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Abstract

Let k be a finite field of odd characteristic, and let G be the group
of all invertible 2 × 2 matrices over k. We construct the irreducible
complex linear representations of the group G.The constructions lean
on the method of induction from subgroups and on the theory of char-
acters. To accomplish this goal, the basic facts from the theory of
representations and characters of finite groups are presented. Fur-
thermore, we describe the structure of G that we need, and the theory
of representations of some subgroups of G that we use. As a final
result, we obtain the theory of the irreducible representations of G,by
describing either the irreducible representations of , or the irreducible
characters of the group G.
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1. Preliminaries.

The Theory of Group Representations is important for several reasons. Be-
sides its intrinsic interest and the knowledge of the structure of the groups
that provides, it has numerous applications to other branches of mathemat-
ics (Geometry, Probabilities, Theory of Numbers, ...). Also it is important
in different problems in Physics, Chemistry, Neurophysiology (See, for ex-
ample [SA1]).

To study this theory, one can consider first its ”basic” constituents,
namely the irreducible representations and from there consider the more
”complex” representations (Another approach it is to study ”big” natural
representations and decompose them into its elementary parts, which is call
the method of the harmonic analysis). The first point of view requires the
knowledge of all irreducible representations. This is far from trivial and it
is an open question for many groups.

Among the most interesting groups are the General Linear Groups de-
fined over a field F . In particular, it is of interest the case when F is a
finite field, a p-adic field or a real field. The theory over these three types
of fields has shown that many times the results and method used in one
case can be transpose to the other cases.

We are going to deal with the group G = GL2(k) k a finite field, of
odd characteristic. Specifically, we will classify the irreducible complex lin-
ear representation of the group G or its irreducible characters. These are
defined once has the representation, but on the other hand, they can be
constructed independently from the representation and are enough to give a
complete classification of the theory. To perform this task, we will consider
first the basic facts about the theory of representation of finite groups, that
we will need. Secondly, we will describe the structure of G, then, represen-
tations or characters of certain subgroups will be constructed. Finally we
will determine the irreducible representations or irreducible characters of
G.

The irreducible representations are classify in series of representations.
In this case, the Principal and the Discrete series. The Principal Series
consists of the representations that can be obtained by the process of in-
duction from the subgroup of the upper triangular matrices. The rest of the
irreducible representations define the Discrete Series. The Principal Series
is suitable to geometric constructions, i.e., the space of the representation
is of form CX , where GL2(k) acts on the set X.The treatment given in this
note is more or less the standard one, although it will be more direct than
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others presentations, (see for example [PS], [G], [T]).
The Discrete Series is not suitable to simple geometric constructions.

In this case ”meta-geometric” methods can be employed (like the one that
use Weil Representations to obtain the series (see for example [SA2]). On
the other hand, we can describe the character of the series to describe these
series of representations. This will be the approach in this monograph.

1.1. Linear Representations of Finite Groups.

In what follows, and unless explicitly stated, G will denote a finite group
and C the field of complex numbers. If V is a C−vector space, then
AutC(V ) denotes the group of all linear automorphisms of V . As usual,
C[G] is the group algebra ofG, i.e. the algebra of formal finite sums

P
g∈G

agg,

where ag ∈ C

Definition 1. A complex linear representation of G, is a pair (V, ρ) where
V is a complex vector space and ρ is a group homomorphism from G to
AutC(V ).We will write sometimes simply ρ or even V for the representation
(V, ρ) .

The space V is the space of the representation, and the dimension of
the space V , dimC(V ), is the degree or dimension of the representation.

Definition 2. Let G be a group and CG be the C−vector space of all
functions from G to C. Let us consider the canonical basis C = {δg |
g ∈ G} where δg is the characteristic function, that δg has the value 1
in g and 0 elsewhere. We define for each g ∈ G, ρg : C

G −→ CG by
ρg(δg0) = δgg0 (g0 ∈ G) . This defines a representation of G which is called
the left regular representation of G. We note that the degree of ρ is the
order of G.

More generally, let us assume that G acts on a finite set X by x −→ g ·x.
Consider the C−vector space CX with the standard basis given by the
characteristic functions {δx | x ∈ X} If g ∈ G, we define the linear trans-
formation ρg : C

X −→ CX by ρg(δx) = δg·x. The representation defined
above is called natural representation of G associated to the geometric space
(X,G). The degree of ρ is |X| .

Remark 3. We should note that a representation (V, ρ) of G is just a
linear action of G on the vector space V , v 7−→ g · v = ρg (v).

Then V becomes a C [G]-module using the above action.
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Remark 4. We leave to the reader verify that the set CG = {f : G −→
C} is a C-algebra with the usual structure of a C-vector space and the
convolution product of functions, f∗g given by (f∗g)(x) = P

y∈G
f(y)g(y−1x).

