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Abstract

We study the existence and uniqueness of a plate equation in a
bounded domain of R™, with a dissipative nonlinear term, localized
in a neighborhood of part of the boundary of the domain. We use
techniques from control theory, the unique continuation property and
Nakao method to prove the uniform stabilization of the energy of the
system with algebraic decay rates depending on the order of the non-
linearity of the dissipative term.
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1. Introduction

Our goal in this paper is to investigate the qualitative properties of the
following initial boundary value problem for a plate equation in a domain
Qof R™",1<n<3:

ugg + AN%u A+ p(z,u) =0 zeQ, t>0
u(z,0) = up(z) ASEY)
(1.1) ug(x,0) = uy(x) r €N
u(z,t) =0 red, t>0
g—;;(x,t)zo zed, t>0

The domain 2 is a bounded open set of R", 1 < n < 3, with regular
boundary (C3class), u = u(z,t), uy € HE(Q), uo € HZ(Q) N H3(Q) and
p:Qx R— R a function specified as follows.

Let a : Q@ — RY, a € L*®(Q) be a function with a(z) > a9 > 0 in a
neighborhood w of part of the boundary of Q, w C Q. The hypotheses on
the dissipative term p(z,u;), p: Q x R — R, are:

i) p(z,s)s >0,s€ R, x e

ii) p and %g continuous in Q x R;

i11) There exist constants K1 > 0, Ko >0 and p € R, —1 < p < 2, such
that:

Ky a(@)|sP™ < |p(e,s)| < Kaa(a)[|sP™ + |s|], Vs € R, Vo €

i) %(w,s)ZO, Vs € R, Vx € Q.

In this paper, we show the uniform stabilization of the total energy for
the system (1.1) with algebraic rates. To prove this result we use some
energy identities associated with localized multipliers in order to construct
special difference inequalities for the associated energy. These ideas come
from Control Theory (see J.-L. Lions [11], V. Komornik [8], A. Haraux
[6] and M. Nakao [13]). The main estimates in this work are obtained
using the unique continuation principle (see Kim [9] and Tucsnak [14]) for
the plate equation and Nakao’s Lemma. This work generalizes a previous
investigation of Tucsnak [14]) who studied the case with linear dissipation.
The proof for this linear case is considerably simpler than the problem
considered in our case.

In this work, we have considered for simplicity that the spatial dimen-
sion is N = 1, 2 or 3, but with slight modifications the results hold for
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N > 3. In this case, the number p in hypothesis (iii) which give the growth
of the function p, is to be such that —1 < p < % for the case N > 2.
Furthermore, we can only impose the condition (iii) on p(z,s) for |s| > 1
and the additional condition

Kza(@) |s/*" < |p(@,9)] < Kya(@) (s +]s])

for |s| <1 with r some real constant such that —1 < r < co. Of course, in
this case, the decay rates will depend in an explicit way on numbers p and
r (see [13], [2]).

One of the first studies of stabilization of evolution models with locally
distributed damping was performed by Zuazua [16], who studied the semi-
linear wave equation with a linear locally distributed damping. Nakao [13]
studied the wave equation with highly nonlinear locally distributed damp-
ing, where the function which localizes the dissipation has growth towards
infinity similar to the case considered in the present paper. Similar prob-
lems were studied by several authors. We mention Martinez [12] and Tébou
[15] for the wave equation and Alabau-Komornik [1], Horn [7] and Guesmia
[5], Bisognin, Bisognin and Charao [2] for systems of elasticity.

2. Existence and Uniqueness

2.1. Local Solutions
Let (wy)reN be abasis of V = HZ(Q)NH3(Q) and V;,, = span({w1, -+, wm}).
The approximate problem is: find u,,(t) = Zgjm(t) wj, defined in
j=1

some interval [0, t,,), which is the solution of the following system, associ-
ated to the problem (1.1):

(e (8) wi) 2(02) + b(um (), wi) + (P(2, Uy (£)), W) p2() = O
uzn(O) = Uom,

Uy, (0) = Ui,

with £k = 1,---,m, where b : V x V — R is a bilinear function given by
b(u,v) = (Au, AU)LQ(Q) and ug,, and u1,, are sequences in Vj, such that
Ugm — U strongly in V' and wuy,, — uy strong in Hol Q).

The system above is equivalent to an initial value problem for a sys-
tem of nonlinear ODE’s of second order for the functions g;m,(t). From
Caratheodory’s Theorem (see [4]), it follows that the approximate problem
has a solution defined in the interval [0,%,,).
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2.2 GGlobal Solutions

Using the hypotheses on the function p(z, s) it is easy to show that there
exists a constant C' > 0, independent of ¢ € [0, ¢,,] and of m € N such that

lumOll2@) < € and | A um(®)]12(0) < C.

