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1. Introduction

The study of dibaric algebras has as motivation the algebras coming
from genetic models in bisexual populations with sex linked genetic
inheritance. First, Etherington [3], introduced the idea of treating
the male and female components of a population separately and next
Holgate [4] formalized this concept with the introduction of the sex
differentiation algebra and dibaric algebras. Following the modern no-
tation of Worz-Busekros [7], we introduce Holgate’s definitions bellow.
See also the survey [6] for more information. Here F' will be a field of
characteristic different from two.

Let § be a bi-dimensional commutative [-algebra generated by the
elements {m,f}, and with multiplication table m®> = 0, mf = fm =
(m + f)/2, and f2 = 0. This algebra § is called sex differentiation
algebra. Now, an algebra A will be called dibaric if it admits a homo-
morphism onto the sex differentiation algebra.

Recall that an F-algebra is called baric if it admits a homomor-
phism onto the field F'. Since §* = (m+f)p is an ideal of § isomorphic
to F we get that §% is a baric algebra and hence we obtain the following
well known result

Lemma 1.1. : If an algebra A is dibaric, then A2 is baric.

Example 1.1. : Let (,w) be a baric R-algebra, that is, B is an
R-algebra and w : B — R is a homomorphism different from zero.
Consider T : B — B a linear mapping satisfying w o T' = w. Thus T'
leaves the ideal ker(w) invariant. Now, we introduce the vector space
A= B® B ® B, where & denotes the direct sum and ® denotes the
tensor product of vector spaces. We identify the elements x®@y®0 € A
with x ® y € B® B and the elements 0 ® 2z € A with z € B. In this
space we introduce a commutative multiplication by

(T1®@y1) (12 @ y2) =0, 2120 =0
(r®y) 2= 2y @T(2) Bw(2)ry).

The algebra A is the sex linked duplicate of the algebra B with respect
to the linear mapping T (see [7] for more information). Obviously, .4
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is a dibaric algebra with weight v : A — S defined by v(z @y ® z) :=
w(zy)h + w(z)m.

Example 1.2. : Let A= A, & A,, be the 5-dimensional commu-
tative R-algebra with a;, a; and az as basis of A, with by and b, as
basis of A,, and with multiplication table as follows: A7 =0, 4% =0
and (fori,j =1,2)

aibj = ; (51']‘81‘ + (1 — (5ij)a3 —+ bl> y agbj = ; (albj + agbj)
where 6;; is equal to 1 if 4 = j and is equal to 0 in another case. The
algebra A is dibaric with weight v : A — S defined by ~v(x1a; +
Tody + x3a3 + y1by + yobo) = (1 + 2 + x3)h + (y1 + y2)m. This
algebra is called the zygotic algebra for sex linked inheritance for two
alleles with simple Mendelian segregation rates. We claim, without
proof, the following relevant fact: every element x € A with v(x) =
h + m satisfies the plenary train equation [8 xI° — 6z — 3283 +
212 = OJwheretheplenarypowersarede finedinductivelybyx!!l = x and
ol = gk for k> 1. Therefore, if 2 € A represents a state of a
population (y(x) = h+m), then its trajectory {z¥}?°, converge and
21 = limy 2¥ is equal to the idempotent (8z!* 4 228 — z2) /9.
We notice that an explicit form of z[*!, in terms of the correspond-
ing gametic algebra, was given by Lyubich in [5] (see also [7,8, 9] for
more information). Finally, we claim that 8z — 6283 — 32 + 2l €
ann(A) = R{a; + ag — 2a3) for all z € A with y(z) =f + m.

2. Dibaric Weight Homomorphisms

In the following A will be an algebra (not necessarily commutative
or associative) over the field F. A function v : A — §, where § is
the sex differentiation algebra defined above, is called dibaric weight
homomorphism if v is an onto homomorphism of algebras. So, if a,b
are elements in A4 such that v(a) = m and 7(b) = f, then we have the
following decomposition

(2.1) A=Fa® Fb® ker(v),
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where ker(y) := {x € A: y(x) = 0} is an ideal of A of codimension
two.

Notice that for every dibaric weight homomorphism v and every
automorphism f : § — §, the mapping f o v is a dibaric weight ho-
momorphism and ker(vy) = ker(f o). We say that two dibaric weight
homomorphisms ~ and ~' are equivalent if there exists an automor-
phism f :§ — § such that v/ = f o~.

Lemma 2.1. : The sex differentiation algebra has only two au-
tomorphisms, the identity and the involution * : § — § given by
x(m) =f, x(f) =m.

