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Abstract

This article is concerned with the existence result of the unilateral
problem associated to equations of the type

Au+g(z,u, Vu) = f,

in Orlicz spaces, where f € LY(Q), the term g is a nonlinearity having
natural growth and satisfying the sign condition. Some stability and
positivity properties of solutions are proved.
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1. Introduction

Let © be a bounded domain in IR and let Au = —diva(z,u, Vu) be a
Leray-Lions operator defined on its domain D(A) C WLy (), where M
is an N-function which satisfies the Ag-condition and f € L!((Q).

The author’s in [6] proved the existence of at least one solution for the
following nonlinear Dirichlet problem

Tk(u) S WolLM(Q), g(x,u, Vu) S LI(Q)

/ a(z,u, Vu)VTi(u —v) dx + / g(z,u, Vu)Ti(u — v) dx
(1.1) Q Q

< [ ITiu=0) do.
V v € WiLy(Q)NL>®(Q), Vk > 0.

Where g is a nonlinearity having natural growth with respect to |Vu|,
and which satisfies the classical sign condition with respect to u.

It is our purpose, in this paper, to prove an existence theorem for the
corresponding obstacle problem. More precisely, we prove the existence of
at least one solution for the following unilateral problem

u > Y ae in .
Tk(u) S WolLM(Q), g(x,u, Vu) S LI(Q)

(1,2) ‘/Q(Z(ZL‘, u, VU)VTk(U - U) dx + /Qg(a:,u, Vu)Tk(u — ’U) dx

< | Tiu—v) da,
Q
¥ e KynL®(Q), Yk > 0.

Where K, = {u € WiLy(Q)/u > 9 ae. in Q.)}, with ¢ is a mea-
surable function on € such that ¢* € WLy () N L%°(Q), and where
T}, is the truncation operator at height & > 0, defined onR by Ty (s) =
max(—k, min(k, s)).

Let us point out that another work in the L? case can be found in [17]
in the case of equation, and in [9] in the case of obstacle problems.

Note that this type of equations can be applied in sciences physics.

Non-standard examples of M (¢) which occur in the mechanics of solids and
t

fluids are M(t) = tlog(1 +1t), M(t) = [ s' *(arcsinhs)® ds (0 < a < 1)
and M (t) = tlog(1 + log(1 +t)) (see [110, 12, 13, 10]) for more details).

This paper is organized as follows, sections 2 contain some preliminaries
and some technical lemmas. Section 3 is concerned with basic assumptions
and the main result which is proved in section 4, finally, we study the
stability and the positivity of solution.
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2. Preliminaries

2-1 Let M : R™ — R™T be an N-function, i.e. M is continuous, convex,
. M (t) M(t)

WlthM(t)>0f0rt>0,T—>Oast—>0andT—>ooast—>oo.

Equivalently, M admits the representation: M(t) = [i a(s) ds where
a : RT — R™ is nondecreasing, right continuous, with a(0) = 0, a(t) >
0 for ¢t > 0 and a(t) tends to co as t — oo.

The N-function M conjugate to M is defined by M = [{ a(s) ds, where
a :RT™ — R is given by a(t) = sup{s: a(s) < t}.

The N-function M is said to satisfy the As-condition if, for some k

(2.1) M(2t) < kM(t) Vt>0

it is readily seen that this will be the case if and only if for every r > 1
there exists a positive constant k = k(r) such that for all ¢ > 0

(2.2) M(rt) < kM(t)

When (2.1) and (2.2) holds only for ¢ > ¢y for some to > 0 then M is said
to satisfy the Ag-condition near infinity.

We will extend these N-functions as even functions on all IR. Moreover,
we have the following Young’s inequality

Vs,t > 0,st < M(t) + M(s).

Let P and @ be two N-functions. P << () means that P grows essentially

P(t
less rapidly than @, i.e., for each € > 0, ﬁ — 0 as t — oo. This is the
€
-1
case if and only if lim;_, 27122 =0.

2-2 Let Q be an open subset of IRY. The Orlicz class Kj(2) ( resp.
the Orlicz space Lys(12)) is defined as the set of (equivalence classes modulo
equality a. e. ) real valued measurable functions u on €2 such that

/QM(u(z)) dx < +oo( resp. /QM (@) dx < +oo for some A > 0).

Ly () is a Banach space under the norm

lullso =3 >0: [ M (—) dz < 13,
Q A
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and K /() is a convex subset of Lys(Q).

The closure in Ljs(€2) of the set of bounded measurable functions with
compact support in Q is denoted by Ej/ ().