Using these estimates and Poincaré inequality, we obtain that u,,(t) can be
extended to an arbitrary interval [0, T and

w,, is bounded in L°(0, T'; L*(Q))
Uy, is bounded in L®(0,T; H3(S)).
Furthermore, standard estimates show that
e (0) 2200y < €

with C' a positive constant independent of m. Therefore, we obtain the
existence of a function u = u(x,t) such that

Uy — u weak * in L®(0,T; H3(Q)) C L*(0,T; H3(Q))
= weak * in L=(0,T; L*(Q)) C L*(0,T; L*(2))
u, —u' weak * in L%(0,T; L*(2)) c L*(0,T; L*(Q))

m

/

U

Using the convergences obtained above, Lions’ Lemma and the Com-
pactness Theorem of Aubin-Lions ( Lions [11]) we can pass to the limit,
with m — oo, in the approximate problem in order to obtain that the limit
u = u(z,t) is a solution of

(u ’ U)LQ(Q) + b(u7 U) + (p(xvu )7 U)LQ(Q) =0
for all v € V in the sense of D'(0,T)..
We also have that

u + ANu+ p(z,u) =0

in the sense of D'(Q) for each t € [0,T7.
Using the regularity of the initial data and the Elliptic Regularity The-
orem we obtain that u is a solution of the equation in (1.1) such that

u € L®(0,00; HZ(Q) N H3(Q)) and us € L¥(0, 00; H} (Q)).

The initial conditions are verified in a standard way. The uniqueness of
solutions is shown using the mean value theorem and the hypothesis that
%(m,s) >0, for all s € R.
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3. Stabilization

We consider
[(xg) ={z €T; (x — z9).n(z) > 0}

where 1 = n(z) is the exterior unit normal vector at x € T' = 9Q and
zo € R" is a fixed vector.
The energy of the system (1.1) is given by

E@y:%AQWF+|Amﬂdm

We observe that F(t) satisfies the following identity:
t+T

(3.1) E@—Eu+ﬂ:/" /m%mmmmutzaT>a
t Q

Thus, due to the hypothesis that p(x,u¢)us > 0 for all ¢ > 0, it follows
that the energy is a function decreasing with time.

Theorem 3.1 (Stabilization). We suppose that the functions a(z) and
p(z, s) satisfy the hypotheses in the introduction. Then, the energy asso-
ciated with the solution uw = u(x,t) of the problem (1.1) has the following
asymptotic behavior in time:

(3.2) E(t) = B(u(z,t)) < CEO)(1+1)7", i=1,2,

where C' is a positive constant. The rates of decay ~y; are given according
to the following cases:

case 1: ’YlZ% if 0<p<2and N>3 0O<p<oo if N=1 or 2)

case 2: 72:2(11—;1) if —1<p<O.

If p =0 the energy E(t) decays exponentially.
To prove the stabilization of the energy E(t), we show that F(t) satisfies
an inequality of the following form:

(3.3) E(t)% < C[E(t) — E(t+T)], t>0

where C' is a positive constant, T' > 0 is fixed and ¢; > 0 is related with ~;,
which are given in Theorem 3.1.

After showing an estimate of this form for the energy, the desired result
(3.2) of the Theorem of Stabilization follows from the next lemma:
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Lemma 3.1 (Nakao [13]). Let ¢(t) be a non negative function in R"
which satisfies:

sup ()"0 < g(0)[ip(t) — p(t +T)]
t<s<t+T

for some T > 0, 0 > 0 fixed and for all t > 0, where g(t) is a continuous
non decreasing function. Then, ¢(t) satisfies

t =
o)< {o 7+ [gtas} " ez
T
If § =0 then ¢(t) decays exponentially, that is
p(t) < Cp0)e ™, t>0
for some A > 0.

We also include the following lemma, which will be used to estimate an
integral involving the dissipative term p(z, u).

Lemma 3.2 (Gagliardo-Niremberg). Let 1 <r < p < oo, 1
and 0 < m. Then, [[v|yrq < C||v][§yms 0]} for v e W™P(Q)
Q C RN, where C is a positive constant and

9:(%—%%—%) (%—l—%—%)_l provided that 0 < 6 < 1.

<p

<gq
nL (),

In order to prove (3.3), we use the energy identities given in the following
lemma:

Lemma 3.3. Let h: R" — R” of class C?, m € W?>(Q), u the solution
of (1.1) and T > 0 fixed. Then, the following identities are valid for all

t > 0:
t+T t+T t+T
/ utuda: / / u? dads —i—/ / | A ul? deds
¢ t+T
/ / z,up)udrds = 0.

/ / 2)| A ul? —m(e )\Utﬂ dxds =

t+T T
(3.5) {/ m(z)uuy dx / /m Jup(x, ut) deds

/ / uAuAm—kZAuVuVm}dwds

(3.4)
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t+T 1 rt+T
+—/ /(divh)|ut\2dmds
t 2 Ji Q

[/Q ut(h.Vu) dx

t+T t+T
/ /pxut (h.Vu) d:cds——/ /d1vh|Au|2datd5

4T
/ (Ah.Vu) Auwdxds

t+T
+2/ /th DDku)Auda:ds+/

j,k=1

1 t+T
(3.6) = —/ /(h.n)| A ul? dlds
2 Jt r

t+T t+T
+ E/ / |ug|? dads
t 2 ) Q

t+T n\ [T
+/ / plz,u)((x — z9).Vu) deds + (2 - —) / / | A ul? dzds
t Q 2) e Q

1 rt+T
(3.7) _ —/ /(:c — o) Auf2d.
2/t T
B

where h¥ indicates the k-th component of the field h, D; = e Ah =
J

(ARY, -  AR™), n = n(x) is the normal at the point x € I' = 9§ and =g is
a point in R", arbitrarily fixed.

[/Q ut(z — x0).Vudz

These identities are proved using the multipliers M (u) = u, M (u) =
m(z)u, M(u) = h-Vu and M(u) = (x — o) - Vu, respectively. Here, x -y
means the usual inner product in R".

