are necessarily different from zero. In particular,

p= (1—-k2)(z—7)
(k2+1D)zz+r(1—k?)(x—2)—x2—k222 "

Case 4. Assume A and B to be non-parabolic elements. In this case,
A and B have the following matrix representation

(B -k
a= (50 )

B u—tk? ut(k?—1)
1— k2  uki—t ’

where 7(A) = x, 7(B) = u, a(B) = t, and either ||k;|| > 1 or k?
e?™i 6, € (0,1/2). We want to obtain a unique value of & in function
of x, u, t, k¥ and r(B o A).

In this case the product B o A has the following matrix represen-

tation

Bod— ki (u—tk3) z(1— k) (u—tk3) + ut(k3 — 1)
S\ BA-k) z(1—EH( = k2) +ukd —t '

Denote by z the point 7(B o A). The fact that z is fixed point of
Bo A gives us the equation k3(z —t)(kiz+z(1—k?)—u) = (z—u)(k?z+
x(1—k})—t). Since t # z and u # z, we have that k?z+x(1—k?)—u =
0 if and only if k¥z + (1 — k%) — ¢t = 0; in which case u = ¢, a
contradiction. In particular,

k2 _ (z—w)(K2z+x(1-k2)—t)
2= ok eta (=R —u)
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4. Explicit Matrix Representation

For the case of normalized marked groups in F,, or F,,, as a conse-
quence of Theorem 1, we can write matrices in PGL(2, C) representing
the transformations Ay,..., A,, ..., as follows.

(I) If 7y # oo, then

_ k% Tl(l_k%)
A1_< 0 1 Y

where k} = oty lilr(lr)l(;;j)m.

(IT) If r; = oo, then
- 1 T2—82—1
ae(bmet )

(III) If ro # 0, then

- T2 0
A = ( (1—k3) rok3 )

where k3 = ™V (7"5 22?7“11)222;82)

(IV) If r5 = 0, then

1 0
AQ = ( T1+82(T1—1) 1 )

7189
(V) Ifr; =a; (j =3,...,n) and r; = oo, then

A — 1 —l—pjrj —pjTJZ
! pi 1—pjri )
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1+s9—12
rj 7Sj)(8j 7’r‘j+7'275271) :

where p; = (
(V) If r; = a; (j =3,...,n) and ry # oo, then

A — 1+ pjr; —pjrjz-
’ pi L=—pir; )

(1=k2)(s;=r1)
k%+1)Tij+T1(lfk%)(ij.Sj)*T?-*k%S? ’

where p; = (
(VI) If r; # a; (j = 3,...,n) and r; = oo, then

A — Tj — ajka rjaj(k]? — 1)
J 1-— ]f? Tjk? —aj ’
(rj—s;)(aj—sj—ra+sa+1)
(aj=s;)(rj—sj—r2+sa+1)’

where £} =
(VIIL) If r; # a; (j = 3,...,n) and 71 # oo, then

4= [Tk ek = 1)
J 1—k]2 T'jk]z—&j ’

(rj—s]-)(aj—k%s]-—Tl(l—kf))
(aj—sj-)(rj—k:fs]' —rl(l—kf) :

where k:]2 =

=

For the case of normalized marked groups in V,, or V., as a conse-
quence of Theorem 1, we can write matrices in PGL(2, C) representing
the transformations Ay,..., A,, ..., as follows.

(R (L -k
A1_< O 1 ’

2 ri(ri—r2)
where kl = W

. T2 0
A2 = < 1= k2 k3 )

where k3 = ‘ni(z&ll)_(:i)_b)
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2 2

A — ( Ty — ajkgg’ ajrj(fj - 1) )

J — . — . )

L—Fk;  riki —ay

_ (=t (my—a(ay—tj—ati— s =t p) —ast+ti— 1ty —ajti—1py+asti p3) d
(aj—t;)(mj—1(rj—tj—1+tj—1p5—t;p5)—rjtj+ti—1t;—rjt; 1 pi+rit;p3) °

m;_1 is the attracting fixed point of the transformation A;_j0A4,_5--- Ago

where k3
Ay with multiplier ,u?, where Hp?” > 1.

