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Abstract

In this paper, we introduce and characterize fuzzy weakly
semiopen functions between fuzzy topological spaces as natu-
ral dual to the fuzzy weakly semicontinuous functions and also
study these functions in relation to some other types of already
known functions.
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1. Introduction and Preliminaries

The concept of fuzzy sets was introduced by Prof. L.A. Zadeh in his
classical paper[15]. After the discovery of the fuzzy subsets, much
attention has been paid to generalize the basic concepts of classical
topology in fuzzy setting and thus a modern theory of fuzzy topology
is developed. The notion of fuzzy subsets naturally plays a signif-
icant role in the study of fuzzy topology which was introduced by
C.L. Chang [4] in 1968. In 1980, Ming and Ming [9], introduced the
concepts of quasi-coincidence and g-neighbourhoods by which the ex-
tensions of functions in fuzzy setting can very interestingly and effec-
tively be carried out. In 1985, D.A. Rose [13] defined weakly open
functions in a topological spaces. In 1997 J.H. Park, Y.B. Park and
J.S. Park [12] introduced the notion of weakly open functions for a
fuzzy topological space. In this paper we introduce and discuss the
concept of fuzzy weakly semiopen function which is weaker than fuzzy
weakly open and f.a.0.N functions introduced by [12] and Nanda [11]
respectively and we obtained several properties and characterizations
of these functions comparing with the other functions. Here it is seen
that fuzzy semiopenness implies fuzzy weakly semiopenness but not
conversely. But under a certain condition the converse is also true.

Throughout this paper by (X, 7) or simply by X we mean a fuzzy
topological space (fts, shorty) due to Chang [4]. A point fuzzy in X
with support € X and value p(0 < p < 1) is denoted by z,. Two
fuzzy sets A and 3 are said to be quasi-coincident (q-coincident, shorty)
denoted by Agf, if there exists x € X such that A(z) + 8(z) > 1 [9]
and by g we denote ”is not g-coincident”. It is known [9] that A < 3
if and only if A\g-(1 — (3). A fuzzy set X is said to be g-neighbourhood
(g-nbd) of z, if there is a fuzzy open set p such that x,qu and p < X if
w(z) < A(x) for all x € X. The interior, closure and the complement of
a fuzzy set A in X are denoted by Int(\), CI(A) and 1 — A respectively.
For definitions and results not explained in this paper, the reader is
referred a [1, 4, 5, 9, 12, 14, 15] assuming them to be well known.

Definition 1 A fuzzy set A in a fts X is called,
(i) Fuzzy semiopen [1] if A < Cl(Int(N)).
(i) Fuzzy semiclosed [1] if Int(CI(A)) < A.
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(iii) Fuzzy preopen [3] if A < Int(CIl(N)).
(iv) Fuzzy regular open [1] if A = Int(Cl(N)).
(v)Fuzzy a-open [3] if A < Int(Cl(Int()N))).
(vi)Fuzzy [-open [8]if A < Cl(Int(CI(N))).
Recall that if, X be a fuzzy set in a fts X then sCl(\) = N{3/5 >
A, [ 1is fuzzy semiclosed} (resp. sInt(\) = U{B/\ > (3, [ is fuzzy
semiopen}) is called a fuzzy semiclosure of A (resp. fuzzy semi interior

of \) [14].

Result: A fuzzy set A in a fts X is fuzzy semiclosed (resp. fuzzy
semiopen) if and only if A = sCI(X) (resp. A = sInt(X)) [7].

Definition 2 Let f: (X,7) — (Y,0) be a function from a fts (X, 7)
into a fts (Y, o). The function fis called:

(i) fuzzy semiopen [1] if f()) is a fuzzy semiopen set of Y for each
fuzzy open set A\ in X.

(ii) fuzzy weakly open [12] if f(A\) < Int(f(CI(X))) for each fuzzy open
set A in X.

(iii) fuzzy almost open (written as f.a.0.N) [11] if f()\) is a fuzzy open
set of Y for each fuzzy regular open set A in X.

(iv) fuzzy (-open [8] if f(\) is a fuzzy [-open set of Y for each fuzzy
open set A in X.

2. Fuzzy Weakly Semiopen Functions

Since fuzzy semicontinuity [1] is dual to fuzzy semiopenness [1], we
define in this paper the concept of fuzzy weak semiopenness as natural
dual to the fuzzy weak semicontinuity [5].

Definition 3 A function f : (X,7) — (Y, 7) is said to be fuzzy
weakly semiopen if f(A\) < sInt(f(CI(\))) for each fuzzy open set A
of X.