4. Energy Estimates

In order to state the next results, we introduce a vector field
h = (hY,h2,.....h"):Q — R" of C? class satisfying

(4.1) h
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where @ is an open set of R" such that I'(zp) C & NQ C w (regarding the
existence of such a field h, see Haraux [6] and Lions [10]).

We observe that in all the estimates that follow, the letter C' may indi-
cate different positive constants.

The first estimate is given by the following lemma:

Lemma 4.1. Let T be a fixed positive number. Then, there exist v > 0
and [ > 0 such that the solution u(x,t) of (1.1) satisfies the following

inequality:
t+T
| Bls)ds < C|B(t+T)+ Et)]+

t+T
+/ / ple,ur)|[[ul + B3 |Vul| dxds
B it
+—/ / (z — xg).n| A ul? dlds
2 Ji INET))

where M = sup |z — z¢| and E = E(t) is the energy of the solution u(x,t).
Q

Proof. Let 5 be a fixed positive number satisfying n_26 —1 > 0. Multi-
plying (3.7) by 8 and then adding (3.7) and (3.4) hand by hand we obtain

/HT/ K— - 1) Jug® + (1 + 2n)|Au]2] dwds

t+T 5 t+T
/ /w—:po -n|Aul?dTds

t

T
— / / (x — o) - Vu) + ulp(x, ut)dxds.
t Q

n> (% — 1)}, it follows

_ / [(z — z0) - Vau + u]ueda
Q

Therefore, choosing v = min{Q(l

that
t+T t+T
vy E(s)ds < —| [ uiu+ B(x — zo).Vu] dx
[
- /Qp(x ut)[u + B(x — x0).Vu] dzds

ﬁ T
/ /x—a:g 1| A ul? dlds

+T t+T
< [ full + Ble — zol vl az]  +

|p(, ue) [[[ul + Bl — iL‘oHVUH dxds

t

B t+T
+—/ (z — x0).n| A ul? dlds
2 Ji T(z0)
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since (x — xg).n < 0 in I'\I'(xo).
From the estimate above, the fact that v € HZ()) and Poincaré in-
equality
[ullz2) < ClIVullr2(9) < Cll A ull 2

valid for all £ > 0, it follows that

t+T
v [T E(s)ds < C ||Jug 2oyl 2 ullr2 (0 t

(42) +Jg” Joy Iz, u)|[Jul + BM|Vul] dzds
"‘5 fttJrT fl—‘(mo)(w —x0).n| & u\Q dI'ds.

Here, we observe that

t+T

lallzzol| A w2 |

< %/ﬂ<|ut(t+T)|2+|Au(t+T)|2) daz+%/ﬂ(|ut(t)|2+|ﬁu(t)|2) do
= E(t+T)+ E(t)

follows from (4.2) the proof of the Lemma 4.1.

Lemma 4.2. Let T be a fixed positive number and u the solution of (1.1).
Then,

1 4T t+T | 4T
—/ / |Au|?dlds < {/ ug(h.Vu) dr +—/ /(divh)|ut|2d:nds
2 Jt INET Q ¢ 2 Jt Q

t+T 1 rt+T
+/ / p(x,ut)(h.-Vu) drds — —/ / (divh)| A ul? deds
t Q 2 Ji Q

t+T n
+2 / / > (D;jh*)(D;Dyu) A wdads
t Q .
73,k=1

t+T
+/ /(Ah.Vu) A wdxds,
t Q

where h is the field given in (4.1), h* is the k-th component of h and

0
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Proof : The properties (4.1) of the vector field A and the identity (3.6)
imply that

1 rt+T 1 T
—/ / | A u?dlds = —/ / (h.n)| A u|?dlds
2 /i I'(z0) 2 Ji INEN)

1 t+T t+T
<= / / (hap)| A wf?dTds = / we(h. V) dz
2 J r Q t
1 4T t+T
+—/ /(divh)|ut|2dxds+/ /p(:n,ut)(h.Vu) dxds
2 Ji 0 ¢ Q

1 rt+T t+T n
——/ /(divh)| A ul? dzds + 2/ / Z (D;h*)(D; Dyu) A udzds
2 Ji Q t Q=

t+T
+/ /(Ah.Vu) A udxds.
¢ Q

Thus, the Lemma 4.2 is proved.

We need estimate each term from the inequality which appears in
Lemma 4.2.

Lemma 4.3. Let T be a fixed positive number, h : R — R"™ a vector field
of class C? with the properties (4.1) and u the solution of (1.1). Then,

t+T
(4.3)

/Qut(h.Vu) dx

<C(B(t+T)+E()

t+T
< C’/ ﬁ |ug|? dxds
t QN

t+T
< C/ / |p(z,ur)||Vu| deds
t Q

t

(4.4) '%/tHT/Q(divhﬂuﬂ?d:rds

/tt+T/Qp(a:,ut)(h.Vu) dxds

t+T t+T
(4.6) / / (Ah.Vu) Audrds| < C’/ /_ | Al dads
t Q ¢ QN
T n
'2/ / Z (D;h*)(D;Dyu) A udads
t 42

t+T
(4.7) < C’/ /_ | A ul? dzds

t QN

1 t+1T t+T
(4.8) ’——/ /(divh)|Au|2dacds < c/ / | Al deds
2 Jt Q t Qe

where & is mentioned in the properties (4.1) on the field h.
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Proof :
Using the fact that the vector field h is C? and the Poincaré inequality