The dual of Ejp(£2) can be identified with L77(€2) by means of the

pairing /Q uv dz, and the dual norm of L37(Q2) is equivalent to ||.[|37 q-

2-3 We now turn to the Orlicz-Sobolev space WLy (2)[resp. WLEy ()]
which is the space of all functions u such that u and its distributional deriva-
tives of order 1 lie in Ly (2) [resp. Ej(Q)]. It is a Banach space under
the norm

lullar = D ID%ul|ar
jal<1

Thus, WLy () and WLEy(Q) can be identified with subspaces of the
product of N + 1 copies of Ly/(€2). Denoting this product by [] Las, we
will use the weak topologies o (] Las, [1 £57) and o ([T Las, IT Lyp)-

The space W§ Ey(Q) is defined as the (norm) closure of the Schwartz
space D(2) in WE)(Q) and the space W Lys(Q) as the o(I] Las, [1 F3p)
closure of D(£2) in WLy ().

2-4 Let W L77(Q) [resp. W1E5(2)] denote the space of distribu-
tions on 2 which can be written as sums of derivatives of order < 1 of
functions in L37(€2) [resp. E57(2)]. It is a Banach space under the usual
quotient norm (for more details see [1]).

We now introduce the functional spaces we will need later.

For an N-function M, Tol’M(Q) is defined as the set of measurable
functions u : 2 — R such that for all £ > 0 the truncated functions
Ty (u) € WL (9).

We gives the following lemma this is a generalization of Lemma 2.1 [2]
in Orlicz spaces.

Lemma 2.1. For every u € TOI’M(Q), there exists a unique measurable

function v : Q — R such that

VTk(u) = UX{|v|<k} for all k > 0.
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Lemma 2.2. Let A € R and let u and v be two measurable functions
defined on ) which are finite almost everywhere, and which are such that
Ty (uw), T (v) and Ty (u + \v) belong to Wi Ly (Q) for every k > 0 then

V(u+ Av) = V(u) + AV(v) a.e. in Q.

where V(u), V(v) and V(u + Av) are the gradients of u, v and u + A\v
introduced in Lemma 2.1.

The proof of this lemma is similar to the proof of Lemma 2.12 [8] for
the Sobolev spaces.
We recall some lemmas introduced in [4] which will be used later.

Lemma 2.3. Let F': R — R be uniformly Lipschitzian, with F(0) = 0.
Let M be an N-function and let u € WLy (Q) ( resp. W1Ep(Q)).
Then F(u) € WLy (Q) ( resp. WYEp(Q)). Moreover, if the set D of
discontinuity points of F' is finite, then

0 B F’(u)%u a.e. in {x € Q:u(x) ¢ D},
&mF(u) B { 0 aa.e. in{z € Q:u(x) € D}.

Lemma 2.4. Let F : R — R be uniformly Lipschitzian, with F(0) = 0.
We suppose that the set of discontinuity points of F' is finite. Let M be an
N-function, then the mapping Ng : WL () — WLy (Q) is sequentially
continuous with respect to the weak* topology o([] L, I1 Eyy)-

We give now the following lemma which concerns operators of Nemytskii
type in Orlicz spaces ( see [4]).

Lemma 2.5. Let Q be an open subset of RN with finite measure.
Let M, P and @ be N-functions such that Q << P, andlet I': QxR —
R be a Carathéodory function such that, for a.e. x € Q and all s R :

|F(z,5)| < c(x) + k1 P~ M (kas|),
where k1, ko are real constants and c(x) € Eg(2).
Then the Nemytskii operator N defined by Np(u)(z) = F(z,u(x)) is

1
strongly continuous from P(Ep (), k_g) ={u € Ly () : du, Eyp(Q)) <

L) into Eo(9).
k2
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3. Main results

Let Q be an open bounded subset of RN, N > 2, with the segment property.
Let M be an N-function satisfying the As-condition near infinity, and let
P be an N-function such that P << M. We consider the Leray-Lions
operator,

Au = —div(a(z,u, Vu)),

defined on D(A) C WLy () into W1 L77(Q2) where a : @ x RRY — RV
is a Carathéodory function such that for a.e. = € Q and for all (,¢ €
RN (¢ # €) and all s €R,

B0 a(z,5,Q) < k(z) + k1P M(ka|s|) + ks MM (ka|C]),

(32) (CL(LE,S,C) —(1(13,8,5))((—5) > 07

(3.3) o501 > anr (1)),

with o, 0 >0 ky, ko, ks, kg4 > 0, /C((IZ) S EM<Q)
Furthermore let ¢ : 2 xR xR — R be a Carathéodory function such
that for a.e. € Q and for all s € R and all ¢ € RY,

(3.4) 9(x,5,¢)s = 0,

(3.5) l9(z, 5, Q)| < b([s[)(e(z) + M([CI/N),

where b : Ry — R is a continuous nondecreasing function, ¢ is a given
positive function in L!(2), and A > 0. Let the subset convex

Ky={ueWiLy(Q)/u>v ae in Q)},
where ¢ : Q =R is a measurable function on € such that
(3.6) Yt € WLy (Q) N L(Q).