Clearly, every fuzzy weakly open function is fuzzy weakly semiopen
and every fuzzy semiopen function is also fuzzy weakly semiopen.



54 Miguel Caldas, G. B. Navalagi y R. K. Saraf

Example 2.1. Let f : (X,71) — (Y, 72) is fuzzy weakly semiopen
which is neither fuzzy semiopen nor fuzzy weakly open. Let X =
{z,y,2}, Y ={a,b,c} and fuzzy sets A and p are defined as:

AMz) =0, MNy)=03, Xz)=0.2;

pla) =0, wbd)=0.2, plc)=0.1 .

Let 7 ={0, A, 1} and 0 = { 0, u ,1}. Then the mapping f: (X
,7)  — (Y, o) defined by f(x) = a, f(y) = b and {(z) = c is fuzzy
weakly semiopen but neither fuzzy semiopen nor fuzzy weakly open.

Recall that a fuzzy point x, is said to be a fuzzy 6-cluster point of
a fuzzy set A [10], if and only if for every fuzzy open g-nbd p of z, ,
Cl(p) is q-coincident with A. The set of all fuzzy #-cluster points of \ is
called the fuzzy 6-closure of A and will be denoted by Clp(A). A fuzzy
A will be called 6-closed if and only if A = Clyp()\). The complement
of a fuzzy 0-closed set is called of fuzzy #-open and the f-interior of A
denoted by Intyg(A) is defined as Inty(A\) = {x,/ for some fuzzy open
q-nbd, 3 of x,, C1(5) < A}.

Lemma 2.2. [2] Let A be a fuzzy set in a fts X, then:

1) A is a fuzzy f-open if and only if A = Inty(N).

2) 1-— Intg()\) = Clg(l - )\) and Intg(l — /\) =1- Cl.g()\)

3) Clyp(N) is a fuzzy closed set but not necessarily is a fuzzy 6-closed
set.

Theorem 2.3. For a function f : (X, 1) — (Y, 72) , the following
conditions are equivalent:

(i) f is fuzzy weakly semiopen;

(i) f(Intg(A )) < sInt(f(N)) for every fuzzy subset A of X;

(iii) Imfg( L(B3)) < f~Y(sInt(B)) for every fuzzy subset (3 of Y
(iv) f71(sCI(B)) < Cla(f~1(B)) for every fuzzy subset 3 of Y;

(v) For each fuzzy #-open set A in X, f(A) is fuzzy semiopen in Y;
(vi) For any fuzzy set 8 of Yand any fuzzy 6-closed set A\ in X con-
taining f~1(3), where X is a fuzzy regular space, there exists a fuzzy
semiclosed set din Y containing (3 such that f~!(4) < \.

Proof. (i)— (ii): Let A be any fuzzy subset of X and x, be a fuzzy
point in Intyp(A\). Then , there exists a fuzzy open g-nbd v of z,
such that v < Cl(y) < A. Then, f(y) < f(Cl(y)) < f(A). Since
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[ is fuzzy weakly semiopen, f(v) < sIint(f(Cl(v))) < sInt(f(N)).
It implies that f(x,) is a point in sint(f(A)). This shows that z, €
[~ YsInt(f(N))). Thus Intg(N) < f~H(sInt(f(N))), and so f(Intg(N)) <
sInt(f(N)). (ii)—(i): Let u be a fuzzy open set in X. As pu < Inty(Cl(u))
implies , f(u) < f(Inte(Cl(p))) < sInt(f(Cl(n))). Hence f is fuzzy
weakly semiopen (ii)—(iii): Let (8 be any fuzzy subset of Y. Then by
(i), f(Inte(f~1(B)) < sInt(B). Therefore Inty(f~1(3)) < f~1(sInt(B)).
(iii)—(ii): This is obvious. (iii ) (iv): Let 8 be any fuzzy subset of Y.
Using (iii), we have 1—Cly(f~1(8)) = Intg(1—f~1(B)) = Inty(f~(1—
B)) < fH(sInt(1 - f) = I (1= sCl(B ) = 1- (f7H(sCU(B)).
Therefore, we obtain f L(sCl(B)) < Cla(f~1(B)). (iv)—(iii): Simi-
lary we obtain, 1 — f~ (s]nt( ) < 1 ]ntg( 1)), for every fuzzy
subset 3 of Y, i.e., Inty(f~1(B)) < f~'(sInt(B)). (iv)—(v): Let A
be a fuzzy #-open set in X. Then 1 — f(A) is a fuzzy set in Y
and by (iv), f71(sCl(1 — f(N\))) < Cly(f~4(1 — f(\))). Therefore,
1 — f~YsInt(f(N\)) < Cly(1 — A) = 1 — X. Then, we have A <
f~Y(sInt(f(X))) which implies f(\) < sInt(f()\)). Hence f(\) is fuzzy
semiopen in Y. (v)—(vi): Let 8 be any fuzzy set in Y and \ be
a fuzzy O-closed set in X such that f~1(3) < XA . Since 1 — X is
fuzzy G-open in X, by (v), f(1 — ) is fuzzy semiopen in Y. Let
d =1— f(1 —=X). Then 6 is fuzzy semiclosed and also 5 < 6. Now,
F7H6) = FHU S (1= A) = 1= f(F) < A (vi)—(iv): Let g
be any fuzzy set in Y. Then by Corollary 3.6 of [10] A = Cla(f~1(3))
is fuzzy 0-closed set in X and f~1(8) < A. Then there exists a fuzzy
semiclosed set ¢ in Y containing 3 such that f~1(§) < . Since ¢ is