In addition, the C-algebras C[G] and CG are isomorphic.

Definition 5. Let (V, ρ) and (W,σ) be two representations of G. Then a
linear transformation φ : V −→W is an homomorphism of representations
(a G-homomorphism between V and W , or an intertwining between V and
W ) if for any g in G we have that σg◦φ = φ◦ρg. As usual, a monomorphism
(respectively epimorphism or isomorphism) of representations is an injec-
tive homomorphism (respectively epijective or bijective) of representations.
When a representation (V, ρ) is isomorphic to a representation (W,σ) we
will write (V, ρ) ∼= (W,σ) or simply ρ ∼= σ The space of all intertwinings
between V and W will be denoted by HomG(V,W ).

Remark 6. A representation of dimension one of G is simply an homo-
morphism σ of G on the multiplicative group, C×, of C. In these notes,
this representation will be named linear character of G. In particular, the
trivial character 1 is just the constant function 1.

Proposition 7. (One dimensional representations of G) Let ψ : G −→
C× be an homomorphism. Then there exist an homomorphism ψ : G/G0 −→
C× where G0 is the derived subgroup of G, such that ψ ◦π = ψ, π the nat-
ural epimorphism from G onto G/G0. Conversely, any homomorphism from
G/G0 to C× produces an homomorphism from G to C× by composition
with π.

Proof. Follows from the standard properties of the derived subgroups,
applying the Fundamental Theorem of the Homomorphism of groups. 2

Example 8. 1. Let Gbe a cyclic group generated by g0, then ρ : G −→
C× defined by ρ(gs0) = exp(s) gives a one dimensional representa-
tion of G. In particular, one obtains q − 1 linear characters of the
multiplicative group k× of k the finite field of q elements.

2. We observe that the derived subgroup of the General Linear Group
GL2(k), is the Special Linear Group, SL2(k), consisting of all ma-
trices of determinant 1. Since GL2(k)/SL2(k) is isomorphic to k×,
the characters of this last group parametrize the one dimensional rep-
resentations of GL2(k): given a one dimensional representation ρ of
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GL2(k) there is a unique linear character α of k
× such that ρ = α◦det,

i.e., the following diagram is commutative:
G ρ−→ C×

det ↓ % α
k×

Definition 9. Let ρ : G −→ AutC(V ) be a representation of G and let W
be a subspace of V . Then W is a stable subspace of V if ρg(W ) ⊂ W for
all g ∈ G.

We note that a stable subspace W of V , gives a new representation σ
of G: the space of this representation is W and the action σg(w) = ρg(w).

Definition 10. The representation (W,σ) is a subrepresentation of (V, ρ) .
We will write also (W,ρW ) for (W,σ) .

We observe that (V, ρ) is an (improper) subrepresentation of (V, ρ) and
{0} is a stable subspace that produces a trivial subrepresentation of (V, ρ) .

Definition 11. A representation (V, ρ) of a group G is irreducible if and
only if it has no non trivial proper subrepresentations.

Proposition 12. Any irreducible representation of a finite group G has
degree less or equal than |G| , the order of G.

Proof. Let (V, ρ) be an irreducible representation of G. Let v0 ∈ V. The
set {ρgv0 | g ∈ G} is a subset of V that generates V since V is irreducible.
It follows that dimC V ≤ |G| . 2

1.1.1. Direct Sum of Subrepresentations

Let (W,ρW ) be a subrepresentation of (V, ρ). Then there exists a comple-
ment subspace W 0 of W in V , stable under ρ (i.e., V =W

L
W 0 where W

andW 0 are stable). We will say that ρ is the direct sum of ρW and ρW
0
and

we will write ρ = ρW
L

ρW
0
. It is clear that dimC ρ = dimC ρW+dimC ρW

0
.

(See [Se] for more details). The direct sum of n copies of ρ will be denoted
by nρ.

We observe that (V, ρ) is irreducible if and only if ρ cannot be decompose
as a direct sum of two subrepresentation ρ0 and ρ00 of lower dimension.

As a consequence, any finite dimensional representation of G is a direct
sum of a finite number of irreducible representations (Maschke’s Theorem)
([Cu-Re]).
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It can be proved that the number of irreducible representations of G,
up to isomorphisms, is l the number of conjugacy classes of G (See for
example [Se]). We can restate then the previous statement: let ρ1, . . . , ρl
be representatives of the different isomorphism classes of the irreducible
representations of G. Then if ρ is a representation of G, there exist integers

ni ≥ 0 (i = 1, ..., l) such that ρ ∼=
lM

i=1

niρi

It should be noted that the ni are unique.
In the case when ρ is the regular representation, the numbers ni are

equal to the dimensions of the ρi, i.e., ρ ∼=
lM

i=1

dim (ρi) ρi. As a consequence,

we obtain the completitude criterion:
Pl

i=1(dimρi)
2 = |G|

By the above, if G is an abelian group, then all the irreducible repre-
sentations of G are one dimensional and the number of them is the order
of G.