Finally, we assume that
(3.7) fe o),

In the next section, we will prove the following theorem.
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Theorem 3.1. Assume that the hypotheses (3.1)-(3.7) holds. Then, there
exists at least one solution of the following unilateral problem

u > a.e. in €.
Ty (u) € WLy (Q), g(x,u, Vu) € L1(Q)

(P) /Qa(x,u, Vu)VTi(u —v) de + /Qg(a:,u, Vu)Ti(u —v) dx

< | Tiu—v) da,
Q
V ve KynLo(Q), Vk > 0.

Remark 3.1. We obtain the same results of our theorem if we suppose
that the sign condition (3.4) is fulfilled only near infinity.

4. Proof of main result

To prove the existence theorem we proceed by steps.
STEP 1: A priori estimates.
Let us define

. g(x,S,f)
gn(z,,8) = 1+ %]g(w, $,€)|

and let us consider the sequence of approximate variational inequalities

Uy, € Ky,
(Aup, up —v) + /an(x, Up, Vuy) (up —v) dz

(Pn)
S Afn(un - U) dﬂj,

Yv € K¢,

where f,, is a regular function such that f,, strongly converges to f in
LY(2). Since g, (z, s,€) is bounded and g,(z, s,£).s > 0, then by using the
Proposition 5 and Remark 6 of [15] (with m = 1 and ag(z, s,&) = gn(z, s,€))
it is easy to verifie that (P,) has at least one solution.

Let w = up, — Tg(un, — ") € Ky. The choice of w as a test function in
(P,), we obtain

(At Ti (un — 9+)) + /Q (@, t, V) Tt — ) de
< / fnTk(un - ¢+) dz.
Q
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which gives

/Qa(w,un,Vun)VTk( ¢+)dx+/ gn(:n,un,Vun)Tk(un—w+) dx
< [ £iTilwn — ") do.

Since gn (2, Un, V)T (un — 1) > 0, we obtain

/ a($7una vun)VTk(un - 1/)+) dz < / fnTk(un - ¢+) dx
Q Q

Consequently, we deduce that

/ a(x, Up, Vi)V, de < C’ok—i—/ a(z, up, Vu,) VT do.
{Jun—ypF|<k} {lun—1pT|<k}

By using the Young’s inequality and the As-condition we have
/ M(|Vun|/6) dx < C! + Chk,
{lun—ypt|<k}
which implies that

/ M(IVTi(un)|/8) da < / M(|Vun|/8) dz < C) + Chk.
) {un— 5+ | <+ [ o}

Now, we prove that u, converges to some function u in measure (and there-
fore, we can always assume that the convergence is a.e. after passing to
a suitable subsequence). We shall show that w,, is a Cauchy sequence in
measure.

Thanks to Lemma 5.7 of [14], there exists two positive constants C4 and
C such that

/ M(u) dx < Cf;/ N for all uwe€ W)Ly (Q).
Q Qdisplaystyle Zi:l M(Cég—;‘i) dx

Taking u = T’é,ugl), we have
3

1 10Ty (uy,)
—_— <
/QM(CééTk(un))dx < 04/ZM5 e, ) dx

NC4/M (Yklun)
0 5

IN
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then
(4.2) /Q M(CsTy(un)) d < Ca /Q M(|VTi(un)|/8) dz < Cy + Cak.

with C3 = ﬁ and Cy = NCj}. Then, we deduce by using (4.1) and (4.2)
3
that
M(Csk)meas({[un| > k}) = / M(CsTy(up)) dz < / M(CsTy(un)) da <
{lun| >k} Q
C1 + Csk, hence

C1+ Cok
. . < i .
(4.3) meas({|un| > k}) < M (Coh) Vn and Yk >0

For every § > 0, we have

eas({|un — upm| > 0}) < meas({|u,| > k}) + meas({|um| > k})
(4’45’1 +meas{|T(un) — T (um)| > d}.

Since T}, (uy) is bounded in WLy, (£2), there exists some v, € Wi Ly (€2),
such that

Ty (un) — v weakly in Wi Ly (Q)

Ti(un) — vg  strongly in Ep(Q) and a.e. in Q.

Consequently, we can assume that T (u,) is a Cauchy sequence in mea-
sure in €.