The above values of m; and /J? are obtained in an inductive way,
where my = 1 and p3 is the multiplier of A o A;.

5. Computing Models for Some Teichmiiller Spaces

5.1. Teichmiiller Spaces of Riemann Surfaces of Type (0,4)

A Riemann surface S is said to be of type (0,4) if it is a Riemann
surface of genus zero with exactly 4 boundary components. If some
of the boundaries is a puncture, then S is called a parabolic Riemann
surface of type (0,4); otherwise, it is called a hyperbolic Riemann
surface of type (0,4).

Let I' < PGL*(2,R) be a Fuchsian group acting on the hyperbolic
plane such that S = H/I' is a hyperbolic Riemann surface of type
(0,4). Let aq, ay and a3 be simple loops on S (through the point z)
as shown in figure 1.

Figure 1.
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The fundamental group of S, at the point z € S, has a presentation
Hl(S, Z) =<, g, Qg >= I's.

In this way, we have that I' is a free group of rank 3 generated
by Ay, As and Agz, so that the transformations A; are hyperbolic and
the axis of these transformations A;, Ay, Az, Ayo A; and Az 0 A; are
shown in figure 2.

A A
A2 A Ay AjAl A3
Ty 0 1 L) I 8, u a, Iy
Figure 2.

The Teichmiiller space of I' (or ) 7(I') is in this case given by
the subset V(3) consisting of those marked groups (G, (B, By, Bs))
satisfying the following.

(1) G is discrete subset of PGLT(2,R) C PGL(2,C).
(2) a(By) = 00, a(By) =0 and a(Bs o By) = 1.

(3) There exists a quasiconformal homeomorphism F : H — H such
that FoA;jo F7' = B;, fori =1,2,3..

As a consequence of theorem 1, we have one-to-one real analytic
map
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®;: T(I') = V(3) — R,

defined by ®3((G, (B1, By, Bs))) = (r1,79,73, as, Se, S3), where r;, as
and sy are the repelling fixed point of B;, the attracting fixed point of
B3 and the repelling fixed point of By o By, respectively.

If we denote by u the attracting fixed point of the transformation
Bs o By, then we have that the value u is a real analytic function on
ri, 9, T3, a3, So and s3. In fact,

(ri—as)(r1—rs)(r1—1)(r1—s2)
ri(ri—ra)(ri—s3)

Uu=mTr —

The axis of the transformations By, By, B3, BooB; and BsoB; have
the same topological configuration as the axis of the transformations
Ay, Ag, Az, Ago Ay and As o Ay, respectively. In particular, the fixed
points of the above transformations satisfy the following inequalities.

(El) 9 < 0.
(E2) 1<sy<ri<sz<u<az<rs.

Let us consider the parameter space R as the open subset of RS
consisting of the tuples (11,79, 73, as, s2, $3) satisfying the inequalities
given by (E1) and (E2). In particular, ®5(7 (I')) is contained R.

Corollary 2. ¢3(7(I')) =R.

Proof.  We have to show that for any point p = (11,79, 73, ag, S2, $3)
contained in the region R there is a normalized marked group

(G, (B1, By, Bs)) in V(3) so that ®3((G, (B1, By, Bs))) = p. For p as
above we can construct Mobius transformations

_ (K ori(1— kD)
Bl_< 0 1 Y

. T2 0
B, = ( (1—k3) rok3 )
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B. — T3 — &3/{332’ Tgag(kg — 1)
3 1-— kg) 7“3]{:% — as ’

where
k2 — ri(ri—ra) .
1 (1—r1)(s2—71)’

ka _ rl(rgfl)(rngQ) .
2 sa(ri—rz2) 7

k2 — (rs—ss)(as—ss—ratsatl)
3 (a3—s3)(r3—s3—ra+sa+1)°

The inequalities (E1) and (E2) ensure that the transformations By,
Bsy, B3, Byo By and Bso By are hyperbolic. We also have that a(B;) =
00, 1(By) =11, a(By) =0, (By) = 19, a(Bs) = as, r(Bs) = r3, a(By o
Bl) =1, T(BQ © Bl) = 52, a(B3 © Bl) =T - (Tl7a1)1({T11:T7“32))((1;“11:15)3(;1782)
and 7(Bs o By) = s3. We denote the axis of the transformations By,
By, B3, Byo By and Bso By by Ny, Ny, N3, Na; and N3 1, respectively,

as shown in figure 3.