In particular, if K is a finite field of q elements, then the number of
linear characters of K+ and K× are, respectively, q and q − 1.

Remark 13. We observe that a fundamental problem in representation
theory is to determine the isomorphism classes of the irreducible represen-
tations of G. We will denote by bG the set of the above classes. The set bG
is naturally a group only if G is commutative, and in this case G and bG are
isomorphic.

The following is an important result about irreducibility of representa-
tions:

Lemma 14. (Schur’s Lemma). Let (V1, ρ
1) and (V2, ρ

2) be irreducible
representations of G. Let f be an homomorphism of representations of V1
into V2. Then:

1. If ρ1 and ρ2 are not isomorphic, then f = 0

2. If V1 = V2 and ρ1 = ρ2 then f is a homothecy (i.e. a scalar multiple
of the identity).

Proof. See, for example [Se]. 2

Let HomG(ρ
1, ρ2) denotes the set of all the homomorphism between

(V1, ρ
1) and (V2, ρ

2). Then, Schur’s Lemma says that:
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1. If (V1, ρ
1) and (V2, ρ

2) are non-isomorphic and irreducible,

then HomG(ρ
1, ρ2) = 0.

2. If (V1, ρ
1) = (V2, ρ

2) is irreducible, then HomG(ρ
1, ρ2) ' C

1.2. The Character of a Representation.

Let (V, ρ) be a representation of finite dimension n of a group G. If we
choose a basis of V, then AutC(V ) ' GLn(C). Let us denote by [ρg] the
matrix associated to ρg under the above isomorphism.

Definition 15. The character χρ of the representation (V, ρ) of dimension
n, is the function χρ : G −→ C such that: χρ(g) = tr [ρg] (g ∈ G)

Since tr(AB) = tr(BA) for all matrices A,B ∈ Mn (C), the above
function is well defined.

The character χρ is a class function, i.e., is a function that is constant
over the conjugacy classes of G. Also, we have χρ1

L
ρ2
= χρ1

L
χρ2

It should be noted that when the dimension of ρ is one, then χρ = ρ.

There is a natural scalar product on the complex vector space CG for
which

­
χρ, χρ0

®
G =

1

|G|
X
g∈G

χρ(g)χρ0(g)

where, z stands for the complex conjugate of z.

Among the important properties of the characters of the group we can
mention:

1. If χρ is the character of an irreducible representation of G,

then hχρ, χρiG = 1. (i.e., χρ has ”norm one” ).

2. If χρ and χρ0 are the irreducible characters of two non isomorphic
representations of G , then

­
χρ, χρ0

®
G = 0.

3. If ρ ∼=
lM

i=1

niρi then χρ =
lX

i=1

niχρi .
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4. If ρ ∼=
lM

i=1

niρi then ni = hχρ, χρiiG.

5. ρ is irreducible if and only if hχρ, χρiG = 1.

Notation 16. We will write also, hρ, ρ0iG for
­
χρ, χρ0

®
G .

1.3. Induced Representations

Let H be a subgroup of a finite group G, and let (U, σ) be a representation
of H. We will construct in a natural way, a representation (V, ρ) of G
starting from (U, σ). The representation (V, ρ) will be called the induced
representation of (U, σ) from H to G. It will be denoted by IndGH σ.

Let V = {f : G −→ U |f(hg) = σhf(g), h ∈ H, g ∈ G}. Then G acts on
V by right translations,

[ρg(f)] (g
0) = f(g0g) (g, g0 ∈ G; f ∈ V )

It follows that (V, ρ) is a representation of G.
We have just associated to a given representation σ of H a representa-

tion ρ of G.
On the other hand, starting from a representation (W, τ) of G, we can

produce a representation of H, (W, τ |H) which it will be denote by ResGH τ
(In fact we are constructing a functor from the category of the representa-
tions of G to the category of the representations of H).

1.3.1. Frobenius Reciprocity

We will see that induction and restriction are adjoint functors. This prop-
erty is often known as Frobenius Reciprocity and also in classical terms as
the Universal Property of the induced representation.

We note first that the representation (U, σ) can be immersed in (V, ρ)
by i:u7−→ (fu : G −→ U)

where fu(g) = 0 if g /∈ H and fu(g) = σg(u) if g ∈ H.