Proof. Let f : §I§ be an onto homomorphism. Then 0 = f(m?)
f(m)?, and analogously, 0 = f(f)?> and hence either f(m) € Fm
f(f) € Ff or f(m) € Ff, f(f) € Fm. Next using that f(m)f(f)
f(mh) = f((m+1)/2) = (f(m) + f(f))/2 we get the result. §

From this result, it follows that each equivalence class defined
above has exactly two weight. So, if v and ~' are two different and
equivalent dibaric weight homomorphisms, then 7 = *o~. We denote
by ¢ the set of these equivalence classes, that is, an element of & is
{7,7*}, where ~ is a dibaric weight homomorphism and v* := % o 7.

Theorem 2.1. : The application {v,~*} — ker(y) is a bijection
between the set & of equivalence class of dibaric weight homomor-
phisms of A, and the set of ideals I of A of codimension two, such
that A/I = §.

Corollary 2.1. : Dibaric weight homomorphisms with same ker-
nel are equivalent.

Lemma 2.2. : Different dibaric weight homomorphisms of an
algebra A are linearly independent.
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Proof. Let 7,72, -, 7V, be different dibaric weight homomor-

phisms of A and consider scalars aq, - - -, a,, in F' such that
(2.2) a1 (z) + aya(z) + -+ apym(2) =0
for all z € A. We will prove that oy =0 = ay = - -+ = «, using induc-

tion over the number m of different dibaric weight homomorphisms of
A. The case m = 1 is trivial. Let m > 1. Then by hypothesis of
induction, the lemma is true for m — 1 weights.

Notice that if there exists and index 4 such that a; = 0, then by
hypothesis of induction, we obtain that o; = 0 for j =1,2,...,m, and
the result follows.

First, we suppose that all weight homomorphisms have same ker-
nel. Under this assumption, we obtain from Corollary 2.1 that m = 2
and v2 = 7f. Now, let z € A such that v;(2) = m. Then 0 =
a171(2) + a9vi (2) = agm+ aef, and hence it follows that oy = 0 = as.

Finally, we suppose that there exist homomorphisms with different
kernels. We can assume that ker(y;) # ker(72). Under this condition,
consider = € A such that v;(x) # 0 and ~,(z) = 0. Since im (1) = S,
there exists y € A such that m+f = ()71 (y) = 7 (zy). Multiplying
the equation (2.2) by 71 (xy), we obtain

(2.3) axn(zy)m(2) + aon(ay)r2(2) + - - + amy(zy)ym(2) = 0,
and replacing z — (zy)z in equation (2.2) we get
(2.4) aryi () (2) + aaa(2y)12(2) + - - + @y (2y) Ym(2) = 0.

for all z € A. Next subtracting the equation (2.4) from equation (2.3),
we get

(2.5) az (n(ay) 12(2) + -+ am (1(2y) = m(2y)) Y (2) = 0.
Notice that v,(zy) = 0.Since v (zy) € Y1(A?) = ?;2 = (m + f)p for

k =1,...,m, there exist scalars 3 such that vx(zy) = Br(m+f). So,
the equation (2.5) can be written as follows

(m + ) (aa72(2) + az(1 = B3)73(2) + - + am(l = Bn)ym(2)) = 0,
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and therefore

1(2) = apa(2) + as(1 = Bo)a(2) + -+ (1 = B)m(2) € Flm —9).

Thus, 7(A?%) € F(m +f) N F(m — f) = (0). Now, if v(z) = \,(m — f)
then 0 = v(2%) = 7(2)? = —A\?(m + f). This implies that A\, = 0 and
hence y(z) = 0. Using the hypothesis of induction on v(z) = 0, we
have ay = 0. So, a;; = 0 for all 5. 1

From the above result, it follows that the number of different
dibaric weight homomorphisms of an algebra A is at most n, where n
is the dimension of A. We will show that this bound can be improved.
For an algebra A we define inductively

AN = A Al = AB AR s

So, if A has finite dimension, there exists a natural number r, such that
Alrt1l = Al Under this condition, we can show that the number of
different dibaric weight homomorphisms of A is at most 2 - dim(A).
Notice that for a dibaric algebra A% # A.

According to Lemma 1.1, if A is a dibaric algebra with ~ as dibaric
weight homomorphism, then A? is baric and 4 : A% — §?, the restric-
tion of v : A — § is a baric weight homomorphism for A%. From,
now on we identify §* with the field F.

Theorem 2.2. : The application {v,7*} —— 4 is an injection be-
tween the set & of equivalence classes of dibaric weight homomorphism
of A and the set of baric weight homomorphisms of A2

Proof. First, we note that the elements of §* are invariant by the
involution * and hence pg = *(pq) = *(p) * (¢q) for all p,q € §. From
this fact, we obtain that the application is well defined, that is 4 = 7*.