Let ¢ > 0. then, by (4.3) and (4.4), there exists some k(¢) > 0 such
that meas({|un, — um| > 0}) < e for all n,m > ng(k(e),d,). This proves
that (u,) is a Cauchy sequence in measure in €2, thus converges almost
everywhere to some measurable function u. Then

Tip(up) — Ti(u)  weakly in WiLy(Q) for o(IILy, I1Eg7),
Ti(un) — Tx(u)  strongly in Ep(£2).

We shall prove that the sequence (a(z, Tk (un), VI (up)))n is bounded in
(Ly7()N for all k& > 0.
Let w € (Ep(Q))Y be arbitrary. By condition (3.2), we have

(a(z, un, Vuy) — a(z, up, w)) (Vu, —w) > 0.

Consequently
a(x, Up, Vuy)(w — V') do
{lun—pt|<k}
" </ Vi) (Vety — V) d
(45) oy W, V) (Vi = V)
+ a(z, Up, w)(w — Vuy,) dz.

{lun—*|<k}
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Using the argument above, we may assume that the first term on the
right remains bounded. Moreover, by (3.1), we have

la(z, Ti(un), w)| < (@) + ki M M (ko| Tho(un)|) + ks M (kqw) + ks.
Therefore,

/S]M(]a(x,Tk(un), /M dw—l——/M kqw)

s y Fet M(kak)
+=— " meas(Q?) < 1,

when > 0 is large enough. Hence a(x, Ty (uy), w) is bounded in L77(€2),
which implies that the second term on the right in ( 4.5) is also bounded. By
the theorem of Banach-Steinhaus, the sequence (a(x, un, Vin) X {ju, —p+|<k})
remains bounded in L77(€2). Since k arbitrary, we deduce that

(a(z, Ty (un), VIi(un)) also bounded in L7(€2). Which implies that, for all
k > 0 there exists a function hy, € (L77(€2))Y, such that

a(@, Ty(un), VIk(un)) = hy, weakly in (Lz(Q)" for o(ILL77(2), IIEN(R))
(4.6)

STEP 2: Strong convergence of truncation.

We fix k > 0. Let Q, = {x € Q: |VT}(u(x))| < r} and denote by x, the
characteristic function of Q,. Clearly, ©, C Q,4; and meas(Q\Q;) — 0 as
r — 00.

Fix r and let s > r, we have,

| (e, Tiwn), 9T3(1)) = a(a, D), VI ()] VT ()

0<
_VTi(w)] da
- [, Ti(e). V(o)) — e, Tin), V) [ VT
(4.7) —VT(u)] dz
(e T, V() = (e, Ti(ua). VL)) (975 )
S ~VTi(u)xs] de
. /Q [, Tt ), VT(tn)) — a(, T (), VT (10) X)) [V Tk (11

—VTi(u)xs| dez.
Now, consider the following function

o(s) = se™’, where v > (K@)Q.
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It is well known that

Vs R,

(1) & 5) — K2 o(s)] 2 5,

where K is a constant which will be used later.

Let k& > [[¥ 7|00, we define wy, = Tog(un — Th(up) + T (un) — Ti(u))
where h > 2k > 0. For n = exp(—4+k?), we define the following function
as

(4.9) Un,h = Un — 1P(W).

We take vy, p, as test function in (P,) (for more explication concerned this
test function see the appendix II), we obtain,

(Alwn).mp(wn)) + [ on(e, Tunmown) da < [ fumo(un) da.

Which, implies that

(4.10) (Aun), @(wy)) + / (&, tny Vi) p(w) d < / Fap(wn) da.
Q Q
It follows that

/a(:v,un,Vun)antp'(wn) d:v+/ gn (T, Up,y Vuy)p(wy,) dx
Q Q

(4.11)
S/an90<wn) dx.

Note that, Vw, = 0 on the set where |u,| > h + 4k, therefore, setting
m = 4k + h, and denoting by £} (n),e7(n), ... various sequences of real
numbers which converge to zero as n tends to infinity for any fixed value
of h, we get, by (4.11),

/Qa(x,Tm(un),VTm(un))ango'(wn) dx + /an(x,un,Vun)cp(wn) dx
< fQ fno(wy) dz,

and since for z in the set {z € Q : |u,(x)| > k}, we have that
o(wn)g(, un, Vuy) > 0, we deduce from (4.11) that

[ 0 T, VT ) V' wa) o [ gaa i V) p(w) do
Q

{lun|<k}
S/an90<wn) dz.
(4.12)
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Splitting the first integral on the left hand side of (4.12) where |u,| < k
and |u,| > k, we can write, using (3.3) and the fact that a(z,s,0) = 0 for
all s € IR.:

/Qa(x, T (Un), Vi (un))Vwpe (wy,) do
(4.13) > /Q a(x, Ty (un), VI (un)) [VT1(un) — VT (u)]@ (wn) da
—Cy / (@, T (), Vo () ||V T (w)] iz,
{lun|>k}

where C}, = ¢'(2k). Since, as n tends to infinity, |VTj(w)|X{ju, >k} Strong
converges to zero in FEj(Q) while |a(z, Trn(un), VI (uy,))| is bounded in
L77(€), the last term in the previous inequality tends to zero for every h
fixed.