we have:
t+T
< o[ [ it

t+T
< C(B(t+T1)+E(1)),

+T t+T

< C[lluth(Q)Hvulle(m t

/ut(h Vu) da:
Q

< [l 2wl

Then, (4.3) is proved. )
To prove the other estimates we use the fact that h = 0 in Q\w and h

is C? in Q. So,
1 rt+T
‘—/ /(divh)|ut|2d$ds
2 Ji Q

1 t+T t+T
< —/ / (divh|ug|? duds < 0/ / 4y 20 dazdls.
2 )i Qnw t Qnw

Thus (4.4) is proved, too.
Now, we note that

t+T

p(x,uz)(h.Vu) dzds

t+T t+T
g/ / \p(, up) ||| V| dads gc/ / \p(, ue)||[Vu| dads.
t Q t Q

Therefore, (4.5) holds.
To prove (4.6) we use Poincaré inequality. In fact

t+T

t+T
) AN wdxds §/ ﬁ | A B||Vul|| A ul dzds
t QN

+T t+T 1
< C’/ ﬁ |Vul|| A u| deds < C’/ </ ]Vu\2d:n)
t QN t QN
%
(/_ | A ul? da:) ds
QN
t+T 1 1
SC/ (/_ ]Au|2dx) (/_ ]Au|2dx) ds
t o o
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t+T
= C/ /_ | A ul? dxds,
t QNw

where the last inequality is due to Poincaré inequality applied in Vu, since
Vu vanishes in a part of the boundary of 2 N & because I'(wg) C QN Q.
Then, the estimate (4.6) is valid.
Here, we estimate

t+T
'2/ / Z (D;h*)(D;Dyu) A udads
t

7,k=1

t+T
<2/ / g |D;h*||D; Dyul| A u| dxds
QN
7,k=1

t+T
<C/ / Z |D;jDyul| A u| dxds

ﬂwkl

1 1
< / {(/ Z ID; Dku|2dx) (/ |Au|2dx)2] ds
one 4= ane
t+T 1 i
SC’/ </ |Au|2d:r> </ |Au|2d:r) ds
t QN QN

T
= C/ /_ | A uf? dxds
t QN

due to Poincar’e’s inequality for 2 N & because Vu = 0 in a part of the
boundary of QN ®, that is, on T'N (QN&). Thus, (4.7) is valid, too.

The proof of (4.8) follows from the fact that h = 0 outside 2 N & and
divh is bounded in .

Lemma 4.4. Let T be a fixed positive number and u the solution of (1.1).
Then,

t+T
—/ / |Au|2dFds<C’[E(t)+E(t+T)
T'(zo)

t+T
/ / \utIdeds—i—/ / | A u|? dzds
QN QN
t+T
o

/Q| (, ut)||Vu|dxds}
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Proof : It follows substituting the estimates (4.3) - (4.8) from Lemma 4.3
in the estimate given in the Lemma 4.2.

Lemma 4.5. Let T be a fixed positive number and u the solution of (1.1)
it is valid that

t+T
/ / | A ul? deds < C{E(t)—i—E(t—kT)
t QNw

t+T t+T t+T
—i—/ / |p(z, ug)||ul d:z:ds+/ /|Vu|2dxds+/ /]u|2da:ds},
t Q t w t w

where w is mentioned in the introduction and related is with the function
a(x) which localizes the dissipation.

Proof : We bound each term that appears in the identity (3.5) of Lemma
V2 [ AmP
an

3.3 with m = m(x) € W?>(Q) a function such that

are bounded functions and

m m

0 <m < 1inQ2
(4.9) m = lin®
m = 0inQ\w

where @ C Q is an open set in Q with I'(zg) C @ C w C €. For the existence
of a such function m(x) see Lions [10], Haraux [6] and Tucsnak [14].
Using the fact that m(x) is bounded, we obtain that

t+T

(4.10) ' {/Q m(z)uug dz

ANE C’[E(t) +E(+ T)}

due to Poincaré inequality, since u € HZ(S2).
Furthermore,

(4.11)

t+T t+T
/ /m(w)up(x,ut)dxds S/ /]qu(:L‘,ut)]dxds
t Q t Q

since 0 < m(x) <1 on .

Finally, using that m = 0 outside of w and the fact that and
| & m|?

m

[Vm/?
m

are bounded, we obtain that there exists a positive constant C



218  Ademir F. Pazoto, Lucicléia Coelho and Ruy Coimbra Chardo

such that

{u AulAm+2A u(Vu.Vm)} dxds

t+T

!
t4+T 1

(4.12) g/ C’/ ]u\de—i—Z/m(:L‘)]Au]de ds
t w w

1

—i—C’/tHT </w |Vu|? d:p)g </w m(x)| A u]2d$>% ds.

Substituting the estimates (4.10)-(4.12) in (3.5), we obtain:
T
/ / m(x)| A uf? deds
t Q
T t+T
<cC E(t)+E(t+T)+/ / ]qu(x,ut)\dxds—i—/ /\u|2dxds
t Q t w
1 rt+T
+—/ / m(z)| A u|? drds
4 /i Q

—i—C’/tHT(/qu]?da:) (/wm(x)]AuFda:)%ds.