fuzzy semiclosed f~!(sCl(B)) < f71(0) < Cla(f~(8)).

Furthermore, we can prove the following.

Theorem 2.4. Let f : (X,7) — (Y, 72) be a function. Then the
following statements are equivalent.

(i) f is fuzzy weakly semiopen;

(i) For each fuzzy point z, in X and each fuzzy open set p of X
containing z,, there exists a semiopen set § containing f(z,) such

that § < f(Cl(w)).

Proof (i)—(ii): Let z, € X and u be a fuzzy open set in X con-
taining x,. Since f is fuzzy weakly semiopen. f(u) < sInt(f(Cl(p))).
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Let 6 = sInt(f(Cl(p))). Hence 6 < f(Cl(p)), with 6 containing f(x,).
(ii)—(i): Let p be a fuzzy open set in X and let y, € f(p). It fol-
lowing from (ii) 0 < f(Cl(n)) for some § semiopen in Y contain-
ing y,. Hence we have, y, € 0 < sint(f(Cl(p))). This shows that
f(p) < sInt(f(Cl(w))), i.e., fis a fuzzy weakly semiopen function.

Theorem 2.5. Let f: (X,7) — (Y, 7) be a bijective function.
Then the following statements are equivalent:

(i) f is fuzzy weakly semiopen.

(ii) sCI(f(N)) < f(CI(N)) for each fuzzy open set A in X.

(iil) sCU(f(Int(B)) < f(B) for each fuzzy closed set § in X.

Proof.

(i)—(iii): Let 3 be a fuzzy closed set in X. Then we have f(1—/3) =
1= f(8) < sInt(f(CI(1 = B))) and so 1 — f(B) < 1= sCI(f(Int(5)).
Hence sCI(f(Int(3)) < f(B). (iii)—(ii): Let A be a fuzzy open set in
X. Since CI()) is a fuzzy closed set and A < Int(CI(N)) by (iii) we
have sCI(f(N\)) < sCIU(f(Int(ClL(N))) < f(CU(N)). (ii)—(iii): Similar
to (iii)—(ii). (iii)—(i) : Clear.

For the following theorem , the proof is mostly straightforward and
is omitted.

Theorem 2.6.
For a function f : (X,71) — (Y, 7) the following conditions are
equivalent:
(i) f is fuzzy weakly semiopen;
(i) For each fuzzy closed subset 3 of X, f(Int(()) < sInt(f(3));
(iii) For each fuzzy open subset Aof X, f(Int(Cl(N))) < sint(f(CIl(N)));
(iv) For each fuzzy regular open subset A of X, f(\) < sInt(f(CI(N)));
(v) For every fuzzy preopen subset A of X, f(\) < sInt(f(CIl()N))
(vi F(CUN))

)i
)

vi) For every fuzzy a-open subset A of X, f(\) < sInt(

We define one additional near fuzzy semiopen condition. This
condition when combined with fuzzy weak semiopenness imply fuzzy
semiopenness.
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Definition 4. A function f : (X, 7) — (Y, 72) is said to satisfy the
fuzzy weakly semiopen interiority condition if sInt(f(CI(N))) < f(A)
for every fuzzy open subset A of X.

Recall that, a function f : (X,7) — (Y, 7) is said to be fuzzy
strongly continuous [2], if for every fuzzy subset A\ of X, f(Cl(N\)) <

FN).

Obviously, every fuzzy strongly continuous function satisfies the
fuzzy weakly semiopen interiority condition but the converse does not
hold as is shown by the following example.

Example 2.7. Fuzzy weakly semiopen interiority condition which
is not fuzzy strongly continuous.