Now, observe that

/Q a(, T (), V() [V T () — VT ()] (1) dee

= | e, Ti(un), TT(n)) = ale, Tiua), TTr(w)xe)
(4.14) X [VTi(up) — VT (uw)xs)e' (wy) dz
+ [ . Tiwa), VT (VIk(wn) = VTl () da

— [ ol D), V() VIk(w)x010, ¢ (1) o
The second terms of the right hand side of (4.14) tend to 0. Indeed
[ 06 Te(an), VI IV Tk (t) = VTi(w) el (1) do =
A a(x, Ti(un), V(1) xs) V()" (Th(n) — Ti(u)) da
~ [ o Tilwn), VTk(w)x) Vi)t () do
by using Lemma 2.5, we have
a(@, T (un), VTk(u)xs) ' (Th(n) — Th(u)) — a(x, Tr(u), VTi(u)xs)¢'(0)

strongly in (E57(Q))".

and
a(a:, Tk(“n)a VTk(u)Xs) - CL({IJ, Tk(“’)? VTk(u)Xs)
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strongly in (E57(Q))".

Moreover,
VT (un) = VT (u) weakly in (Lps(2))", for o(ILLp (), ILE77(2)),
and
VT (u)xs¢' (wn) = VTi(w)xs¢ (wn) strongly in (Lag(2))Y

by using the Lebesgue’s theorem. Combining the previous statement, we
deduce the result.

The third term of the right hand side of (4.14) tends to the quantity
—/ hi VT (u)xono, @' (Tor(u — Th(u))) dz as n — oo, since by (4.6), we
Q
have

a(z, Ty (un), VIk(uy)) = by weakly in (Ly7(Q))N for
o (I1Lg7(Q), TEM(2))

while

XQ\QSVTk(u)go’(wn) — XQ\QSVTk(U)(p,(TQk(U —Tp(u))) strongly in
(Em ()N

So that (4.13) yields

/Q a(z, Ty (Un), Vi (un)) Vw, ' (wy) dz

> | la@. Tulwn), VTi(a) = o, Tilwn), VTi(w)xs)]
X [VTi(un) — VTi(u) x5 (wy) dx
- /Q TV T ()00, (Tok (s — T () da + £ (n).
(4.15)

Since the N-function M satisfies the As-condition near infinity, then there
exist two positive constants K and K’ such that

(4.16) M(t/\) < KM(t/6) + K', Vt>0.

Endeed : if § < A, we get M(%) < M(%) V¢>0 and if% > 1, under the
condition (2.2) there exists k:(%) > 0 such that M(%t) < k:(%)M(t) Vit > to
for some to > 0, hence M (%) < k(£)M(t) Vt > 6t and M(£) < K" V0 <
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t < bto.
Finally, taking K = max(1, k(%)), we deduce (4.16).

For the second term of the left hand side of (4.12), we can estimate as
follows

/{Iu |<k} In(@, tn, Vun)p(wn) dz
< / b(k)(c(x) + K"+ KM (Vuyn/6))|p(wy)| do
(4.17) {lun| <k}
< b(k) | (ele) + K lplwn)| do

+KM/Q a(, T (un), VT3 (un)) VT (1n) [ (wn)| da,

«

let us consider the last integral in the previous inequality

/Q a(, T (), V() )V T ()| (w)| dt

= /Q[CL($, Tk(“n)v VTk(un)) - a(x, Tk(un)a VTk(u)Xs)]
(4.18) x[VTi(un) — VTi(u)xs]lp(wn)| dx
v / a(, Ty (), VT () VT (1) xs oo (0n)|

(9]
+ /Q (@, T (un), V() xs) [V To (i) — VT (1) x5 |0 (wn)| da.

It is easy to see that the second term of the right hand side tends to the
quantity

/Q heV T () Xs [0 (Ta(u — Th(w))] de,

since a(x, Tg(un), VI (un)) = hy in (Lgp(Q))Y for o(I1L57(Q), [IEN(Q))
and

VTi(u)xslp(wn)| — XsVTi(w)@(Tar(w = Th(w)))| strongly in (Ear(Q).