Ny
Ll "—"— /’\ ------- ~..“ Ml

I' \\\

’ \
/ L 3
I' .L2 ’é‘. ‘~M3 —’h"'iz‘\ \“

Nzﬁ\\ N2 31 /’\ N3
Ty 0 1 Sy Ty sy u 8y Ty
Figure 3.

Construct the geodesics:

Ly (common perpendicular of N7 and Ns),
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Ly (common perpendicular between Ny and Nj ;),
L3 (common perpendicular between N; and Na ),
M; (common perpendicular between N; and N3),

M, (common perpendicular between N3 and Nj ;)
and

M3 (common perpendicular between Ny and N3 ).

Denote by R; and S; the reflection on L; and M;, respectively (see
figure 3). Direct computations show that the hyperbolic distance d
between L, and Lj is the same as the hyperbolic distance between

M, and M; (d = log( %)) In particular, we have By =

RioR3 = 851083 By = Ryo Ry and By = S5 0.5;. We consider
the groups G; =< By,By > and Gy =< Bj, B3 >. The group G;
uniformizes a pant P;, both of them having a boundary (given by the
axe Ni) of the same length. It is easy to see that we can apply the
first combination theorem of Maskit [7] to these groups with common
subgroup J =< B; > (the discs used in such a theorem are the discs
bounded by the axe 7). As a consequence, the group G generated by
By, By and Bjs is a free group of rank three and H/G is a hyperbolic
Riemann surface of type (0,4) (see figure 4 for a fundamental domain

of G).

B2 M3 B3

N L3
ativa N M
Ry L2 M2 siMp

Figure 4.



Fized Point Parameters 183

The construction of a quasiconformal homeomorphism of the hy-
perbolic plane as required is standard using the fundamental domains
for I' and G which are topologically the same. O

Remark. The angle involve in gluing the pants corresponding to the
groups (G1 and G5 in the above proof is given by

b (r1—a3)(ri—r3)

log(\/w) log( r1(r1—mr2) )

(rp—s2)(r1—1)

0 = 9(7’177“2,7’3,@3,82783) =

We can either make ro = 0 or s = 1 or u = s3 or as = r3 to obtain
explicit models for the Teichmiiller space (as boundaries of the above
model) of parabolic Riemann surfaces of type (0,4). We must remark
that if we make r; = 0o, then we get only a model of the Teichmiiller
space of pants. In the particular case, 7o = 0, sy = 1, u = s3 and
az = r3, we obtain Maskit’s model for the Teichmiiller space of marked
surfaces of genus zero with four punctures (see [4]). In this case, the
above formula for u gives us u = ry + % =713 — B The
explicit model is M = {(r,r3) € R%1 < r; < r3}. In figure 5 we
draw a fundamental domain for the group G =< By, By, B3 > such
that @3(G =< By, By, B3 >) = (Tl, 0,7r3,73, 1, u)
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n(r3) ()
Figure 5.
In this case the angle 0 = 0(ry,r3)is 0 = 0(r1,73) = rrEsm log(=-").
r1—1

We have an explicit one-to-one real analytic diffeomorphism between
M and the Fricke space (angle, length coordinates) L : M — R?
defined by L(ri,73) = (log(;7%7),0(r1,73)). Similarly, one can use the
above parameters to find explicit models for the Teichmiiller spaces of

surfaces of type (0,m), where m > 5.