Next, we will show that the application is injective. Let 7,7 be
two dibaric weight homomorphisms, such that 7 = 4. We have to
show that these two homomorphisms are equivalent but according to
Corollary 2.1, it suffices to show that they have the same kernels. So,
let a € ker(y). Since ker(y) is an ideal of A, we have that aAd C
ker(v) N A? and using the hypothesis, we have a.A C ker(7). Then, it
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follows that a € ker(7), since in other case we have an element b € A,
such that 7(ab) # 0 and this is a contradiction. So, we showed that
ker(y) C ker(7) and therefore ker(y) = ker(7). This implies that the
two homomorphisms are equivalent. g

In an analogous way we can prove the following lemma

Lemma 2.3. : The application w —— @ is an injection between
the set of baric weight homomorphisms of a baric algebra B and the
set of baric homomorphisms of B2.

Proof. Let w,7: B — F be two baric weight homomorphisms of
B such that w(z) = 7(z) for all x € B2. We already know that w = 7
if and only if ker(w) = ker(7). If z € ker(w), then x2 € ker(w)N.A? =
ker(7) N.A% and hence 0 = 7(2?) = 7(x)2. This forces 7(x) = 0. Thus,
we have proved that ker(w) C ker(7) that is ker(w) = ker(7) and hence
by Lemma 3.3.1 of [5] we have that w = 7. 1

According to [5] the number of baric weight homomorphisms of a
baric algebra B is at most its dimension. Using this fact, Lemma 2.3
and Theorem 2.2 we have the following result:

Corollary 2.2. : Let A be a dibaric algebra of dimension n and
r a natural number such that AU+ = Al Under these conditions,
the number of different dibaric weight homomorphisms of A is at must
2 - dim(AM).

Lemma 2.4. : Let A be a dibaric algebra with v as dibaric
weight homomorphism. If there exists a monomial p(x) € Fx], p(x) #
0, such that p(a) = 0, for all a € ker(), then the only dibaric weight
homomorphisms of A are v and ~*.

Proof. Let 7 : A — § be a dibaric weight homomorphism. If
7(a) # 0, then there exists b € A such that m +f = 7(a)7(b) =
7(ab). Then 7(p(ab)) = p(r(ab)) = p(m + f) = m+f and hence ab ¢
ker(vy). This forces that a ¢ ker(y). Consequently, ker(vy) C ker(7)
and ker(vy) = ker(7). Now the result follows form Theorem 2.1. 1
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Example 2.1. : An important example for biological applications
is the evolution algebra Ay described in [5,Cap.I]. Consider two

(m) )

positive integer n and v and real scalars p;; ; and pg-l,l satisfying

m h - m Z h
(2.6) pz('j,k? >0, pij,% >0, Zpich) =1, Zpggg =1,
=1

for 1 <7 <mn, 1 <j <wv Now we define in the space R" x R" a
commutative product as follows

N . _ _
eier =0, e = 3 <Z pz(-j’k)e/rc + Zpgﬁel> , € =0
k=1 =1

where we identify e; = (e;,0), €; = (0, €;) such that (e;)!, is a canon-
ical basis of R™ and (€;)}_, is a canonical basis of R”. In this way, we
obtain a commutative algebra Ay,. The following result is well known

Lemma 2.5. : The mapping s : Ay — § given by s(z) =
(X zi)m + (X4, y;)f where 2 = (z,y) € Ay is a dibaric weight
homomorphism.

Lemma 2.6. : The weight homomorphism s : Ay — § is
characterized, up to equivalence, as the only positive dibaric weight
homomorphism in the sense that the image of Q = {(z,y) € Ay :
zi,y; > 0, >, 2 = 1,5, y; = 1} is contained in the set {am + §f |
a,f>0,a+ (> 0}.

Proof. Let v: Ay — §, be a positive dibaric weight homomor-
phism. For 1 <i <n and 1 < j < v we have that y(e;), () € §,
SO

v(ei) = aym + Gif, v(€;) = a;m + 34,

where «;, 3;, @;, 3; € R. Then, because (e;)? = 0, we get 0 = y(e?) =
v(e)? = (aym + 3if)? = a;f;(m + f) and analogously, using that
(¢;)> = 0, we obtain that 0 = a;3;(m + f). On the other hand,
the elements 2e;e; and e; + €; belong to 2 and their images are
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V(2e:85) = 2v(ei) (&)
and A(e; + &) = (o +
lowing relations,

2(om+-p3;f )(O_‘Jm‘i‘BJ ) = (B +5;0;) (m+f)
m + (B; + B;)f. Therefore, we have the fol-

Qi
Oéiﬁi = 0, a; + O_éj > 0, OéiBj + ﬁiO_éj > O, ﬁl -+ Bj > 0, ijj =0.