Therefore
t+T
/ / m(z)| A u|2 dxds
t Q
4T
<ClE@®)+Et+T) +/ /Q lul|p(, ug)| duds
t

t+T t+T 1 4T
+/ /|u]2dazds +C/ /|Vu|2dxds+§/ /m(x)]Au|2dxds
t w t w t w

that is,

o)

N=

t+T
/t /Qm(w)|Au|2dxdsSC{E(t)+E(t+T)

) t+T t+T
+/ / lul|p(z, ur)| dzds +/ /<|u|2 + |Vu|2) dxds ;.
t Q t w

Using in (4.14) the fact that 0 < m(z) < 1 on Q and that m(z) =1 in
@& C Q (see (4.9)) the conclusion of the Lemma 4.5 follows.

(4.13
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Lemma 4.6. Let T > 0 and u the solution of (1.1). Then,

1 [T
_/ / | Aul?dlds < CJ E(t) + E(t +T)+
2 )t T'(z0)

t+T t+T
+/ /[|ut|2+|Vu|2+|u|2} da:ds—i—/ /Q|p(x,ut)|{|u|+|Vu|] duds
t w t

with C' some positive constant.

Proof :
Combining the estimates from Lemmas 4.4 and 4.5 it follows that

1 rt+T t+T
—/ / | Auf?dlds < C E(t)+E(t+T)+/ / g |2 deds
2 Jt INET) t onw

t+T
+/ /Q lp(z,ur)||Vu| dzds
t

+C{E(t)+E(t+T)+[+T/Q|p(x,ut)|yu| dads

t+T t+T
—i—/ /\Vu]deds—i-/ /]u\zdxds .
t w t w

Thus,

1 rt+T t+1T
_/ / | Aul?dlds < CLE(t) + E(t +T) +/ /!utIdeds
2 Jt I'(z0) t w

4T +T
/ / |p(x ut)|(\Vu| + |u!) dxds —|—/ / \Vul|? dzds
t+T
+/ /\u|2dmds
t w

t+T
— C{E(t) +E(t+T) +/ / (yut|2 + |Vul? + |u|2> dzds
t w
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+/tt+T/Q |p(:c,ut)|(|Vu| + |u|) d:z:ds}

due to QN& C w (see (4.1)).
Therefore, the Lemma 4.6 is proved.

Now, we need the following lemma.

Lemma 4.7. Let u be the solution of (1.1). Then, there exists T' > 0 such
that

E(t) < C{E(t) —E(t+T)+/tt+T/Q|p(x,ut)|(|Vu| + [u]) dads

t+T
+/ /(|ut|2 IVl + |u|2> duds
t w

for some positive constant C' and for all t > 0.

Notice that in this lemma, an energy difference appears.

Proof : From the estimate in Lemma 4.1, there exists v > 0 such that

v t+TE(s) ds < C{E(t)—i—E(tvLT)—i-/ttJrT/Q\p(a:,ut)|(\Vu|+]u|> dxds

t
t+T
+/ / | A uf?dTds
t F(l’o)

where C' > 0 is constant.
Using the estimate given in Lemma 4.6 it follows that

v [T B(s) ds < C{E(t) + B+ 1)+ [ fo lp@, )| (IVu] + |u]) deds

+ T <|ut|2 b [Vl + |u|2) dmds}
(4.14)
with T > 0 arbitrarily fixed, C' a positive constant and for ¢ > 0.
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20 t+T
Now, we fix T > — + 1. The fact that TE(t + T) < E(s)ds,
t

~
because F(t) is decrease, and the above estimate (??) implies that

C

E@)§(1+;)[E@y—E@+JU}+% [HTAJMLuQKWMLHudek

t+T
+/ ./QWP+WMWHmﬂdms.
t w

So, the lemma 4.7 is proved.

It is necessary to estimate the following integral:

t+T
I= / / ]p(x,ut)|(]Vu| + |u|) dxds
t Q

with T' > 0 fixed by Lemma 4.7.
Lemma 4.8. Let T' > 0 be given by Lemma 4.7 and u = u(z,t) be the
solution of (1.1). If 0 < p < 2, then
1 pt1
[<C|E®) - E(t+T)|"?\/E(t) + C|E(t) - B(t+T)| " \/E®).
If —1 < p < 0 entao,

pt1 2

[<CE@) - B(t+T)|"7\JE(t) + C[B(t) - B(t+ 1) "7 \/E®).

Proof :
We set I = I1 + I with

t+T
L = / / \p(:p,ut)](wu] + \u!) dxds
t (91

and

t+T
b= [ [ lptw )l (1Vul +ul) duds
t Qo

where 1 = Q1 (t) = {z € Q; Jw(z,t)] <1} and QO = Q\ Q.
We need estimate the integrals I; and I3 in according the two following
cases for de number p related with the growth of the dissipative function

p(@, s).
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Case 1: 0<p<2if N=3or0<p<ooif N=1or N =2.
Then, because p > 0 we obtain (using the fact that E(¢) is a nonin-
creasing function of ¢ and the hypothesis (iii) on function p(z,s)): I <

JT o, Kaa(@) [[usl ™ + fws]| [ |Vu] + Jul] deds
< 2K, t”’fgl a(@) ue| (|Vu] + [u]) deds

<2655l [T fo \/_a(:n)|ut|(|Vu| + [u]) dads

1
2 /1
< (S fo af |ut|2da:ds) (377 Jo, [ IVul? + [uPldads)”

1
2 2
<C ftt+T le CL(ZL‘)|’LLt|2 dxds (fttJrT E(S) ds)

2

<C( [T fo, a(@)|wf? duds | VT/E(D)

N|=

=C ftHT Jo, a(z)|u|? dzds E(t)

In the above estimate we have used that [Vulr2) and ||lul[z2q) is
dominated by || A ul|z2(q) due to Poincaré inequality and the fact that
u € H3(Q).