Proposition 17. Let (W, τ) be a representation of G. For each
H-homomorphism φ from (U, σ) to (W, τ) there exist a unique
G-homomorphism Ψ from



The complex linear representations of GL(2,k), k a finite field 315

IndGH σ to (W, τ) such that Ψ ◦ i = φ, i.e. the following diagram is
commutative

IndGH σ Ψ−→ (W, τ)
i ↑ φ%
(U, σ)

As an immediate consequence, we have an isomorphism (Frobenius
Reciprocity):

HomG(Ind
G
H σ, τ) ' HomH(σ,Res

G
H τ)

We will describe now, the character of the induced representation in
terms of the inducing character.

Let χρ be the character of ρ = Ind
G
H σ and let χσ be the character of σ.

Then

χρ(g) = Ind
G
H χσ(g) =

1

|H|
X

x ∈ G
x−1gx ∈ H

χσ(x
−1gx)

In terms of characters, Frobenius Reciprocity says:D
IndGH χσ, χτ

E
G
=
D
χσ,Res

G
H χτ

E
H

Let H and K be subgroups of G. If g ∈ G then the set
HgK = {hgk/h ∈ H, k ∈ K} is called a double coset respect to the sub-
groups H and K, and the element g is called a representative of the double
coset. The set of all (H,K)-double cosets is a partition of G. A complete
set of representatives of all (H,K)-double coset is denoted by H\G/K. For
s ∈ H\G/K we set Hs = sHs−1 ∩K.

We consider now, a representation (W, τ) of H, then the subgroup Hs

has a natural representation (W, τ s) defined by

τ s(x) = τ(s−1xs) x ∈ Hs.

The next two Theorems, due to Mackey, give information about the
restriction of an induced representation and about the intertwining of two
induced representations.

Theorem 18. (Mackey’s Restriction Theorem):

ResGK Ind
G
H τ '

M
s∈H\G/K

IndKHs
τ s
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Theorem 19. (Mackey’s Intertwining Theorem) Let H and K be sub-
groups of G and (U, σ) a representation of K and (W, τ) a representation
of H Then:

HomG(Ind
G
K σ, IndGH τ) '

M
s∈H\G/K

HomsHs−1∩K(σ, τ
s)

Proof. This last theorem is a consequence of the previous Mackey’s
theorem and of Frobenius Reciprocity:

By Frobenius Reciprocity, we have
HomG(Ind

G
K σ, IndGH τ) ' HomK(σ,Res

G
K Ind

G
H τ).

Now, by Mackey’s theorem,

HomK(σ,Res
G
K Ind

G
H τ) ' HomK(σ,

M
s∈H\G/K

IndKHs
τ s)

but

HomK(σ,
M

s∈H\G/K
IndKHs

τ s) '
M

s∈H\G/K
HomK(σ, Ind

K
Hs

τ s)

applying Mackey’s theorem one more time, we haveM
s∈H\G/K

HomK(σ, Ind
K
Hs

τ s) '
M

s∈H\G/K
HomHs(σ, τ

s)

from here the result follows. 2

Remark 20. We can state in terms of characters the last two theorems:

1. χρ |K=
X

s∈H\G/K
χIndKHs τ

s .

2.
D
IndGK χσ, Ind

G
H χτ

E
G
=

X
s∈H\G/K

hχσ, χτsiHs
.

2. The General Linear Group over a Finite Field k.

In what follows k will denote a finite field of q = pn elements, p 6= 2. As
usual k× denotes the group of non zero elements of k. Also k+ stand for
the additive group of k and G for the General Linear group over k.

Let ω1 =

Ã
0 1
1 0

!
, ω−1 =

Ã
1 0
0 −1

!
and let K = k (

√
ε) be the

(unique) quadratic extension of k (ε a non square of k).



The complex linear representations of GL(2,k), k a finite field 317

2.1. Some Subgroups of G

We will consider the following subgroups of G :

1. The (standard) Borel subgroup of G

B =

(Ã
a b
0 d

!
/ a, d ∈ k×, b ∈ k

)

2. The (standard) Unipotent subgroup of G

U =

(Ã
1 b
0 1

!
/ b ∈ k

)

3. The Isotropic torus

T1 =

(Ã
a 0
0 d

!
/ a, d ∈ k×

)

4. The Anisotropic torus

T−1 =

(Ã
a bε
b a

!
/ a2 − b2ε 6= 0

)

5. The Affine subgroup of G

Q =

(Ã
a b
0 1

!
/ a ∈ k×, b ∈ k

)

6. The Center of G

Z =

(Ã
a 0
0 a

!
/ a ∈ k×

)

7. The Multiplicative field subgroup of G

A =

(Ã
a 0
0 1

!
/ a ∈ k×

)

8. The Special Linear group over k

SL2(k) =

(Ã
a b
c d

!
/ ad− bc = 1

)
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Furthermore, we will consider the subgroups NG(H), the normalizers
of the subgroup H of G.

Proposition 21. The following diagrams give the inclusion relation be-
tween the above subgroups.