In particular a; 47 = 0 and hence either a; # 0 and $; =0 or oy =0
and (7 # 0. We will consider the two cases separately. In the first
case, we will prove that v = s and in the second case that v = %o s.
First, we suppose that a; # 0 and g; = 0. Then, for each j, the
equation alﬁj + fia; > 0 implies that ﬁ] # 0. Therefore, a; = 0.
Now, because oy + @, 31 + ﬁ] > ( we obtain that oy > 0 and 3; > 0.
In particular, 3; > 0 and a; = 0. So, from inequality o;3; + Biay > 0
we have that «; > 0 and hence 3; = 0. Thus, we have proved that
v(e;) = cum and 7y(¢;) = B;f. Then,
ailhlm +) = 1l E) = D) = (zz (Pen + iy i)
= > h= 1 P, Jgakm + >0 1pz 5lf

So, we obtain the following equalities,
(2.7) aiBj = Zpl(-ﬂ)ak, aiBj - prjf%@l,
k=1 =1
for 1 <i<nand1l<j<v. Now considering the scalars

Omax = maX(ai)?:h Omin = min(ai);’l:b

Bmax - maX(Bj)?:h Bmin - min(Bj)Jy':la

and using (2.7), we obtain
—(m) ()
m m
Qmin = Zpij,kamin < Zpij,kak azﬁ < sz] k ¥max = Omax-
k=1 k=1

and also

Bmin = Zp;f}ggmm < Zpgyf’%ﬁ_l = az‘Bj < Zpgjf,%gmax - Bmax
k=1 =1 =1
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In particular, o, < aminﬁ_j and amaxBj < Qmax, and since all scalars
are positive, it follows that 1 < Bj < 1, for all 5. This implies that
Bj = 1. Analogously Bmin < ;Bmin and 0 Bmax < Pmax and then
a; = 1, for all i. So, v(e;) = m and y(€;) = f. Therefore v = s.

Finally, we consider the second case, that is, §; # 0 and «a; = 0.
Analogously, we have that y(e;) = §;f and v(€;) = a;m. Repeating
the calculations above with the scalars «; and Bj we get that these are
all equal to 1. Thus, vy =x o s.

So, s and s* = x o s are the only positive dibaric weight homomor-

phisms in this algebra.

3. Dibaric Algebras

An ordered pair (A,~v), where A is an algebra and v : A — §is a
dibaric weight homomorphism is called dibaric algebra. Under these
conditions, the homomorphism is called weight function and the affine
subspace H := {z € A | y(x) = m+f} of codimension 2, is called unit
subspace. For each x € A with 22 ¢ ker(v), we have that z%/v(z?) €
H. We denote the kernel of v, by N, that is,

N={ze A|~(z)=0}.

If B is any set contained in A, we will denote by N the set N N B,
that is,

Np = {r € B|y(x) = 0}.

Let (A, ) be a dibaric algebra. We say that a subalgebra A; of A is
a dibaric subalgebra of A if A;Nker(7) is an ideal of 4; of codimension
2, or equivalently, 71 = 74, is a dibaric weight homomorphism for A4;.
This subalgebra is denoted by (Aj,71) C (A,7). A dibaric algebra A
is not trivial if N is different from zero, that is, A is not isomorphic
to §.

Also, a subalgebra A; of A is called baric subalgebra if v(A4;) =

An ideal I is called dibaric ideal if I C ker(y), that is, v = {0}.
Naturally a dibaric ideal cannot be a dibaric subalgebra. We say that
a dibaric ideal I is maximal if I # N and the only dibaric ideals of A
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that contain [ are I and N. Notice that the biggest dibaric ideal of a
dibaric algebra (A, ) is N.

The annulator, annA = {x € A | A = (0)} is a dibaric ideal of
A. Also, any subspace of annA is a dibaric ideal. The ideal A? of
A, is not dibaric, but, according to Lemma 1.1, we have that A? is a
baric subalgebra.

For any dibaric ideal I, we have that the quotient .4/ is a dibaric
algebra. It is called dibaric quotient and is denoted by (A,~)/I. The
quotient algebra (A,~)/N is isomorphic to the sex differentiation al-
gebra §.

Given two dibaric algebras (A;,71) and (As, ¥2), a dibaric homo-
morphism of dibaric algebras f : (A1, 71)l(A2,72) is a homomorphism
of algebras f : Ay — Ay such that 5 o f = 7. For example, the
embedding of a dibaric subalgebra and the quotient application are
dibaric homomorphisms. Clearly, the composition of dibaric homo-
morphisms is dibaric. The inverse of a dibaric isomorphism is a dibaric
isomorphism, because if 5 o f = 71, this imply that v, = v, 0 f~1.
We write (A1,71) = (Asg,72) for isomorphic dibaric algebras, that is,
there is a dibaric isomorphism f : (A, v1) — (A2, 72).

Every dibaric algebra (A, ) is not associative because (A, v)/ ker(y)
= § and § is not associative. In particular, the subalgebra of End (.A)
spanned by the left and right multiplication by elements of A, that is
L,(z) = ax and R,(x) = xa for all a,z € A is not dibaric because

it is associative. This associative algebra is called the multiplication
algebra of A and is denoted by M (A).