Reasoning as in (4.14), the third term of the right hand side of (4.18) tends
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to 0. From (4.17) and (4.18), we obtain

/ In (T, U, Vuy)o(wy) dx
{lun|<k}

[0}

(4.19) x[VTj(un) — VTi(u)xs]|(wn)| dz
4R /Q RV T () xs |0 (T (u — T (w)))| dee

[e%

4008 [ (cla) + K)p(Ton(u = Th(w)] da + ().

< KR /Q [a(@, Th(tn), VTk(n)) — a(@, Ty(un), V() xs)

Combining (4.12), (4.15) and (4.19), we obtain

| 0, Tiun), TTi(n) = a(a, T ), VI
X[V T (tn) — VT () xs) (' (wn) — K2 o))
<ef(n)+ /Q h VT () xo\o, @' (Tor(u — Th(u))) dz

KM [ VT ()l (Tar(u = T ()| do
+b(k) [ (ela) + K"l (Tas (= Th(w)] da
+ [ folTanu—Th(w))| da

which implies, by using (4.8),

| 0@, i), 9T(1)) = a(a, Do), VI )
X [VTk(un) - VTk(u)Xs] dz
< el (n) +2 /Q hiVTp(w)xo\0, ¢ (Tok(u — Th(w))) do

+2rc ) /Q TV T () x| 0 (Ton (1 — Th(w)))] d
+25(8) [ (e(a) + K)o (Tar(u = Th(w) | do
42 /Q Fo(Ton(u — Ty(w))| da.

(4.20)
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Consequently, from (4.7), we have

| 10, Ti(un), 9T3(1)) = a(a, D). VTiw)]
' <[V T (un) — VTi(u)] da
<eh(n)+ 2/9 hi VT (u)xono, ¢ (Tor(u — Th(u))) da

s /Q TV T (1) Xs 40 (T (1 — T ()| o
+b(0) [ (elw) + Ki(Toe (= Th(w) | do

+2 /Q foo(Top(u — Th(w)))] da.

By passing to the lim sup over n, and letting h, s tend to infinity, we obtain
by the same method used in [4] that

(4.21) Vu, — Vu a.e. in €,

which implies that hy, = a(x, Ty (u), VIk(u)) VE > 0.
Again by (4.20), we get

limsup | a(x, Ty (un), VIi(un)) VT (uy,) dx
Q

n—oo

< lim Sup/ a(x, Ty (upn), VI (uy)) VT (u)xs dx
Q

n—oo

+lim sup (ZL‘, Ty (un)a VI (U)Xs) (VTk(un) — VI (U)Xs) du

a
n—oo JO

(4‘22)+2/Q a(z, Ty (u), VI (w)) VT (w)xo\a, @' (Tor (v — Th(u))) da
oK k) /Q a(@, T(w), V(1)) V To () s | 0(Ton(w — Th(w)))| der

«

+b(8) [ (ela) + K" (Tas = Th(w))] da
42 Fo(To(u—Ty(w)) da.

The first term of the right hand side of the last inequality tend to

/ a(x, Ti(uw), VI (u)) VT (u)xs dr and since a(z, T (uy,), VI (up)) = a(z, Ti(uw), VI (u))
Q

weakly in (L37(Q)) for o(ILL57(2), IIE () while VT, (u)xs € Eam(Q).

The second term of the right hand side of (4.22) tends to 0, since
a(z, T, (un), VTi(u)xs) — a(z, Ty (u), VT},(u)xs) strongly in (Ez7(2))Y while



L' data in Orlicz spaces 309

VT (uy) tends weakly to VTj(u). We deduce that

lim sup a(x, Ty (un)a VT (un))VTk (un) dx
Q

n—0o0

< / a(x, Ty (u), VI (uw)) VT (u)xs dx
+2 . a(z, Ti(u), VT (w)) VT (w)xa\0, ¢ (Tor (u — Th(u))) dx
2K | a(a, T (w), VT3(0) VTk(w)xal (T (= Th(w)]| do

+b(0) [ (elw) + Kl (Tas(u = Th(w) | do
+2 /Q Foo(Tog(u — Ty(w)))] da.

Passing again to the limsup but now over h, and by using that the functions
a(a:, Tk (u), VTk (u))VTk (u),
c(z) + K" and f belong to L'(2) and that

lo(Tor (v — Th(u)))| — 0,

& (Tor.(u — Th(u))) — ¢'(0) as h — oo, one easily obtains by Lebesgue’s
theorem

limsup limsup [ a(z, Ti(un), VI (upn)) VI (uy) dz
Q

h—o0 n—o0

< [ a(e,Ti(u), V1) V(). da
+2/(0) [ a(@ Tu(w). VIL() VI (e, da.