G
↑
B -

% -
T1 ↑ Q SL2(k)
↑ - % ↑ %
Z A U

- ↑ %
{1}

G
% -

NG(T−1) NG(T1)
↑ ↑

T−1 T1
- %

Z
↑
{1}

Proposition 22. The order for the above groups are:

i) |G| = (q − 1)2 q (q + 1)

ii) |B| = (q − 1)2 q

iii) |U | = q

iv) |T1| = (q − 1)2

v) |T−1| = q2 − 1

vi) |Z| = |A| = q − 1.

vii) |Q| = q(q − 1)

viii) |SL2(k)| = (q − 1)q(q + 1)
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Furthermore, the next proposition gives others properties of these groups:

Proposition 23. The subgroups under consideration satisfy:

i) U 2 B; Z 2 B; B/U ' T1; B/Z ' Q

ii) U × T1 = B; Z ×Q = B; Q = UA (semidirect products).

iii) If H 0 denotes the commutator subgroup of H, then U = B0 = Q0;

G0 = SL2(k).

iv) U ' k+; T1 ' k× × k×; Z ' A ' k×.

Proposition 24. (Bruhat Decomposition). The number of (B,B)-double
cosets of G is two, i.e. B\G/B = {B,Bω1B}, and so G=B∪Bω1B.

Therefore {1, ω1} = B\G/B.(See for example [S]).

2.2. Conjugacy Classes and Double Cosets.

2.2.1. Conjugacy Classes of G.

For the eigenvalues of g ∈ G we have the following cases:

1. The eigenvalues of g belong to k. In this case, the possible Jordan

forms of g are: c1 (a) =

Ã
a 0
0 a

!
, c2 (a) =

Ã
a 1
0 a

!
, c3 (a, b) =Ã

a 0
0 b

!
, (a 6= b)

2. The eigenvalues of g do not belong to k. In this case, g is irreducible
as a matrix (the characteristic polynomial of g is irreducible over k).

Then g is conjugate to a matrix c4 (α) =

Ã
0 −Nα
1 Trα

!
where N, Tr denote (respectively) the norm and the trace of the
quadratic extension K = k (α), α being one of the eigenvalues of g.

The following lemma presents the number of the different conjugacy
classes of G,

Lemma 25. a)There are (q − 1) conjugacy classes of type c1 (a) and (q − 1)
of type c2 (a) .

b)There are 12 (q − 1) (q − 2) conjugacy classes of type c3 (a, b) (a 6= b) ,
and 1

2

¡
q2 − q

¢
of type c4 (α).
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2.2.2. Double Cosets of G.

The following lemma describes the normalizers in G of the isotropic and
anisotropic tori.

Lemma 26. a) NG(T1) = T1 × {1, ω1}
b)NG(T−1) = T1 × {1, ω−1}

Proof. The result follows from the Bruhat decomposition. 2

The next lemma gives the number of different double cosets of G,

Lemma 27. i)The number of (T−1, T−1)-double cosets of G is q.

ii)The number of (ZU,T−1)-double cosets of G is q − 1.
iii)The number of (ZU,ZU)-double cosets of G is 2(q − 1).

Proof. LetH, L be subgroups of G. IfH acts on the left cosets gL, g ∈ G
by left multiplication, then the orbit of gL underH is orbH(gL) = {tgL | t ∈
H}. On the other hand, the stabilizer StabH(gL) of gL in H, is H ∩gLg−1.

We have then that

|HgL| = |orbH(gL)| |L|

=
|H|

|StabH(gL)|
|L|

=
|H|

|H ∩ gLg−1| |L|

=
|H| |L|

|H ∩ gLg−1| . (∗)

i) If g ∈ NG(T−1); i.e.if g ∈ T−1 × {1, ω−1} where

ω−1 =

Ã
1 0
0 −1

!
.

Then we have the double cosets T−11T−1 and T−1ω−1T−1, which have
order |T−1| using (∗). On the other hand, if g /∈ NG(T−1), then T−1 ∩
gT−1g−1 = k×I2 = Z (I2 the identity matrix). Now, since
|GL2(k)| = |∪T−1gT−1| = 2 |T−1|+(q−2) |T−1g0T−1|, where g0 /∈ NG(T−1),
we have that the number of (T−1, T−1)-double cosets of G is q.

ii)Since T−1 ∩ gZUg−1 = Z for any g ∈ GL2(k), then each (ZU, T−1)-
double coset has the same order. Given that |GL2(k)| = (q − 1) |ZUgT−1|
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where g ∈ GL2(k),we have that the number of (ZU, T−1)-double cosets is
q − 1.

iii)Let g ∈ NG(ZU),i.e., let g be an element of the Borel subgroup. Set

g =

Ã
t 0
0 1

!Ã
a 0
0 a

!Ã
1 b
0 1

!
then ZUgZU = ZU

Ã
t 0
0 1

!
ZU . So

we have q − 1 cosets in this case.