Lemma 3.1. : Let f: (A;,71) — (A2,72) be a dibaric ho-
momorphism. Then (f) is a dibaric subalgebra of Ay and ker(f) is
a dibaric ideal of A;. The bijection induced by f is a dibaric isomor-

phism, that is (A, 1)/ ker(f) = im(f).

Lemma 3.2. : A dibaric homomorphism f : (A;,71) — (Az2,72)
is an isomorphism if and only if f = fin; : N1 — N5 is an isomor-
phism, where N; = ker(v;), for i = 1, 2.
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Proof. Let f: (Ay,71) — (Asg,72) be a dibaric homomorphism
such that f : M1IN; is an isomorphism. Consider u,v € A; satisfying
7(u) = m and v (v) =f. If a,b € A; then there exist elements
z,y € N; and scalars aq,as, 31,32 € F uniquely determined such
that @ = aqu + asv + x and b = fiu + Fev + y. Now we assume
that f(a) = f(b). This give us that f(a —b) = 0, and since f is
a dibaric homomorphism, we have that a — b € N;. This implies
that oy = (1 and as = 5. Then, because f(a) = f(b), we obtain
that f(z) = f(y). Now by hypothesis f is an isomorphism and hence
x =y. Consequently, a = b. The reverse is trivial. §

An idempotent element e in a dibaric algebra (A,7), is called
semiprincipal if e = u + v, where y(u) = m, v(v) = f, and v? = 0,
v? =0 and uwv = vu = (u + v)/2.

Let (A,7) be a dibaric algebra and e = u + v a semiprincipal
idempotent element in A. Then, we have the decomposition A =
Fu® Fv@® N where Fu® Fuv is a dibaric subalgebra isomorphic to §.

There exists a natural form to get algebras with semiprincipal
idempotent elements. If N is an arbitrary algebra over F and
A1, A2, p1, p2 : N — N are linear applications, we consider A = §® N,
with the multiplication (am + 5f, x1)(pm + nf, x2) defined by

(W(m + ), 2122 + adi(@2) + Bpi(x2) + pAa(w1) + 77/)2(951))

and weight function by v(am+ f, z) := am+ pf, where a, 8, u,n € F
and z1,29,x € N. We have that v is different from zero and the
element (m + f,0) is a semiprincipal idempotent element of 4. This
algebra is denoted by [A1, A, p1, p2, N].

Conversely, a dibaric algebra (A, y) with semiprincipal idempotent
e = u + v, is isomorphic to [A1, Aa, p1, p2, N], where N = ker(7),

A =Ly, A2 =Ly, p1=Run, p2= Ry

The applications L, |y, Rajn denote the restriction of the left and right
multiplications by the element a in N, that is, L,(x) = az, R.(z) =
xa, for every x € N.

If (A, ) is a dibaric algebra with semiprincipal idempotent element
e = u+ v, and [ is a dibaric ideal of A, then Fu @& Fv ® I is a
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dibaric subalgebra of A. Naturally if I is maximal, it follows that this
subalgebra is maximal. Conversely, if I is a dibaric ideal, it follows
that the subalgebra defined above is maximal.

4. The Main Theorem

For two dibaric algebras, (A;,71) and (Asz,72), we have the external
product A; x Ay with the multiplication given by (z1,x2)(y1,y2) =
(x1y1, T2y2). This algebra is not necessarily dibaric, but the subspace

A1V Ay = {(z1,22) € Ay X Ao | ma(x1) = 72(22) }

is a dibaric algebra with dibaric weight homomorphism given by

TV ez, x0) = 71@1) = 72@2)-

We will call this algebra (A; V Ay, 71 V 72) by join of A; and As.

The join for baric algebras with idempotent of weight 1 was de-
fined for Roberto Costa and H. Guzzo J. in [1]. Here, we extend this
definition for dibaric algebras.

There exists a natural identification of Ny, the dibarideal of A; with
the ideal of A; V A, given by the set {(x,0) | x € N;}. Analogously,
we identify Ny, the dibarideal of Ay, with the ideal of A; V A, given
by the set {(0,z) | z € Nyo}. Take uy,v; € Ay such that v;(u;) = m,
v (v1) = f, and ug, vy € As such that vo(us) = m, y,(vy) = f. We have
that u = (uy,us) and v = (vy, v9) are in A; V Ay with 41 V 72(u) = m
and v V y(v) =f. Therefore, we write

A1V Ay = Fu® Fvo® Ny & No,

where Ny @ Ns is the dibarideal of A; V As.