5.2. Teichmiiller Spaces of Riemann Surfaces of Type (1,1)

A Riemann surface of type (1, 1) is topologically equivalent to a surface
of genus one with a deleted point. If the boundary is a puncture, then
we call it a parabolic Riemann surface of type (1,1).; otherwise, we
call it a hyperbolic Riemann surface of type (1,1).
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A hyperbolic Riemann surface S of type (1, 1) can be constructed
from a pant P, where two of its boundaries are bounded by closed
simple geodesics of the same length, by identifying these two bound-
aries. This can be seen as follows. Start with a Fuchsian group I'
uniformizing a surface S of type (1,1). Let [ be a non-dividing simple
closed geodesic on S and denote by R = S — [. Fix a lifting T of
the region R in the hyperbolic plane and consider GG; the subgroup
of G fixing T. The group G; uniformizes a pant P with two bound-
aries bounded by simple closed geodesics of the same length. We may
assume up to conjugation that G; =< A;, Ay > is normalized by
a(A;) = 00, a(Ay) = 0 and a(Ay 0 Ay) = 1, and the axis of A; and Ay
are projected to the two geodesics of the same length. If r; = r(A;),
ro = 1(As) and s = r(As o Ay), then the axis of the transformations
Ay, Ay and Ay o Ay, denoted as Ny, Ny and Ny, respectively, are
as shown in figure 6. A fundamental domain for G is also shown in
figure 6.

Figure 6.
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As a consequence of Theorem 1, we have that the multiplier of

the transformations A; and A, are given by k? = % and

k3 = n(ora)(s=ra) egpectively. Our assumption on the equality of the

s(ri—r2)
geodesics lengths implies that s = % Since s > 1 we have the

inequality 75(2 — r1) < 1. Observe that 2;“2 < 0 and r; > 1 imply that
% < r1. On the other hand, both geodesics N; and N, project
onto [ on S. It implies that there is a transformation Az in I' such
that Aso Ay oAg1 = Al_l. We denote by D, and D, the discs bounded
by Ny and Ny, respectively, where the boundary of D; contains r; + 1
and the boundary of D, contains 2. We have that As(D,) is equal
to the complement of D; U N;. In this way the conditions of the
Maskit’s second combination theorem ([7]) are satisfied for G; and
(9 =< As >. In particular, T" is the HNN-extension of G; by As (see

figure 7 for a fundamental domain of I').

A3 (p)
b2 |
I
__) .
A3(9 il
<>
H/G

Figure 7.
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Denote by a and r the attracting and repelling fixed points of Az,
respectively. In this case, ro < r < 0 and r; < a. If £ > 1 denotes
the multiplier of Az, then

Ao — r—ak?® ar(k®—1)
3 11—k rk?—a '

Since necessarily A3(0) = r and As(ry) = oo, we obtain a = ™2
and k% = 201=1)  The inequality r > 79 implies the inequality r < a.

r(r—rg)
In this way, we obtain that the only variables are given by 7y, ro and

r satisfying the inequalities

(F1) m(2 —7) < 1; and

(F2) ro<r<0<1<r.

The Teichmiiller space of I' is identified with the set W of marked
groups (G, (By, Bs, B3)) satisfying:

(1) G is discrete subset of PGLT(2,R);
(2) a(By) = 00, a(B2) =0 and a(By o By) = 1; and

(3) There is a quasiconformal homeomorphism F' : H — H such
that FoA;jo F71 = B;, fori=1,2,3.

In particular, for (G, (B1, B2, B3)) in W, the only relation is given
by Bso Byo Byt = Bl

Let us consider the region H in R? consisting of the points (ry, 7o, 7)
satisfying the inequalities (F1) and (F2). As a consequence of theorem

1, we have a one-to-one real analytic map © : W — 'H defined by
O((G, (B, B, B3))) = (r(B1), 7(Bz2), 7(Bs)).