On the contrary, if g /∈ B, we observe that ZU ∩ gZUg−1 = Z, so that
|GL2(k)| = (q−1) |ZU |+(q−1) |ZUgZU | .and we have q−1 cosets of this
type. It follows that the number of (ZU,ZU)-double cosets is 2(q − 1). 2

2.3. Representations of Z,A,U, T1.

The irreducible representations of these groups are of dimension one, since
they are abelian groups. These representations are given by linear charac-
ters and the number of them is equal to the order of the respective group.

1. Since Z ' k×, each χ ∈ bZ is defined by χÃ a 0
0 a

!
= χ (a) (this last

χ is a character of k×).

2. In this case ν

Ã
α 0
0 1

!
= ν (α) , for

Ã
α 0
0 1

!
∈ A, this last ν

denotes a character of k×.

3. The linear characters of U are given by Ψ

Ã
1 b
0 1

!
= Ψ (b) , where

this last Ψ is a character of k+.

4. Let µ1, µ2 be elements of ck×. Then the linear characters of T1 are
given by (µ1, µ2)

Ã
a 0
0 d

!
= µ1 (a)µ2 (d) .

Remark 28. Self-duality of k+

Let us fix a non-trivial character Ψ of k+. If a ∈ k+, we define Ψa as
Ψa (u) = Ψ (au) Then ck+ = {Ψa/a ∈ k+} .
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2.4. Representations of Q.

The number of conjugacy classes of Q is q, so that the number of irreducible
representations of Q is q.

It is easy to verify that Q0, the derived subgroup of Q, is equal to U.

Since
h
Q : Q

0
i
= [Q : U ] = q− 1, then the number of linear characters of Q

is q − 1. To describe these irreducible representations we use the fact that
Q = UA, so that bQ = dUA. Let χ be an element of bA. We ”lift” χ to a
linear character eχ of UA through eχ(ua) = χ(a) (U < Q). Since the number
of characters of A is q − 1, this gives all the linear characters of Q.

We describe now the irreducible representation ofQ of dimension greater
than one. To this end, let us consider a non trivial character Ψ of U, (see
3) after 2.3), and let π = IndQU Ψ. We will prove that this representation
of dimension q − 1 (notice that dimπ = [Q : U ] = q − 1) is irreducible. In
fact,

HomQ (π, π) '
M

x∈U/Q/U
HomxUx−1∩U(Ψ,Ψx),

'
M

x∈Q/U
HomxUx−1∩U(Ψ,Ψx), U 2 Q

'
M
a∈A

HomaUa−1∩U (Ψ,Ψ
a) , Q/U ' A

'
M
a∈A

HomU (Ψ,Ψ
a)

Finally, we observe that, if a =

Ã
1 0
0 1

!
, we have HomU (Ψ,Ψ) ' C,

and if a 6=
Ã
1 0
0 1

!
, then HomU (Ψ,Ψ

a) = {0}, from which we get that

dimC(HomQ (π, π)) = 1 and π is irreducible.

2.5. Representations of B.

Using the fact that B = T1U and UB, we can define a character of B by
”lifting” a character of T1 toB, in the same way as we did above withQ, i.e.,

µ

Ã
a b
0 d

!
= µ1 (a)µ2 (d) , (µ1, µ2 ∈ ck×).We produce in this form (q − 1)2

characters. On the other hand
h
B : B

0
i
= [B : U ] = (q−1)2q

q = (q − 1)2 ,
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so that the above characters are all the linear characters of B.

We will construct q − 1 non-isomorphic irreducible representations of
dimension q−1. Given that (q − 1)2 ·1+(q − 1) (q − 1)2 = q (q − 1)2 = |B| ,
we will obtain all the irreducible representations of B. We will construct
these representations as follows: let χ be any of the q − 1 characters of Z,
we extend χ to eχ, a character of B = ZQ by eχ(zt) = χ(z). Furthermore
let us consider the natural proyection p : B −→ Q and the representation
π = IndQU Ψ. Then eπ = π ◦ p defines an irreducible representation of B
of dimension q − 1. Finally we define the representations eχeπ, (χ ∈ bZ), byeχeπ (r) = eχ (r) eπ (r). This provides the q − 1 irreducible representations
which we state before.

3. Principal Series of GL2(k)

A representation π of G is a principal series representation if it can be
obtained by induction to G from a character µ of B.

Let b5 = (b51, b52) be a character of B, and let bµ = IndGB µ. Then

Lemma 29.