Lemma 4.1. : The join of dibaric algebras satisfies the following
properties :

(a) (§V A, Idg v v) = (A, v); where Idyg is the identity in § ;
b) (VA xVy) = (A7)
) (A1 V As, 71 V) = (A VAL 2 V)

(
(c) (
(d) (A1VA2)V Az, (11Vy2) Vs) = (AL V (A2 VAz), 1V (12 V93))-
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In view of (d) we can define the join (V;c; Ai, Vier Vi) of an ar-
bitrary family {(A;,vi)}ier of dibaric algebras, where V;c;.A; is the
subalgebra of X;crA;, given by

V Ai o= (()ier | 2 € Aiy yilw) = 5(x;), Vi, jel),

el
and the dibaric weight homomorphism is given by (Vic; 7)) ((xi)ier) ==
vi(x;), where i is a fixed and arbitrary index of I. Notice that for a
family Ay, ..., A, of r dibaric algebras with dimension of A; equal to
n;, we have that

T

dim\/ A, =2(1—7)+ > n,.

=1 i=1

A dibaric algebra (A, ) is decomposable if there exist non-trivial
dibaric algebras (A;,71) and (A, v2) such that (A,7) = (A, ) V
(As,72). In another case, we say that A is indecomposable.

Lemma 4.2. A dibaric algebra (A,~) is decomposable if and
only if N is decomposable as M (.A) module.

Proof. Let (A,v) be a decomposable dibaric algebra. Then,
there exist two non-trivial dibaric algebras (A;,71) and (Ag,y2) and
a dibaric isomorphism f : (A,7) — (A1 V As, 71 V 72). Since
the dibarideal of A; V A,y is written as a direct sum of the ideals
N; = {(2,0),2 € N1} and Ny = {(0,z),x € Ny} and f is a dibaric
isomorphism, it follows that the dibarideal N of A is written as the
direct sum of the non-trivial ideals f~*(N;) and f~!(Ny). Therefore
N is decomposable.

Conversely, let (A,v) be a dibaric algebra such that A is de-
composable as M modulo. Then, there exist N, Ny, two proper M
submodules of N such that N = N; & N,. So, we can write A =
Fu® Fv@® Ny @ Ny where u, v satisfy y(u) = m and v(v) = h. Notice
that the subspaces Ny and Ny are ideals of A. Then, an element x € A
is uniquely written as a sum x = au + fv + x; + x9, where a, § € F
and x; € Ny, o € Ny. This decomposition give us the means to define
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the projections 7; : A — N;, m;(z) = x;, for i = 1,2. The mappings
mi, (i = 1,2) satisfy the following properties:

mi(ux) = umi(z), m(xu) =m(z)u, m(ve)=vm(x), m(zv) = m(z)v,

and m;(xy) = m(x)m(y) for all z,y € N. Now, we define over the
vector space A; = Fu; & Fv; ® Ny, (1 = 1,2) a product “-” such
that, restricted to N;, it coincides with the multiplication of N; as a
subalgebra of A that is z; - y; = z;y; for z;,y; € N; and

U - v; = W + mi(uv),  vieu; = w + mi(vu),
U; = U; = 7TZ'<U2), VitV = 7TZ'(U2),

T U; = I;U, U; -y = ULy,

T; UV, = I;0, v, Xy = vT;.

where z;,y; € N;. The algebra (A4;, -) has dibaric homomorphism given
by vi(au; + Bv; + ;) = am + gf, for all o, 5 € F and z; € N;. So,
(A1, v) and (As, 79) are dibaric algebras and its join (A, v1)V (A2, 72)
is isomorphic to (A,7). To see that this last assertion is true, we
consider the mapping f : A — A; V Ay, given by

flau+ v+ x) = (quy + Pvy + m(2), aus + fvg + ma(x)).

Simple computations show that f is a dibaric isomorphism.

The above result can be generalized in the following sense: if a
dibaric algebra (A, ) is written as join of a family of dibaric algebras
{(Ai,vi) e, that is (A7) = (Vi Ai, Vg i), then we identify N; =
{(0,...,z;,...,0) € VI, A;j,z; € N;}, where N; = ker(y;) and we
have that the dibaric ideal N of A is written as a direct sum of the M
submodules as follows N=N; @ ---®N,,.

Conversely, if we have that the dibaric ideal N of an algebra (A, )
is written as a direct sum of M submodules of N, that is N = @] x;,
where N; is M submodule, then for each index ¢ we define an algebra
over the vector space A; = Fu; ® Fv; & N; with a product as in the
above lemma where 7;(qu; + Bv; + x) = x; whenever ¥ = 7, x;
with z; € Nj;. This algebra has weight homomorphisms given by
vilau; + Bv; + m;(x)) = am + Bf. So, (A;,7;) is a dibaric algebras and
£ (A DUV A Vi ), defined by

flau+ Bo+x) = (auy + Boy + m(2), . .., au, + o, + T (),
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where «, § € F,x € N, is a dibaric homomorphism.