Corollary 3. (W) =H.
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Proof. Start with a point (rq,72,7) in H. Set s = ”f_r” and
a = "2 Inequality (F1) ensure that 1 < s < ry, and (F2) ensure that
r < a Using the values 71, 7o and s we can construct a pant group
G1 =< By, By > where a(B;) = oo, 7(By) =11, a(B2) = 0, r(Bs) =
r9, a(By o By) = 1. Direct computations shows that r(By o By) = s.
We also construct Bj satistying r(B3) = r, a(Bs) = a and k* = $=22.
Inequality (F2) ensures that Bz maps the disc Dy (bounded by the
geodesic joining 7, and 0 and containing % in the boundary) onto the
disc D} (bounded by the geodesic Jommg oo and r; and containing
r9 in the boundary). One can see that the conditions of the second
combination theorem of Maskit holds for G; and Gy =< B3 >. As a
consequence of the same theorem, we have that the group G generated
by GG; and G4 has the presentation G =< G, Gy >=< By, By, By; Bso
Byo By' = Bi' >, and (G, (By, Ba, B3)) belongs to H. O

As a consequence of Theorem 4, we have that H is an explicit
model for the Teichmiiller space of hyperbolic surfaces of type (1,1).
This model only uses the fixed points of some elements. Compare to
Maskit’s model in [5] in which one of the parameters is a multiplier.

In the boundary of H (given by 75(2 —71) = 1) we have an explicit
model for the Teichmiiller space of parabolic Riemann surfaces of type
(1,1). In this case, the model is given by N = {(ry,7); 5 - <r<0<
1 < r}. Figure 8 shows a fundamental domain for a marked group
(G, (By, Bz, Bs)) obtained from a point (r1,7) in N.

~B3 (p)

B3 (q)

Figure 8.
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5.3. Teichmiiller Spaces of Closed Riemann Surfaces of Genus
Two

Let S be a closed Riemann surface of genus two. On S we consider a
set of oriented simple loops (through a point z) v, ay, as, f; and [,
as shown in figure 9.

Figure 9.

The fundamental group of S, with base point at z, has a presen-
tation of the form

1 (S, 2) =< 7,01, a2, B1, B2 o1 ran = B, a5 Pocra = 7 >.

Let F' be a Fuchsian group (acting on the hyperbolic plane H =
{z € C;lm(z) > 0}) uniformizing the surface S, that is, there is a
holomorphic covering 7 : H — S with F' as covering group. Choose
a point = in H such that m(z) = z. We have a natural isomorphism
A I (S,2) — F as follows. For a class [] € I1;(S, z) we consider
a representative 1. Now we lift n under 7 at the point . The end
point of such a lifting is of the form f, (x) for a unique element f, € F.
Basic covering theory asserts that if p is another representative of [n],
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then f, = f,. We define X([]) = f,- We set 41 = A\([7]), 42 =
M), As = A([B2]), Fi = A(Jeu]) and Fy = A(a]). In particular, a

presentation of F'is given by

F=<A, Ay A3, Fy, Fy; FloAyo F ' = Ayo A, Fho Az o Fy ' =
Az o0 Ay >.

Denote by 7, a, as, B; and f3, the projections on S under 7 of
the axis of the transformations Ay, I}, Fy, As and As, respectively, as

shown in figure 10.

Figure 10.

We have oriented the axe Ax(H) of a (hyperbolic) transformation
H in such a way that the attracting fixed point of H is the end point.
The orientations of the projections of the above axis carry the natural
orientation induced from the one given to the axis. We can normalize
Fin PGL(2,R) such that a(A;) = oo, a(A;z) = 0 and a(Ay0 4y) = 1.
The choice made for the transformations Ay, A, A3, F} and F, imply
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that the axis of these transformations are as shown in figure 11.

Ax(A1)
N
Az Ax®)
Ax(Ap) Ax(AzA1) Ax(A3A1) Ax(A3)
Figure 11.

For simplicity, we denote a(A3) = a3, r(4;) = r; (i = 1,2,3),
a(Aso A1) =u, r(Aj0 Ay) =s; (J = 2,3), 7(Fr) = xk, a(Fr) = i
(k = 1,2). In particular, we have that these fixed points satisfy the
following inequalities:

o < T <0<l <y <s<r; <s3<ys<u<az<ry <rs.