1) dimVbµ = [G : B] dimµ = [G : B] = q + 1

2) HomG (µ, µ) = [HomB ((µ1, µ2) , (µ1, µ2))]⊕ [HomT1 ((µ1, µ2) , (µ2, µ1))]

Proof. We will prove 2), since 1) is clear.

HomG (bµ, bµ) = HomB

³
(µ1, µ2) ,Res

G
B

³
IndGB (µ1, µ2)

´´
=HomB

µ
(µ1, µ2) , Ind

B
B∩B (µ1, µ2)⊕ IndB

B∩ω1Bω−11
(µ1, µ2)

ω1

¶
=[HomB ((µ1, µ2) , (µ1, µ2))]⊕

h
HomB

³
(µ1, µ2) , Ind

B
T1
(µ1, µ2)

ω1
´i

=[HomB ((µ1, µ2) , (µ1, µ2))]⊕ [HomT1 ((µ1, µ2) , (µ2, µ1))] 2

Corollary 30 1) If µ1 6= µ2 , then bµ is irreducible.
2) If µ1 = µ2 , then bµ is the sum of two irreducible representations

of dimension 1 and q, respectively. This last representation is called the
Steinberg representation associated to the character α.
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Proof. 1)Since (µ1, µ2) 6' (µ2, µ1) as characters of T1 we have that
HomT1 ((µ1, µ2) , (µ2, µ1)) = 0. Then, from Lemma 29, the space

HomG (bµ, bµ) is one dimensional. So, the result follows.
2) In this case, and using the above Lemma, we have that

dimHomG (bµ, bµ) = 1 + 1 = 2, which implies that bµ is the sum of two

irreducible representations. Let now α ∈ ck×, then α◦det = χ1α is a character
of G. Using Frobenius Reciprocity, we get

Dbµ, χ1αE =
(
1 si µ1 = α
0 si µ1 6= α

Thus ­bµ− χ1α, bµ− χ1α
®
= hbµ, bµi− 2 ­χ1α, bµ®+ ­χ1α, χ1α®
= 2− 2 · 1 + 1 = 1

and

bµ = χ1α ⊕ Stqα

this last summand is the irreducible q-dimensional representation called the
Steinberg representation asociated to the character α. 2

Remark 31. We have obtained, via induction from characters of B,
the following:

1.
(q − 1)(q − 2)

2
irreducible representations bµ = IndGB µ, b5 = (b51, b52),

b51 6= b52, of dimension q + 1.

2. q − 1 irreducible representations Stqα of dimension q.

3. q − 1 irreducible representations χ1α of dimension 1.

4. Discrete Series of GL(2, k).

Any irreducible representation (V, ρ) of GL2(k) is a discrete series represen-
tation if and only if (V, ρ) is not an induced representation of any character
from the Borel subgroup.

We will construct the characters of the Discrete Series. These characters
will be described as differences of induced characters from some subgroups
of GL2(k). We will follow [A]. To this end, let Γ−1 be the set of characters
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ρ on T−1 such that ρ 6= ρω−1 , i.e., ρ(x) 6= ρ(ω−1−1xω−1) for x ∈ T−1. We fix
a non trivial character ϕ of k+.

Theorem 32. Let ρ ∈ Γ−1 and let λ be the character of ZU , defined
by

λ(z

Ã
1 b
0 1

!
) = ρ(z)ϕ(b) for z ∈ Z and b ∈ k. Then:

1. The character, χρ = IndGZUλ− IndGT−1ρ

is the character of an irreducible representation of GL(2, k) of dimen-
sion q − 1.

2. Furthermore, χρ = χρ0 , if and only if ρ
0 is either ρ or ρω−1 .

Proof. We show first that χρ is an irreducible character of G, by show-
ing that hχρ, χρiG = 1.

hχρ, χρiG =
D
IndGT−1 ρ, Ind

G
T−1 ρ

E
G
− 2

D
IndGT−1 ρ, Ind

G
ZU λ

E
G
+D

IndGZU λ, IndGZU λ
E
G

We need to compute the above last three summands. In first place, let
us apply Mackey’s Intertwining Theorem, (Theorem 19.), to getD

IndGT−1 ρ, Ind
G
T−1 ρ

E
G
=
P

h∈T−1\G/T−1

D
ρh,Res ρ

E
T−1,h

,

where T−1,h = hT−1h−1 ∩T−1, and h is a representative for the (T−1, T−1)-
double cosets of G.

By Lemma 27 part (i) if h ∈ NG(T−1) then there are two (T−1, T−1)-
double cosets, whose representatives can be taken to be 1 and ω−1. Given
that ρ 6= ρω−1 and T−1,h = T−1 (h ∈ NG(T−1)) , we haveX

h∈T−1\G/T−1

D
ρh,Res ρ

E
T−1,h

= 1, h ∈ NG(T−1).