Using again the fact that a(z, Ty (u), VT (u))VTk(u) € L1(Q) and letting
s — oo we get, since meas(2\$25) — 0,

limsup limsup [ a(z, Tk (un), VI (un)) VI (uy) dx
Q

h—o0 n—0o0

< / a(, Ty (u), VT3 (1)) VT (u) da.
Q
On the other hand, by Fatou’s lemma,

/Q a(z, T (u), VI (u))VTi(u) dz

<limsup limsup | a(z, Tk (un), VI (upn)) VT (uy) de,

h—o0 n—oo JQ

which implies
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lim / a(, T (un), V() VT () dir = / a(, Te(u), VT (u)) VT (u) dz.
Q

n—o0

(4.23)
Thanks to (4.16), we have
M([VTi(un)l/A) < K’ + KM(|VTk(un)|/0)

and by using (4.23), one obtains, by Vitali’s theorem,

(4.24) M(|VTji(un)|/A) — M([VTj,(w)|/A) in L}(9),

STEP 3: Passing to the limit. Let v € Ky N L>®(Q), we take u, —
T (upn, — v) as test function in (P,), we can write

| 0@ T (00). Vi o (0) VTt = v)
(4.25) +/Q 9(x, U, Vup) Ty (un, — v) dz
< / Tk (upn, —v) da.

Q

By Fatou’s lemma and the fact that

a2, T o] oo (Un)s Vg uf]oo (Un)) = (2, Tip oo (W) Vg o)) oo ()

weakly in (L37(Q))" for o(IlLy7,I1E)) on easily see that

< lim inf ; a(z, Tk+||v|\oo(un)a VTkHIvHoo(un))VTk(un — ) dz.

Now, we need to prove that
(4.27) Gn (2, U, Vun) — g(z,u, Vu) strongly in L*(Q),

in particular it is enough to prove that the functions g,(x,uy, Vu,) are
equiintegrable of g, (x, uy, Vu,). To this purpose. We take u,, — (141 (upn)—
Ti(uy)) (with [ > [|1"||eo) as test function in (P,) (see Appendix III), we
obtain

[ g Ve de < [ (g de
{lun|>1+1} {lun|>1}
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Let € > 0, then there exists [(¢) > 1 such that

(4.28) / 192, tn, V)| die < £/2.
{lunl>U(=)}
For any measurable subset £ C {2, we have

[ gnta . Vo) d < / b(1(e))(c(x) + M (Ve (un)/N)) da

|g(m Un, vun)’ dr.
{|un\>l( )}

In view by (4.24) there exists 7(g) > 0 such that

/b )+ MV T} (un)/N) do < £/2

(4.29) for all
E

such that meas(FE) < n(e).

Finally, by combining (4.28) and (4.29), one easily has
/ |gn (2, upn, Vuy,)| de < e for all E such that meas(E) < n(e),
E

which allows us, by using (4.26) and (4.27), to pass to the limit in (4.25).
This completes the proof of Theorem.

Remark 4.1. :The results obtained in Theorem 3.1, remains true if we
replace (3.1) by the general growth condition

ja(@, 5,€)| < b(s) (h(x) + D M(KE]))

where k > 0,h € E+7(2) and b: IRy — IR is a nondecreasing continuous
function.

Remark 4.2. : Note that we obtain the existence result without assum-
ing the coercivity condition. However one can overcome this difficulty by
introduced the function wy, = Top(uy, — Th(uy) + Tk (un) — T (w)) in the test
function (4.9).
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Corollary 4.1. Assume that the hypothesis (3.1)-(3.7) holds. Let f, any
sequence of function in L'(Q) that converges to f weakly in L*(Q) and let
uy the solution of the following unilateral problem

Un, > T,ZJ a.e. in €.
un € 1M (Q), g(@,un, Vun) € L1(Q)

(P /Qa(x,un, Vu, ) VT (u, —v) de + /Qg(a:,un, Vup)Ti(uy — v) dx
< / fnTk(un - U) dz,
Q
V ve KyNL>®), Yk > 0.

Then, there exists a subsequence of u,, still denoted u,, such that u, con-
verges to u almost everywhere and T (u,) — Ty (u) weakly in WLy ().
Further u is a solution of the unilateral problem (P).

Proof. We give the proof briefly.

Step 1. A priori estimates
We proceed as previous, we take v = 9T as test function in (P!), we
get

(4.30) | MV 1/5)do < €.

Hence, by the same method used in the first step in the proof of Theorem
3.1 there exists a function u (with Tj(u) € WLy () Vk > 0) and a
subsequence still denoted by wu,, such that

Ti(un) — Tr(u),n — oo weakly in Wy Ly (), Vk > 0.