Corollary 4.1. : If a dibaric algebra (A, 7) is written as a join of
a finite family of dibaric algebras, that is, (A,~) = (Vi A, Viei Vi),
then N = Ny x - -+ x N,,, where N; := ker(v;). Conversely, if the dibaric
ideal N of an arbitrary dibaric algebra (\A,7), is written as a direct
sum of ideals Iy, ..., I,,, then there exist dibaric algebras {(A;, Vi) }",
with ker(v;) = I;, such that (A, ) = (ViL, Ai, Vieg %)

We say that a dibaric algebra (A, ) satisfies the ascendent chain
condition (a.c.c.) if N = ker(y) satisfies (a.c.c.) as M module, where
M is the multiplication algebra of A. Analogously, we say that a
dibaric algebra (A4, ) satisfy the descendent chain condition (d.c.c.)
if N satisfy (d.c.c.) as M (A) module.

Lemma 4.3. : Let (A;V.Ay, 71 V72) be the join of two dibaric alge-
bras (Aj,v1) and (Asz,72). Then (eq, e2) is a semiprincipal idempotent
in A; V A, if and only if eq, e5 are semiprincipal idempotent elements
in A; and A,, respectively. Therefore, it follows that A; V A, has a
semiprincipal idempotent if and only if A; and A, have a semiprincipal
idempotent.

Proof. (=) Let e := (e1,e2) = (uy, uz) + (v1,v2) be a semiprinci-
pal idempotent element in A; V Ay, with uq,v; € Ay and uq, v9 € As.
Under these conditions, we have that (u1,u)* = (0,0). So, it fol-
lows that (u?,u3) = (0,0), therefore u? = 0 and u3 = 0. Analogously,
(v1,v2)* = (0,0), and so v? = 0 and v = 0. On the other hand,
(w1, us)(vy,v9) = (uvy, ugvy) = ((ug,us) + (v1,v2))/2. Then, wyv, =
(w1 +v1)/2 and ugve = (us+v7)/2. Finally, we have (71 V y2)(uq, ug) =
Y(u1) = 72(u2) = m and (91 V 72)(v1,v2) = 1(v1) = 7e(v2) = f.
Hence, e; = uy + v1 and ey = uy + vy are semiprincipal idempotent
elements in A; and Aj,, respectively.

(<) If e; = uy + vy € Ay and e = uy + v9 € Ay are semiprincipal
idempotent elements, the ordered pair (e, e2) = (u1,uz) + (v1,v2) €
Ay V As because yi(e;) = m + f = 49(eg). This element satisfy
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(617 62)2 = (6%7 6%) = (617 62) and (u17u2)2 = (u%u%) = (07 0)7 (U17U2>2
(vi,v3) = (0,0). Finally, we have that (uy, us)(v1,v9) = (u1v1, ugve) =
(ur,u2)/24 (v1,vq)/2. Therefore (e, e2) is a semiprincipal idempotent
in ./41 V ./42. [ ]

The above result can be generalized in the following sense: if (A, )
has a semiprincipal idempotent e = u+v and this algebra is isomorphic
to the join of a finite family {(A;,~:)}", of dibaric subalgebras, then
each algebra A; has a semiprincipal idempotent e; = u; + v;. To prove
it, we use induction over n and the associativity of the join of dibaric

algebras. Therefore, we have the corollary below.

Corollary 4.2. : If (4,7) = (ViL; Ai,Vie17), then A has a
semiprincipal idempotent if and only if A; have semiprincipal idem-
potents, for all i.

Lemma 4.4. : Let (A,~) be a dibaric algebra with e = v+ v as
semiprincipal idempotent element such that (A, ) = (V7 A, Vie, 7).
Then for every i, there exists a dibaric subalgebra of A isomorphic to
(A;, ;) with e = u 4+ v as semiprincipal idempotent.

Proof. We will suppose that (A,7) = (Vie, A, Vi, ). If e =
u+ v is a semiprincipal idempotent element in V7, A;, with

e=(e1,...,e), u=(Up,...,u,)=u and v=(vy,...,0,),

then e; = u; + v; is a semiprincipal idempotent in A;. On the other
hand V!, A; can be written as

VA=Fu® Foo N @--- ©N,,

i=1

where .
Nj = {(O,...,JZj,...,O) € \/./4Z | T; € ker(%-)}
i=1
is an barideal of V!, A;. So, since e = u + v is a semiprincipal idem-
potent element and N; is a barideal of A, for j = 1,2,...,n, it
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follows that F'u @ F'v @ N; is a dibaric subalgebra of V., A;. Fi-
nally, the linear mapping f; : Fu ® Fv & N; — A, defined by
filau + Pv + ) = auj + Pv; + x for all o, € Fex € Njis a
dibaric isomorphism.