From the above, we observe that the group G; = (A, As, A3)
uniformizes a hyperbolic surface of type (0,4) with two pairs of holes
of the same length. These two pairs of holes are the ones bounded by
the loops 1 and 7(Az(Az0A;)), and the loops (3, and m(Az(Aso0 Ay)),
respectively. We denote by Dy, D), D3 and D} the disjoint discs
bounded by the axis of the transformations A, As0A;, A3 and AzoA,
respectively. Since F} o As o Ffl = Ayo0 Ay and Fy, 0 A3 o FQ_1 =
As o Ay, we have that F}(Dy) N Dy = and Fy(Ds) N D} = (), where
the bar represents the Euclidean closure. One can apply the second
combination theorem of Maskit [7] to the pair of groups G; and Gy =<
Fy >. The resulting group G3 =< G1,Gy >= Gi*p, uniformizes
a surface of genus one with two boundary components of the same
length. Now we apply again the second combination theorem of Maskit
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to the pair G5 and G4 =< F; > to obtain the group F' =< G5, G4y >=
G3*p, uniformizing the surface S.

For the group F' in we have some equalities. We denote by k?(H) >
1 the multiplier of the (hyperbolic) transformation H. Then we have
the following:

(=}
=
Il
“H
.
—~
3

N
S~—
I
V2

.

L2 Al) _ _ri(ri=ra)

(I—r1)(s2—r1)

(6) k}2(A2) _ 7”1(7”2—1)(7’2—52);

s2(r1—rz)

L (roms)as k(A sy (1 K2(A))
(1) K*(4s) = G=sieareanse—n (=R

T%(l—kZ(Al))—&-Tl (k2(A1)53—a3—r3)+a3r3

Direct computations imply that u = W2(A7) (53—r1)

Equality (1) implies sy = % Equality (2) and the fact that
a3(17r1)+r1(r271

Fs— ). Asa consequence, we obtain that

r1 < sz imply s3 =
u = T‘1(177‘2+7‘3)71”3 )
T1—T2
The transformation Fy, is uniquely determined by xy,, 5, and k?(F},).
Equality (3) implies
_ ri(l—zi—ro)4mir 2 _ (=1 (r1(z1—14r2)—z172)
Y1 = z1(1=2r14r2)+ri—r2’ and k <F1) 7 z1(r1—1)(ra—z1)

Equality (4) implies y, = £ and

Q
2 _ (—CL3+T1+CL3T’1—T11‘2+T2$2—T17’2)(7‘1—7'1.’[2+7‘21'2—7‘17'2—r3+'r1r3) .
K () = (a3—w2)(r1—1)(r1—r2)(w2—73) , Where P =

a3Ty — A371To — T2 — a3r3 +a3r?To+a3T9Ty — A37 T — T1T9Ts — A3T1T9To +
2r2ry 4+ agrivry —r2roTy +r1rixe — 1312 —agrs +rirs+3asrirs — 1103 —
7“%7“3 - 2a3r:13r3 +7"%7"3$2 —QgTarg +1Tal3Te — T3+ a3r17aT3 — 17273 T2 +
21913, and
Q = (7“2 —7"1)(—&3 +XTo+11+asr]; — 27’11’2 + 79Xy — 11719 —7“3-'-7”17";;).
We observe from the above that the group F' is uniquely deter-
mined by the fixed points rq, 1o, 73, az, 1 and xs.

We consider the open (connected) region (in R%) F defined as:
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F =A{(r1,ro,r3,a3,21,22);70 <11 <0< 1 <yp < 8s5<1 < 83<
Yo < u < az < Ty <3},

where the values vy, s2, S3, y2 and u are given by the formulae
above.

The Teichmiiller space 7 (F') can be identified with the space (sub-
space of the suitable deformation space) consisting of marked groups
(G, (By, By, B3, Hy, Hs)) satisfying the following properties:

(1) G is a discrete subgroup of PGL"(2,R);
(2> a(Bl) = o0, a‘<B2> == 0, a(B2 (@) Bl) = 1’

(3) There exists a quasiconformal homeomorphism K : H — H such
that KOAiOKfl :Bi’ for 7 = 172’3’ and KoijOKfl — Hj
for y =1,2.