Let X ={a,b} , Y ={z,y}. Define X and p as:

AMa)=10.3, AOb) =04, ;

p(z) = 0.7, u(y) = 0.8.

Let 7 = {0, A, 1} and ¢ = { 0, p ,1} .Then the mapping f: (X ,
7)  — (Y, o) defined by f(a) = z, f(b) = y satisfies fuzzy weakly
semiopen interiority but is not fuzzy strongly continuous.

Theorem 2.8. Every function that satisfies the fuzzy weakly semiopen
interiority condition into a fuzzy discrete topological space is fuzzy
strongly continuous.

Theorem 2.9. If f : (X,7) — (Y, 7) is fuzzy weakly semiopen
and satisfies the fuzzy weakly semiopen interiority condition, then fis
fuzzy semiopen.

Proof. Let X be a fuzzy open subset of X. Since f is fuzzy weakly
semiopen f(\) < sInt(f(CI(\))). However, because f satisfies the
fuzzy weakly semiopen interiority condition, f(\) = sInt(f(Cl(N)))
and therefore f(\) is fuzzy semiopen.
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Corolario 2.10. If f : (X, 1) — (Y, 7) is fuzzy weakly semiopen
and fuzzy strongly continuous, then f is fuzzy semiopen.

The following example shows that neither of this fuzzy interiority
condition yield a decomposition of fuzzy semiopenness.

Example 2.11. f does not satisfy the fuzzy weakly semiopen interi-
ority condition. However f is fuzzy semiopen.

Let X ={a,b,c} .Y ={x,y,z}. Define A and p as follows :

p(x) =0, ply) =02, p(z) =02

Let 7= {0, A, 1} and 0 = { 0, pu ,1}. Then the mapping f: (X,
7)  — (Y, o) defined by f(a) = z, f(b) = y and f(c) = z is fuzzy
semiopen but not fuzzy weakly semiopen interiority .

A function f : (X, 1) — (Y, 72) is said to be fuzzy contra-open
(resp. fuzzy contra-closed) if f(A) is a fuzzy closed set (resp. fuzzy
open set) of Y for each fuzzy open (resp. fuzzy closed) set A in X.

Theorem 2.12 (i) If f: (X, 7) — (Y, 72) is fuzzy preopen and fuzzy
contra-open, then f is a fuzzy weakly semiopen function.

(i) If f: (X,7n) — (Y, 72) is fuzzy contra-closed, then f is a fuzzy
weakly semiopen function .

Proof.

(i) Let A be a fuzzy open subset of X. Since f is fuzzy pre-
open f(A) < Int(CIl(f(N))) and since f is fuzzy contra-open, f(\)
is fuzzy closed. Therefore f(A) < Int(CI(f(N))) = Int(f(N)) <
Int(f(CU(N))) < sInt(f(CLN))).

(ii) Let Abe an fuzzy open subset ofX. Then, we have f(\) <

F(CLN))) < sInt(f(CLA)))-

The converse of Theorem 2.12 does not hold. Can be seen in
Example 2.1
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Theorem 2.13. Let X be a fuzzy regular space. Then f: (X, 1) —
(Y, 1) is fuzzy weakly semiopen if and only if f is fuzzy semiopen.

Proof. The sufficiency is clear. Necessity. Let A be a non-null fuzzy
open subset of X. For each z, fuzzy point in A, let p,, be a fuzzy
open set such that x, € p,, < Cl(u,,) < A. Hence we obtain that
A= U{ts, ¢ 2, € A} = U[CU(s,) 2, € A} and, F(N) = U{f(hs,) :
r, € A} < U{sInt(f(Cl(pa,)) : ©p € A} < sint(f(U{Cl(pa,) = zp €
A}) =sInt(f(A)). Thus f is fuzzy semiopen.

Note that, f : (X,71) — (Y, 72) is said to be fuzzy contra-pre-
semiclosed provide that f()\) is fuzzy semi-open for each fuzzy semi-
closed subset \ of X.

Theorem 2.14. If f: (X, 1) — (Y, 72) is fuzzy weakly semiopen
and Y has the property that union of fuzzy semi-closed sets is fuzzy
semi-closed and if for each fuzzy semi-closed subset 3 of X and each
fiber f~*(y,) < 1— /3 there exists a fuzzy open subset p of X for which
B < pand f~(y,)gCl(u)), then f is fuzzy contra-pre-semiclosed.