Lemma 4.5. : If a dibaric algebra (A4,~) with semiprincipal
idempotent e = u + v satisfying the descendent chain condition, then
there exists a finite number of indecomposable dibaric subalgebras
{(A;,vi) iy of (A7), such that (A,v) = (A V- VA, 71V V,).

Proof. Since (A,~) satisfy the descendent chain condition, it
follows that N satisfies d.c.c. as M (A) module. So, there exist
indecomposable M (A) submodules Ny,... ;N of N such that N =
Ny @ Ny @ --- & N,,. Therefore, for each j, A; = Fu® Fv ® N,
is a dibaric subalgebra of A such that (A,v) = (Vie, Ai, Viei i)
Finally, we will show that A; is indecomposable, for each j. We ob-
serve that a dibaric ideal I of A; is a dibaric ideal of A, because
IA=I1(Fu® Fv@&N; & ---®N,) =1A; CI. Analogously Al C I.
So, the M (A)submodules of N; are equal to the ;M (A) submodules
of N;. Since N; is indecomposable as M (A)-module, it follows that N;
is indecomposable as M (A;)-module. So, A, is indecomposable. §

Theorem 4.1. : (Krull-Schmidt) Let (A,~) be a dibaric al-
gebra with semiprincipal idempotent element e = u + v that satisfies
d.c.c. and a.c.c.. If

where each (A;,7;) and (Bj, x;) are indecomposable dibaric subalge-

bras of (A,7), then n = m and reindexing, we have that (A;,v;) =
(Bi, xi), for each i € {1,...,n}.

Proof. Since we have two decompositions of A in indecomposable
dibaric subalgebras, then N = ker() is decomposed in indecompos-
able M submodules as follows

N=N,®---@&N,, N=P, & ---DP,.
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where N; = ker(y;) and P; = ker(x;). According to the Krull-
Schmidt’s Theorem for A modules, we have that m = n and with
a reindexation N; = P; as A-modules. By the same Theorem, we can
write

(4.1) N=Ni®&No@® - BN, DPys1 & B Py,

for 0 < k <n. Let j be a fixed index. First we will show that N; = P;
as algebras. We consider the two decomposition of (4.1)

Ni®ONo®---®ON;_1 ON; DPjp1 @ -+ D P,

Ni®&No®D---BEN;_1 OP; @ Pjp1 @ --- D Ph.

So, if z € N, then x can be written in two different ways

=014+ 1y, r=x)+- -+,
where x; € Ny; 2 € Pj; o, 2, € N, for 1 <r < j—1, and z, 2} € P
for 7 +1 < s < n. Let 7; be the injection of N; in N and 7; : N —
P; the projection define via mj(z) := 2 for all ¥ € N. Then the
composition p; := 7; o 7; of N; in P; is an isomorphism of algebras.
For z,y € N; we have that p;(zy) = (zy); = {(z} + -+ 2,)(y; +
oty = A2 £ 2yt = 2y; = pi(@)ps(y) and hence p;
is a homomorphism of algebras. By to prove that p; is injective, we
consider x € ker(p;). Then 0 = p;(z) = 2} and so, € NN (N; ® Ny @
- ®N;_1 &Py @ ---®P,) = {0}. Therefore z = 0. Next, by to
prove that p; is onto, we take y € P;. Then, y =y} = 7;(y) = m;(y1 +
cotyn) = () + () = 04 047 (y) 04 - +0 = m;(y;)
where, according to above decomposition, y; € N;.

Finally, we will define a dibaric isomorphism between the algebras
A; and B;. According to Lemma 4.4 we can assume, without lost
of generality, that (A;,v;) and (B;, x;) have the same semiprincipal
idempotent element denoted by e = u+ v. Then, we define the appli-
cation f; : A; — Bj, by

filau+ v + ) = au+ Bv + p;(z)

where o, 3 € F' e x € N;. It is clear that f; is a linear isomorphism
and also that v; = x; o f;. Therefore, only rest to show that f; is



268 Maria Aparecida Couto and Juan C. Gutiérrez Ferndndez

a homomorphism of algebras. Notice that if w € (u,v) and = € Nj,
then

pj(wx) =wp;(z),  pjlzw) = p;j(r)w,

because p;(wr) = {w(r| + -+ ;) }; = {wr) + - +wz, }; = wr) =
wp;(z). Analogously, we have the other equality. So, if a = cu+pv+x,
b=nu+ pv +y are in A;, then
fi(ab) = f; (3(ap+ Bn)(u+v) + auy + Boy + neu + pav + y)
= (o + Bn)(u+v) + ap;(uy) + Bp;(vy) + np;(zu)+
ppj(zv) + pj (zy)
= 3 (v + Bn)(u +v) + aup;(y) + Bop;(y) + np;(x)ut
ppj(x)v + p; () p; (y)
= ((au + Bv + p;(x)) (nu + pv + p;(y)) = fi(a)f;(b). n
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