1 1
2t = 1, Holder’s inequality implies that
2 D

Since

2(p+2)

L< C( /t - /Q 1 <a(x)]ut|2>p2 dmds) ” ( / o / da:ds) JE®)
< c( / HT / () g [P+ d:cds) " E(t)

with C a positive constant which depends on ||a||~, 7" and €2, the measure
of Q.

In this point we use the hypotheses (i) and (iii) on the function p(z, s)
to obtain

1

L gc( /t o [ p(x,ut)utdzds)p% B(t) = O[B()-E(+T)| 7 [B(®)

due to the energy identity (3.1).
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Now we estimate I. Since |u¢] > 1 in g, from hypothesis (iii) on
p(z,s) we get

I < /HT/ Koa(a) Ju?* 4 [ue]] [[Vu] + [uf] drds

t+T
<2K2/ / (&) e[|Vl + ful| deds

t+T pt2 p_Jré
< 2K, (/ / )P |y P2 d:cds)
Qo

4T 1
(/ /qu\+\u\ dwds)

becauseh—i—m—l e p+1, > 1 for p > 0.
Thus,
P_Jré _1_
¥ ¥
I < c( BT [ () P2 d:nds)p ( T o[Vl + ] dxds)p
P¥L 1

< C(fHT T, a(@)|uP 2 dxds) " ( AT [ Vupt? dxds)
(4.15)
due to Poincaré inequality in VVO1 P +2(Q). The constant C' > 0 depends on
||la]|so and the Poincaré constant for 2.

Using Gaghardo—N1remberg Lemma and Poincaré inequality we obtain
1-6
||quLp+2(Q) <C ||VUHH1 Q) ”VUH )y S CHUHH2 Q)NHL(Q) ”VUH L2(9)

< C || Aullf o) IVl [y < C’HAuHLz < CE(t)? with 0 =

(p+2)
Of course, because the solution u, for each ¢, is in HZ(2) then u €
Wy PT2(Q),0<p<2(f N=30r0<p<oofor N=1,2).
From the last estimate, we have
( BT VPt dxds> e < C( [T B(s)5 ds> "
< CT7 2 E(t)3

(4.16)

because F(t) is decreasing.
Substituting (4.16) in (4.15) we obtain that

t+T 2+l
I < c( / / () a2 da:ds) O
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Using the hypotheses (i) and (iii) on the function p(z, s) it follows that

t+T e .
I, < C(/ / px, ug)uy dxds) E(t)2

pt1

_ c[ () - Bt +1)| "7 B}

where the last equality is due to energy identity (3.1).

Combining the estimates for I; and Is the conclusion of Lemma 4.8
follows, for this first case.

Case 2:—1 <p< 0.

We write again I = I 4+ I3. Then, using the hypotheses (2) and (iii) on
p(x,s), Holder inequality and Poincaré inequality in W) Lo+ (©), we have

from the fact that 0 < p+1<1: I} = t+T Jo, lp(z, u)| (|Vu| + |u|) dxds
< Ko fHT Ja, a( (|Ut|erl + |Ut|) (|u| + |Vu|) dzds
< 2K ft+T Jo, a( a(z)|u [P (|U| + |Vu|) dxds
&1 L
( s Ja, alz)|ug [P da:ds) ( t+Tf |Vu|Pt2 datds)
+

1
< C’( s Ja, lp(,ut)| |u d:xds) ( s Jo [Vul? dmds)

1
2\ 72
(( T dxds) ’ >
ztl 1 L
< C’( L o ug)ug dwds) ( T [ Vul? dmds) (T|Q]) SRS

Thus, using again Poincaré inequality, we conclude that
ptl

P2
I < C’[fHT Jo p(z, wp)uy dwds] VE(t). The final constant C, in the

above estimate, depends on Poincaré constant for ), measure of 2, T,
|la||oo and p.

Now,we estimate Is. To do this, we use the Holder and Poincaré in-
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equalities. Then, because 0 < p+ 1 < 1 we have

t+T
L= / / Ip(a un)| (V] + [u]) deds
t Qo
t+T
< K2/ / a(:l:)(|ut|p+1 + |ut|) (|u| + |Vu|) dxds
t Qo

<2K2/t+T/ a(z )]ut|(]u\+\Vu|)dxds

(/t+T /Qz \ut|2da:ds) (/;JFT/Q |Vu\2dmds)%
( / t+T / )2 d:cds) B(t)
_c</t ot arut\“)i E(t)

where « is a positive constant to be chosen.
Then, Holder inequality implies that

| /\

T NN
L<C </ / < )] a> dxds)
Qo
4— p 4
[( s Ja, (]ut|a) dmds) ] V E(t)because pp+4Tp =1 and
- 4
4_pp 4—p>1smce—1<p<0
—6
We chose a = 4_p > 0. Then, the condition —1 < p < 0, implies that
-Dp

I < C(/t+T /Qz ,ut|2+deds) </ o /Qz g |© da:ds) == E(t)
<c(/t T/ 2)|ug y2+pda;ds) ~JE®)

due to u; € L>®(0,00; H}(Q2)) and the Sobolev imbedding which says that
ur € L*®((0,00, L5(Q)) for 1 <n < 3 (2 is bounded).
Thus, using the hypothesis (iii)on p(z, s), we obtain

4—p

I, < C(ft+T Ja, p(z,ut)u dmds) E(t).