Step 2. Strong convergence of truncation
The choice of v = Ty (uy, — nd(wy)), h > |||l as test function in
(P}), we get, for all I > 0

/Qa(x, Un,, V) VT (un, — Th(un — no(wy)))
+ [ 9@ t0n, V)T = Th(un = () da

< 0 fnTl(un - Th(un - 77¢(wn))) dr.
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Which implies that

/ i, V) VT (0 (0,) d
{lun—ng(wn)|<h}

+/ 9(337 Un, vun)Tl(un - Th(“n - 77¢<wn))) dr

< 0 fnTl(un - Th(un - n¢(wn))) dx.

Letting h tends to infinity and choosing [ large enough, we deduce

/a(z,un,Vun)Vé(wn)+/ 9(, up, Vup)od(wy) de < / frno(wy,) d.
Q Q Q

The rest of the proof of this step is the same as in step 2 of the proof of
Theorem 3.1.

Step 3. Passing to the limit
This step is similarly to the step 3 in the proof of Theorem 3.1, by using
the Egorov’s theorem in the last term of (P)).

Remark 4.3. If the assumptions of Theorem 3.1 hold and f > 0, then
u > 0.

The use v = Tj,(u™) as function test in (P), we obtain

/Qa(x,u, Vu)VT,(u — Tp(uh)) dx
+/ g(z,u, Vu) Ty (u — Ty (u™)) dx
<, fTe(u = T(u™)) de.

Since g(z,u, Vu)Ti(u — Tp(ut)) > 0, we deduce
/ a(x,u, Vu)VTi(u — T (u)) do < / fTi(u — Ty (u™)) de,
Q Q
we remark also, using f > 0

/ka(u—Th(uﬂ) dmg/ FT(u — Th(w) da.
0 {

u>h}
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On the other hand, by using (3.3), we conclude
a/ M(VTi(u”)/8)) de g/ FTi(u = Th(w) da.
Q {u>h}
Letting h tend to infinity, we conclude
[ M7 () /8)) do =0,
Q

so that VT (u™) = 0 a.e. in Q, which gives Ty (u~) = ¢ a.e.. in Q, where
c is a real constant which depends on k. Since Ty (u~) € Wy Ly(£2), hence
Ti(u™) = 0 a.e. in Q which gives u~ = 0 a.e. in , implying that u > 0
a.e. in €.

Appendix I : Our hypotheses satisfies the conditions (A;) — (A4) of
Proposition 5 of [15], with ¢ = bg(z) = b(x) = 0, and in (Ay) it suffices to
impose with Z instead of Z in the right hand side (see Remark 6 of

|8l=m |B|<m
[15]).

Endeed :

In our paper we take, (Ag(z,s,§))g=1 = a(x,s,§) and Ag(z,s,§) =
gn(z,8,§).

In the one hand, since g, (z,s,§) is bounded and c(z) € Fy7 it is clear
our hypotheses verifies the conditions (A;) — (As) of proposition 5 [15].
On the other hand from (3.3), we have a(z,s,&).§ > aM(@) and since
gn(x,8,£).s >0 (see (3.4)), then

a(z,s,6).6 > aMN(ii‘):%NM('éﬂ)
o &
> N;M(T‘)

Which implies

N .
(Ap(, 5. )prf + Aol 5,6).0 > 2 3 nr(la)

Appendix II : We shall prove that v, € Ky.
It is clear that vy, ; € W4 Ly (), then it remains to verified that Unh >

.
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-If wy, <0, we get vy p > upy > 9.

-If w, > 0, we have w% < 4k2 which implies that wnew’i < wne47k2,
hence u,, — nwnew’% > Uy — nwne‘l'yk2 = Up — Wy,

Remark that w, — wy, > Tp(un) — Tk(un) + Tk (uy), on the one hande
Th(un) - Tk(un) + Tk(un) > ¢ Endeed

Up — k + Tg(u) if k<u, <h
Th(up) — T (un) + Ti(uy) = h —k+ Ty(u) if Up > h
Up + k + Tg(u) if —h<u,<-k
—h+k+Tg(u) if Up < —h
T (u) if lun| < k
Tk(u) if k S Unp, S h
2 Tk(u) if Unp, Z h
Uy, it —h<u, <-k
—h>u, if U, < —h.

Finally, since k > ||t/ |00, u > ¢ and u, € Ky, we deduce the result.

Appendix IIT : As in Appendix II, it is easy to see that the following
function

Up, it uy| <1
l if I <u,<Il+1
tp — (D1 (un) — Ti(un)) = up — 121 it u, >1+1
Uy, if —l-1<u,<-I

Uy +1>u, if wu,<-—-0-1.

belongs to K.
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