Proof. Assume (3 is a fuzzy semi-closed subset of X and let y, €
1 — f(B). Thus f~'(y,) < 1— 3 and hence there exists a fuzzy open
subset p of X for which 8 < p and f~'(y,)gCl(n). Therefore y, €
1— f(Cl(n)) < 1— f(B). Since [ is fuzzy weakly semiopen f(u) <
sInt(f(Cl(p))). By complement, we obtain y, € sCI(1— f(Cl(p))) <
1—f(8). Let 6,, = sCI(1 — fCl(p))). Then d,, is a fuzzy semi-closed
subset of Y containing y,. Hence 1 — f(3) = U{d,, : y, € 1 — f(B)} is
fuzzy semi-closed and therefore f(3) is fuzzy semi-open.

Theorem 2.15. If f: (X, 7) — (Y, 72) is an f.a.0.N function, then it
is fuzzy weakly semiopen. The converse is not generally true.

Proof. Let A\ be a fuzzy open set in X. Since f is f.a.0.N and
Int(CIl(N)) is fuzzy regular open, f(Int(CIl()))) is fuzzy open in Y
and hence f(X) < f(Int(ClU(N)) < Int(f(CL(N))) < sInt(f(CUN))).
This shows that f is fuzzy weakly semiopen.
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Example 2.16. f is not f.a.0.N and fis fuzzy weakly semiopen.

The function f defined in Example 2.11 is fuzzy weakly semiopen
but not f.a.0.N.

Lemma 2.17. [6] If f: (X,71) — (Y, 72) is a fuzzy continuous func-
tion, then for any fuzzy subset A\ of X, f(Cl(N\)) < CI(f(N))

Theorem 2.18. If f: (X, 1) — (Y, 7) is a fuzzy weakly semiopen
and fuzzy continuous function, then f is a fuzzy (-open function.

Proof. Let A be a fuzzy open set in X. Then by fuzzy weak semiopen-
ness of f, f(A) < sInt(f(CIl(N))).Since f is fuzzy continuous f(CI(A)) <
CIl(f(N)) and since for any fuzzy subset § of X, sInt(Cl(5)) < /N
Cl(Int(Cl(B))), we obtain that,

fA) < sInt(f(CLN)) < sIn(Cl(f(N)) < Cl(Int(CI(f(N))) Thus,
F(A) < Cl(Int(CIL(f(N))) which shows that f(\) is a fuzzy [-open set
in Yand hence by Definition 1.2(iv), f is a fuzzy (-open function.

Corolario 2.19. If f: (X, 71) — (Y, 72) is a fuzzy weakly semiopen
and fuzzy strongly continuous function. Then f is a fuzzy (-open
function.

Recall that, two non-null fuzzy sets A and [ in a fuzzy topologi-
cal spaces X (i.e., neither A nor g is Ox) are said to be fuzzy semi-
separated [7] if AgsCl(3) and [FgsCI(X\) or equivalently if there exist
two fuzzy semi-open sets p and v such that A < u, 6 < v, A\gv and
Bqu.

A fuzzy topological space X which can not be expressed as the
union of two fuzzy semi-separated sets is said to be a fuzzy semi-
connected space.

Theorem 2.20. If f: (X, 7) — (Y, 7) is a fuzzy weakly semiopen
of a space X onto a fuzzy semi-connected space Y, then X is fuzzy
connected.

PROOEF. If possible, let X be not connected. Then there exist
fuzzy separated sets 3 and v in X such that X = gU~. Since $ and
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are fuzzy separated, there exist two fuzzy open sets p and v such that

B <p,vy<v,fqand ygu. Hence we have f(5) < f(u), f(v) <

f(v), f(B)af(v)and f(v)qf(u). Since f is fuzzy weakly semiopen, we
have f(p) < sInt(f(Cl(pn))) and f(v) < sInt(f(Cl(v))) and since u

and v are fuzzy open and also fuzzy closed, we have f(Cl(n)) = f(u)
, f(Cl(v)) = f(v). Hence f(u) and f(v) are fuzzy semiopen in Y.
Therefore , f(3) and f(v) are fuzzy semi-separated sets in Y and
Y = f(X) = f(6U~v) = f(B) U f(). Hence this contrary to the fact
that Y is fuzzy semi-connected. Thus X is fuzzy connected.

Definition 5. A space X is said to be fuzzy hyperconnected if every
non-null fuzzy open subset of X is fuzzy dense in X

Theorem 2.21. If X is a fuzzy hyperconnected space, then a function
f:(X,m) — (Y, 7) is fuzzy weakly semiopen if and only if f(X) is
fuzzy semi-open in Y.

Proof. The necessity is clear. For the sufficiency observe that for any
fuzzy open subset A of X, f(A) < f(X) = sInt(f(X) = sint(f(CIl(N))).
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