Finally, combining the estimates (4) and (4) for I; and I, respectively,
and the energy identity (3.1) we conclude the proof of Lemma 4.8.
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5. Main Estimates

By combining the results from Lemma 4.8 with the estimate from Lemma
4.7 and using the Young’s inequality we obtain:

Proposition 5.1. Let u be the solution of (1.1) and T" > 0 fixed and
given by Lemma 4.7. Then, the energy of the solution u satisfies for t > 0:

B() < C’{Di(t)2+/tt+T/w[|ut]2+ uf? + |w2} da:ds}

for i = 1,2, where C is a positive constant which is independent of v and
2(p+1)

Dy(t)* = E(t) - B(t+T) + [B(t) - E(t+7T)| i [B(#t) - E(t+T)| 7

for the case 0 <p <2 (if N=3 and 0<p<oo if N=1,2)

2(p+1) 4

Da(t)? = E(t) ~ E(t+T) + [E(t) - E(+1)] "7 +[E() - E¢+1)| ™7
for the case —1 < p < 0.

At this point, using the estimate from proposition 5.1, we show the
following result.

Proposition 5.2. Let R > 0 fixed and u the solution of (1.1) with initial
data ug and uy such that E(0) < R. Let T > 0 be given by Lemma 4.7.
Then, there exists C > 0 such that

t+T B t+T
/ / [[uf? + [Vuf?] deds < C{Di(t)z +/ / ]ut|2dxds}
t Q t w

with ¢ = 1 or 2 according to the cases 0 < p < 2 and —1 < p < 0,
respectively. The constant C' depends on R.

Proof : We prove this proposition by contradiction. We follow Zuazua [16]
and Nakao [13] to combine appropriate estimates and the unique continu-
ation property (see Kim [9] and Tucsnak [14]) for the plate equation.

We observe that, in our case, the proof of proposition 5.2 is a little more

delicate because the integral [ | |u|?+|Vul? | dz is estimated instead of the
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integral [ |u|?dz, which appear in the references mentioned above. This
difficulty appears since here we deal with a equation with a term involving
A2y instead of Au as in previous works already cited.

We suppose that the estimate in Proposition (5.2) is false. Then, there
exist a sequence of solutions {u,},cN associated to initial data ug and uf
and a sequence of points {t,},cn such that

. 1m - 00

Now, we denote

tntT
(5.2) 22 = / / [ |un|? + \Vun\Q] dxds
tn Q
and
1 tn+T
(5.3) Li(tn)? = 55 [Di(tn)Q [ |(un)t|2dxds].
n tn w
Thus, from (5.1) we have
(5.4) I(ty)* — 0, as n — oo.

un(l‘,t + tn)
An

1 tn+T
that 1 = /\—2/t /Q{ |un(z, 8)|% + |Vun(:n,s)|2} dxds
1 T n n , ,
_A_%/o /Q[\un(a:,t—i-tnﬂ + |Vug(z,t + t,)] ]dwdt

T

:/ /[!vn(w,t)!2+lvvn(x,t)ﬂ dzdt.
0 Jo
That is,

We set vy, (x,t) = , 0 <t <T. Then, from (5.2) we obtain

(5.5) /OT/Q[ o, + [Vou (2, 0[] dadt = 1,

for all n € N.
From the estimate given by Proposition (5.1) and (5.5) it follows that
wn (E+tn 1 1
E(va(t)) = E(GH) = 5 B(un(t + 1)) < 55 E(un(ta)
C

< A—%{DZ-(%)2 + ST e deds + [T o [ fun|? + Va2 dxds}
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= CI,( f‘tvz+T fg[ |t (, 8)|2 + [V (z, 8)|2} dxds

= Cln(ta)? + Cfo Jo [a(@, D)2 + |Von(z,)?| dzdt = C| Lo(ta)? +1].
But, I,,(t,)? is a bounded sequence due to (5.4). Thus, we have that

E(v,(t)) <C

for all 0 <t < T and for all n € N, where C > 0 is independent of ¢ and n.
Therefore,

(5.6) [0n)i@)ll2) <C e[| Ava(t)]r2@) <C

for all 0 <t < T and for all n € N.
In this point, we use Poincaré inequality and estimate (5.6) to obtain
that

o (®) 220 /!vn 2,1)|? dw—/ — (£ + 1)

n

=G /Q )\_2’vun(x,t +tn)|? dx = C’l/Q Vo (z,t)|? de

<Cy g A vp(z,t)|>de < Cfor0 <t < T and n € N.
That is, there exists a constant C > 0 such that

(5.7) /Q (o (2, D)2 de < C

for 0 <¢t<T and n € N.
Now, from (5.6) and (5.7) we conclude that the sequence (vy,) is such
that

(5.8) (n)nen is bounded in W1°°(0,T; L2(92)) N L™®(0,T; HZ(Q))

Now, we claim that

(5.9) lim )\ip(:n Un, (t+1tn)) =0 em L'([0,T] x Q).

n—oo

where we have used the notation that u,, = (up):.
In order to prove (5.9) we observe that

T t+T
/ / lp(x, wn, (z,t 4+ t,))| deds = / / lp(x, up, )| dzds
0 JQ t Q

t+T 1
< / /Q Koa(@)] [tn, [ + |ty | ] dds+
t 1
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t+T
|| a7+ fun | dads
t Qo

due to hypothesis (iii) on the function p(z,s) , where € and Q9 were
defined in the proof of Lemma 4.8.

