Proyecciones
Vol. 19, N° 2, pp. 105-112, August 2000
Universidad Catélica del Norte

Antofagasta - Chile
DOI: 10.4067/S0716-09172000000200001

A VARIATIONAL INEQUALITY
RELATED TO AN ELLIPTIC
OPERATOR

A. WANDERLEY
Universidade do Estado do Rio de Janeiro, Brasil

and
N. RIBEIRO
Unwversidade Federal do Rio de Janeiro, Brasil

Abstract

It is considered the non-linear operator
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and a variational inequality associated to the operator

A(u) +g(z,u)

with g satisfying some conditions.
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We will be considering the elliptic operator:

"9 [ OuP? ou
A(U) - Z 8:132 (8% 61‘1> ’ p= 27

i=1

and a variational inequality associated to the operator
A(u) + g(z,u)

with ¢ satisfying some conditions, on a not necessarily bounded do-
main ) C R"™.

We will assume that g(x,u) satisfies the following hypothesis:

(a) g(x,r) is measurable, in z, on 2, for a fixed r € R; it is
continuous in 7, for each z, fixed. For each z € Q, g(z,0) = 0 and for
allr e R, x € Q, g(z,r)r > 0;

(b) g(z,r) is a non-decreasing function in r, on R. For each fixed
r, g-(x) = g(x,r) is a L' (2)-function.

Let us remaind that, under (b), if

G(z,r) = /Org(x, s)ds,

G is continuous, convex, in r, for all z and r, with G(x,0) = 0.
Moreover,

G'(z,r) = g(z,r).

In what follows we will use the notation as in [3].
Our goal is to prove the following theorem, where 2 C R" is an
open subset and A(u) is the above described operator.

Theorem. If g(x,r) satisfies (a) and (b) and G(z,r) is its primi-
tive with respect to r then, if V' is any closed subspace of Wol P(Q) and
K C V is a closed, convex subset of V with 0 € K and f € V' then,
there is a unique v € K such that g(z,u) is in L'(Q), g(z,u)u is in
LY () and [ G(x,u)dx < oo. Moreover, u, satisfies both inequalities:

(i) for each v € K N L>*(Q),

(A(u) +g(z,u) = fo—u) >0
(ii) for each v € K,

i)
[G(z,v)de — [G(z,u)dx + (A(u) — f,v —u) > 0.
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Proof: We know, from [3] that for each positive, integer n, there
is a solution u, , in K of the variational inequality:

(A(un) + gn(@,un) — f,0 —up) 20, (v € K).
Since A is coercive and 0 € K,
(A(un) + gn(z, ) — foun) <O0.
Therefore,
alfun|[” < (Alun), un) < (A(un) + gn (2, tn), un) < (f; tn)- *

with a € R.
We will show that, if

u, — u, weaklyin V,
u is a solution of the problem in the theorem and that
w = A(u).

From (*), we have that

n?nnd
/Qg(mu)u x

is uniformly bounded, for all n.
The sequence {g,(x, u,)}-n is equiuniformly integrable on €.
For each R, positive, integer,

R|gn(l’>un)! < u, gn($7 un) + R{g(x, R) + ‘g(x> _R)‘} ) **

since g(z, -) is non-decreasing.
Let € > 0 and B C €2, measurable. We have

1
B R JB B

and this may be taken less than e for all n if (B) is sufficiently small,
as far as g(-,r) € LY(Q).
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From inequality (**), with N C Q,

/N lgn (2, up)| da < ;/]Vungn(:v,un) das+/N(g(:E,R) dz+|g(x, —R)|) dz.

Since [yt gn(x,u,) dz < My, independently of n, there exists
B. C Q measurable with p(B.) < oo, such that

/ \gn(z,up,)|dx < e, forall neN.
Q-B.

Moreover, since ||u,|| < C by the Sobolev immersion theorems, we
may obtain (u,) a subsequence of (u,,) such that

Uy, — U, a.e. in €.

Therefore
gn(z,uy) — g(z,u), ae.in Q.

By the convergence theorem of Vitali, g(x,u) is in L'(£2), and

gn(x, un) — gz, u)

strongly in L'(Q). Using Fatou’s lemma, g(x,u)u is in L*().
For each n € N, let us define

Gnl(z,r) = /T gn(z,8)ds.
0
For each r and s,

Gu(z, 1) — Gulz,8) = G (2,§)(r — 8) = gu(,§)(r — 3)
> gn(z,8)(r —s),r <€ <s.

Let v € K be arbitrary. We have:
Gn(z,v) — Gp(x,u,) > gnlx, uy) (v — uy,).

Integrating over €2, we obtain:

/Gn(:c,v) — Gz, uy) > /gn(x,un)(v —up) > (f — A(up), v — uyp).
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If v is such that [ G(x,v) < oo then
|G (i, 0)] < |G, 0)|

what implies that
/Gn(x,v) — /G(x,v).

We also have
Gn(z,u,) — G(x,u) ae. in Q.

Moreover,

G(z,u(z)) = /OU(I) g(x,s)ds < g(z,u(z))u(zx),
and since g(z,u)u € L*(),
/G(:c,u) dr < 0.
We obtain,
/G(m,v) - /G(aj,u) > limsup(A(u,) — f,u, — V),
for each v € K, such that
/G(x,v) dr < 0.
Letting, v = u, we have
0 > limsup(A(un) — f,u, — u) = limsup(A(uy), uy, — u).
Since A is pseudo-monotonic from V to V', w = A(u) that is,

A(u,) converges weakly to  A(u)

in V', and

(Aun), un) — (A(u), u).
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Therefore, for each v € K with
/G(x,v) dx < oo

we have:

[ G0~ [ Gau) = (Aw) - fou—v),

which is part our theorem.
Let now, v € K N L*>®(Q).
We have,

[ gnla ) = ) > (A(un) = fu0 = v).
By the lemma of Fatou, we have, since v € L>(Q2) N K:
liminf g, (2, u,) (v—uy,) > liminf(A(u,) — f, un,—v) = (A(u)— f,u—0).
Therefore
[ 9w —u) > (A(w) = fu—v)

or

(A(w) + g(z,u) = f,o—u) 20
what is other part of our theorem.
Unicity

Let u; and uy be two solutions of our problem, for a given f € V",
Then,

/G(:c,v) — /G(x,ul) > (A(uy) — fug —v)
and
/ G(z,v) — / G, us) > (Auz) — f,us — v).

G(x,r) is convex in r. Hence if we put

1
v—i(ul—l—uQ)
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v is a permissible element, and

1
ul—vzi(ul—ug):—(ug—v).

Hence,

[G(z,v) = [Gz,w) > 5 (Auy — f,u1 — us)
[G(z,v) — [ G(z,uz) > %(AUIQ — foug — uq).

Adding the inequalities, we obtain:

(A~ Alus), s — ) + [ Clawn) + [ Clau) 2 [ Gla) <0

Therefore
uie)

OS(Aul—A’LLQ,Ul—U2)+2{2fw—0<1‘, :
< 0.

G is convex and therefore the second term is zero. Hence,

(Auy — Aug,ug —ug) =0

p—2
Ous Oou;  Ous B

p—2
aul

al’i

(9u2
8272'

ou
833'2'

S

The function
P— |)\|p_2 A

is monotone. Therefore, for each 1,
P2 Ous ouq B Qug\ 0

for almost all xz € Q. 5 p
U u
By the same reason, L =222 , for each 1.

But u; —us =0, on I, since u; — ug € Wol’p(Q). Therefore,

8U2
(91'@-

p—2
8u1

al’i

8’&1
OZEZ'

Uy = Uy .
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