On the other hand, if h /∈ NG(T−1) then T−1,h = Z, therefore,D
ρh,Res ρ

E
T−1,h

= 1 for each h /∈ NG(T−1). Applying once more time the

mentioned Lemma, we get,D
IndGT−1 ρ, Ind

G
T−1 ρ

E
G
= q − 2 + 1 = q − 1
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Again, Mackey’s Theorem allows us to compute the second above sum-
mand. D

IndGT−1 ρ, Ind
G
ZU λ

E
G
=

X
h∈ZU\G/T−1

D
ρh,Resµ

E
T−1,h

Since T−1,h = Z for each h ∈ ZU\G/T−1 and ρh(x) = ρ(h−1xh) =
ρ(x) = λ(x) for x ∈ Z, by Lemma 27 part (ii) we haveD

IndGT−1 ρ, Ind
G
ZU λ

E
G
= q − 1

Finally, regarding the third summand, similar arguments apply to get

D
IndGZU λ, IndGZU λ

E
G
=

X
h∈ZU\G/ZU

D
λh,Resλ

E
ZUh

In this case, Lemma 27 part (iii) says that we have q − 1 (ZU,ZU)-

double cosets with representatives

Ã
t 0
0 1

!
, t ∈ k×, that lie in NG(ZU).

Since

λ

Ã
t 0
0 1

!Ã
a ab
0 a

!
= λ

Ã
a tab
0 a

!
= ρ

Ã
a 0
0 a

!
λ(tb)

and

λ

Ã
a ab
0 a

!
= ρ

Ã
a 0
0 a

!
λ(b),

then, h =

Ã
1 0
0 1

!
is the only contribution into the sum. i.e.,X

h∈ZU\G/ZU

D
λh,Resλ

E
ZUh

= 1, h ∈ NG(ZU).

On the other hand, if h /∈ NG(ZU), then (ZU)h = hZUh−1 = Z and
λh = λ on Z.

Therefore, we haveD
IndGZU λ, IndGZU λ

E
G
= 1 + q − 1 = q.
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Gathering the above information, we obtain hχρ, χρiG = (q − 1) − 2(q −
1) + q = 1.

Thus, χρ is an irreducible character of G. Furthermore, the dimension
of ρ is q − 1:

χρ(1) = Ind
G
ZU λ(1)− IndGT−1 ρ(1)

= [G : ZU ]− [G : T−1]

=
q(q + 1)(q − 1)2

q(q − 1) − q(q − 1)(q2 − 1)
q2 − 1

= (q − 1)(q + 1− q)
= q − 1

To prove part 2 of the theorem, we perform the following computations:­
χρ, χρω−1

®
G
=
D
IndGT−1 ρ, Ind

G
T−1 ρ

ω−1
E
G
−
D
IndGZU λ, IndGT−1 ρ

ω−1
E
G

−
D
IndGT−1 ρ, Ind

G
ZU λ

E
G
+
D
IndGZU λ, IndGZU λ

E
G

= q − 1− (q − 1)− (q − 1) + q
= 1

which implies that

χρ = χρω−1 .

Now, let ρ1 6' ρω−1 and ρ1 6' ρ; thenD
χρ, χρ1

E
G
=
D
IndGT−1 ρ

1, IndGT−1 ρ
1
E
G
−
D
IndGZU λ, IndGT−1 ρ

E
G

−
D
IndGT−1 ρ

1, IndGZU λ
E
G
+
D
IndGZU λ, IndGZU λ

E
= q − 2− (q − 1)− (q − 1) + q
= 0

We have proved then: χρ = χρ1 if and only if, either ρ
1 ' ρ or ρ1 '

ρω−1 . 2

5. Summary

We list below the irreducible characters of the group G = Gl2(k), where k
is a finite field of odd characteristic:

1. There are
(q − 1) (q − 2)

2
characters χµ corresponding to the repre-

sentations bµ = IndGB(µ1, µ2), (with µ1 6= µ2), of dimension q+1. (See
section 3).

2. There are q − 1 characters χqα corresponding to the representations
Stqα, of dimension q. (See section 3).
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3. There are q − 1 characters χ1α of dimension 1. (See section 3).

4. There are
q2 − q

2
characters χρ belonging to the Discrete Series of

dimension q − 1. (See section 4)

Thus, we have found q2 − 1 distint irreducible characters of G. Since
the number of conjugacy classes of G is q2 − 1, we have obtained all the
characters of G. We write down now the character table of G.

Z U T1 T−1
χ1α α ◦ det α ◦ det α ◦ det α ◦ det
χqα q(α ◦ det) 0 α ◦ det −α ◦ det
χµ (q + 1)µ µ µ+ µω1 0

χρ (q − 1)ρ −ρ 0 −(ρ+ ρω−1)
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