We need estimate the last two integrals in according each case for the
number p.

Case 1: 0<p<2 ifN=3or0<p<owif N=1or N =2
Proceeding as in Lemma 4.8 we obtain that any solution u of (1.1)
satisfies

p+2

/tHT/Q 1o, )| dads < c{ | BO-B(t+T)] = | Blt)-E(+T) _}

In the above estimate we used the fact that a(z) € L*°(Q2) and the
energy identity (3.1).
Using the definition of D;(t) given in the Proposition 5.1 we obtain that

/t:ﬁT/g lp(z, up, )| dzds < C{ D1(tn) + Dl(tn)}

for N > 1. If N =1 the estimate is the same that for N = 2.
Thus, using the definition of I,,(t,) given in (5.3), we conclude that

1 tn+T 1
(5.10) — / / (s un, )| dads < C’[—Dl(tn)] < C Lo(ty).
)\n tn Q )\n

for N > 1. If N =1 the estimate is the same that for N = 2.
Hence, combining (5.4) and (5.10) we obtain that

1 tn+T
o /Q]p(x,unt)]dwds — 0
n n
as n — 00.
That is,
1 T
)\—/0 /Q lo(z, up, (z,t + t,))| deds — 0
n
asn — 00.

Therefore, for this case, (5.9) holds.

Case 2: —1<p<0.
In this case, we work in a similar way like in the proof of Lemma 4.8.
But, here is more easy because we have only p(z, ;) in the term under the
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integral sign, instead of p(z,us)[|u| + |Vul] like in the estimates for I; and
I5 in the proof of Lemma 4.8. Then, using the definition of Ds(t) given in
the Proposition 5.1, we have that

p+1

t+T "
/t /Q lp(x,up)| deds < C{[E(t) _ E(t#—T)} =

[B() - B+ 1)]} < C[ Dat) + Dg(t)z]

for each solution w of (1.1).
Therefore, using again the definition of I,,(t) it follows that

1 tn+T
= / /Q (2, tn, )| dizds

£
An

In this point we observe that the sequence (\,) is bounded. In fact,
Poincaré inequality implies that

2
An = ( tt:+T ”un(S)H%%Q) =+ ||vun(5)||%2(g) dS)

< C[ %Dg(tn) T Dg(tn)ﬂ < C[In(tn) + )\nIn(tn)}.

2

=

e e R (d ETC Y
< CE(u,(0)) < CR,

because the initial data for all solutions we are considering belong to the
ball B(0, R) for some R > 0 fixed, that is, £(0) < R.

Then, the property (5.4) for I,(¢,) implies that the claimed property
(5.9) is valid for this case, too.

Now, finely, we can pass the limit of (v,(t)),en. We note that from
(5.8) and Aubin-Lions Theorem we conclude that there exist a function
v(t) and a subsequence vy, of v,, such that

v (t) = v(t) weak star in WH(0,T; L3(Q)) N L*°(0, T; H3(Q))
and
(5.11) vn(t) — v(t) strong in H((0,T) x Q).
Thus, the function v(¢) satisfies:
i) v.e Whee(0,T; L*(2)) N L(0, T; H3(2)) ;
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i) v + A% —b([fg |[Vu2dz) Au=0em (0,7) x Q@ (due to (5.9)) ;

T
iii) / /|vt|2dxds:() (due to (5.3), (5.4) and (5.11);
0 w
T
iv) /0 [||v||%2(9) + ||VU||%2(Q)} ds=1 (due to (5.5) and (5.11).

From items (ii), (iii) and the Unique Continuation Property (see Kim
[9]) it follows that v =0 in (0,7 x Q.

This fact contradicts the above item (iv). Then, the Proposition 5.2 is
valid.

6. Proof of the Theorem of Stabilization

From the propositions above, it follows that

E(t) < C{Di(t)QJr/HT/ \ut]2dxds}

forallt >0withi=1if0<p<2andi=2if —1 < p < 0. The constant
C is independent of the solution w and of ¢, but it depends of the radius of
the ball where the initial data is located.

Using the hypothesis that a(x) > ap > 0 on w, we obtain that

t+T 1 t+T
/ /|ut|2d$ds < —/ /a(x)|ut|2d:rd5.
t w ap Jt w

Now, using the same technique used to prove Lemma 4.8(ver [2]), we prove
that ftHT [, |lut|’dzds is also bounded by the same kind of differences of
energy.

Thus, we obtain that the energy E(t) satisfies

E(t) < C{ [E(t) = B(t+T))+ [B() — E(t+ 1)) 7% +[E(t) - B+T)] 7 }

if 0 <p<2and

2(p+

B(9) < O{[B(®) ~ B+ T))+ [B(©) - B+ T)) 7 +[B() B+ T))7 |

if —1 <p<O.
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Then,

==

sup E(s)
t<s<t+T

<CIEQ®) - E{t+T)]

where

p+27 p+2
N>2(0<p<oo if N=1or2)

K—mn{w 4}—Mif_1<p<o

K= mm{i 204+ I%ifo <p<2 and

p+2 7 4—p p+2

Therefore, we obtained that E(t) satisfies an inequality similar to (3.3).
Then, Nakao’s Lemma implies the conclusion of the Theorem of Stabi-

lization.
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