In particular, for (G, (By, B2, B3)) in 7 (F'), the only relations are
given by HloBgoHl_1 = By o By and HgoBgoH2_1 = B3 o By >.

We have, as a consequence of the previous sections, an one-to-one
real analytic map ¢ : 7 (F) — F, defined as

¢((G, (B, By, B, Hy, Hy))) =
(r(B1),7(Ba2),r(Bs),a(Bs),r(H1),r(Ha)).

Corollary 4. ¢(7(F)) =F.

Proof. The map ¢ is a surjective map. This is a consequence of
the combination theorems of Maskit in [7]. We sketch the idea of the
proof of this assertion. Given a point p = (ry, 72,73, as, 1, x2) in F,
we can construct the values s5, s3, u, y; and y». We can also construct
values k?(H,) and k*(H,). Using these values we obtain unique trans-
formations By, By, B3, H; and Hs. The inequalities defining the set F
asserts that the above transformations are all hyperbolic. The config-
uration of the axis of the transformations By, By, B3, Byo By, B3o By,
H, and H, is the same as for the axis of the transformations A, As,
Az, Ay 0 Ay, A3 o Ay, F} and F, as shown in figure 11. The group
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Ty =< By, By > is a free group of rank two uniformizing a pant. The
group 1 =< Bj, B3 > also uniformizes a pant. One can check that
the conditions of the first combination theorem of Maskit are satisfied
and one obtain that T3 =< T1, T, >= T} *.p,~ T, uniformizes a surface
of type (0,4). It is easy to check that Hy o Byyi 0 H, ' = Byy10 By,
for k = 1,2. The conditions of the second combination theorem holds
for the group 73 and Ty, =< 17 >. The group 15 =< 15,1, >= Ts*p,
uniformizes a surface of genus one with two boundary components.
Again apply the second combination theorem to the groups 7T and
Ts =< Hy > to obtain that the marked group 77 =< T5,Ts >= T5*p,
belongs to 7 (F). O

Remarks.

(1) The main difference between the above parameters and the ones
in [9] is the fact that we only use fixed points. The parameters
given by Maskit also only contain fixed points and are more easy
than the ones obtained here.

(2) Maskit’s model uses the fact that any Riemann surface of genus
two is constructed from two isometric pants. Min model uses the
fact that any Riemann surface of genus two is constructed from
two surfaces of type (1,1). Our construction uses the fact that
any Riemann surface of genus two is constructed from a surface
of type (0,4) with two pairs of boundaries of the same length.

(3) We can relate our fixed point parameters to other parameters of
Teichmiiller space, for instance to Fenchel-Nielsen Parameters in
the same way as done for the case of signature (0,4). The way
to do this is the following. At each each axis Azx(A;), Azx(As)
and Ax(Az) we have associated the multiplier of the transfor-
mations A;, Ay and Ajs, respectively. These multipliers are in
function of the fixed point parameters and, in particular, the
hyperbolic lengths of the geodesics @y, as and ¥ are in function
of these fixed points parameters. To obtain the angle at 7, we

look at the common orthogonal geodesic L; (respectively, Lo)
to both Az(A;) and Ax(As) (respectively, Az(A;) and Ax(As)).
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These two geodesics determine an arc in Ax(A;), whose hyper-
bolic length determine the angle (also in function of the fixed
point parameters). To determine an angle at a; we look the
common orthogonal geodesic L3 of Az(A;) and Ax(AyA;). We
proceed to see the hyperbolic arc in Azx(AyA;) determined by
the intersection point of Lg with Az(AsA;) and the image by F}
of the intersection point of Ls with Az(A,). Similarly for look-
ing at the angle at ay. The explicit computations are similar to
the case (0,4) and are left to the interested reader.

We can apply Theorem 1 to construct explicit models for the
Teichmiiller space of arbitrary topologically finite Riemann sur-
faces. This will be done elsewhere.
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