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Abstract

In this paper we extend a result of Garnett and Jones to the case
of spaces of homogeneous type.
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1. Introduction

The space of functions of bounded mean oscillation, or BM O, naturally
arises as the class of functions whose deviation from their means over cubes
is bounded. Ly functions have this property, but there exist unbounded
functions with bounded mean oscillation, for instance the function log |z| is
in BMO but it is not bounded. The space BM O shares similar properties
with the space Lo and it often serve as a substitute for it. The space of the
functions with bounded mean oscillation BM O, is well known for its sev-
eral applications in real analysis, harmonic analysis and partial differential
equations.

The definition of BM O is that f € BMO if supg |7«1!| Jo lf(x) — foldx =
| fll gpo < cowhere fg = |75| Jo f(y)dy, |Q] is the Lebesgue measure of @
and @ is a cube in R", with sides parallel to the coordinate axes.

In [1] Garnet and Jones gave comparable upper and lower bounds for

the distance
(1.1) dist (f, L) = inf |[|f — gHBMO'
gGLoo

The bounds were expressed in terms of one constant in Jhon-Nirenberg
inequality. Jhon and Nirenberg proved in [2] that f € BMO if and only if
there is € > 0 and A9 = A\g(€) such that

(12) sup = [{z € Q : | f(x) — fol > A}| < eV,
o Q|

whenever A > Ao = M\o(f,€). Indeed, when f € BMO, (1.2) holds with
e = C||fllBmo, where the constant ¢ depends only on the dimension.

Specifically, setting

e(f) =inf {e > 0: f satisfies (1.2)},
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Garnett and Jones proved that

Are(f) < dist (f, Loo) < A2e(f),

where A; and Ay are constants depending only on the dimension. Also,

they observed that dist (f, L) can be related to the growth of

sup (ﬁ/@lf(w) —fQ!pdflf)%

as p — oo. This is because

e(f) .1 1 B ?
o = (Sgp 1a] /Q |f(x) f@!pde)

Our latter end is to extend (1.3) to BMOZ (see Preliminaries and Theorem

(1.3)

6.1) on spaces of homogeneous type. Also, we like to point out that (1.3)
was announced in [1] without proof. Under the light of Remark 1 (see
Preliminaries) we should note that if |B| = u(B), then our main result

coincide with the result of Garnett and Jones [1].
2. Spaces of homogeneous type

Let us begin by recalling the notion of space of homogeneous type.

Definition 2.1. A quasimetric d on a set X is a function d : X x X —

[0,00) with the following properties:
1. d(z,y) =0 if and only if z = y.
2. d(z,y) = d(y,x) for all z,y € X.
3. There exists a constant K such that
d(z,y) < Kld(z,2) +d(z,9)],

for all x,y,z € X.
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A quasimetric defines a topology in which the balls
B(z,r) ={y € X : d(z,y) < r} form a base. These balls may be not open
in general; anyway, given a quasimetric d, is easy to construct an equivalent
quasimetric d’ such that the d’-quasimetric balls are open (the existence of d’
has been proved by using topological arguments in [3]). So we can assume
that the quasimetric balls are open. A general method of constructing

families {B(x,d)} is in terms of a quasimetric.

Definition 2.2. A space of homogeneous type (X,d, p) is a set X with a
quasimetric d and a Borel measure p finite on bounded sets such that, for

some absolute positive constant A the following doubling property holds
p(B(x,2r)) < Ap(B(z, 7))
for all x € X and r > 0.

Next, we are ready to give some example of a space of homogeneous

type.

Example 1. Let X C R", X = {0}U{z : |z| =1}, putin X the euclidean
distance and the following measure p: p is the usual surface measure on
{z:]z| =1} and p({0}) = 1. Then u is doubling so that (X,d, p) is a

homogeneous space.

Example 2. In R", let C}, (k=1,2,---) be the point (k* +1/2,0,---,0),
for k > 2, let By, be the ball B(C,1/2) and B; = B(0,1/2). Let

X = U2, By with the euclidean distance and the measure p such that
1 (By,) = 2% and on each ball By, p is uniformly distributed.

Claim 1. p satisfies the doubling condition. Let B, = B(P,r) with
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P=(Py,...,P,) andr > 0.

Case 1. Assume for some k, By C B, and let kg = max{k: By C B,}.
Then certainly Py + 7 < by, 41 = (ko +1)*" +1 and u(B,) > 2¥. But,
then

Pit2r < 2((ko+ 1) +1)

< (ko +2)"%2 = ap 0.

Therefore Bs, C Bak0+2 (0) = By. But

k0+1
w(Bo) = Y 2" < 2" < 4p(B,).
k=0

Hence the doubling condition holds with A = 4.
Case 2. If for all k, Br € B,, then r < 1 so that B, and By, intersect only
one ball By. Then the doubling condition holds.

3. Preliminaries

In this section, we recall the definition of the space of functions of Bounded
(¢, p) Mean Oscillation, BM O&p ) (X), where X is a space of homogeneous
type (see [4]). Let ¢ be a nonnegative function on [0,00). A locally u-
integrable function f : X — R is said to belong to the class BM Ofpp ) (X),

1<p<oo,if

1 p x z 0
sup(MB)[@(M(B))]p [ 156@) = 7l du( >) < o0,

where the sup is taken over all balls B C X, and

1
/B = ﬁ /Bf(y)dﬂ-
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Remark 1. It is not hard to check that the expression

B0l flpsiop = (s [, 17@) = folf du(@)” < o,

define a norm on BMOg))(X). For ¢ =1 and p = 1, || - [[pasoz, coincide

with H . ||BMO-
4. John-Nirenberg inequality on homogeneous type space

The proof of this theorem follows along the same lines as the proof of [4].

Theorem 4.1. There exist two positive constants 5 and b such that for

any f € BMO,(X) and any ball B C X, one has

41)  p({zeS:|f = fl > A}) < Bexp{-b/|fllBMO, } 1(B).

Proof. We follows the standard stopping time argument; that is, we

assume that A is large enough and fix some A;. Then we study the sets

{zeS:|fx) = fs| <M}, {zeS:|f(x) = fs| <2A1} up to
{x e S:|f(x) — fs| <mAi ~ A}

in showing (4.1), we assume ||f|l, = 1 and fix S = B(a, R). We define a
maximal operator associated to S (if we replace S by another ball, then

the maximal operator changes)

1
MSf(:Z:) N B ball ,IESBL,IBI?CB(a,aR) {W /B |f(y) a fS| dﬂ(y)} .

Using a Vitali-type covering lemma, one can prove that

pfe: M (@) > 1) < Su(s),
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where A is a constant that depends only on K and k2 but not on S. Take
Ao > A and consider the open set U = {z : Mgf(x) > A\o}. We have

p(UNS) < u(S) < p(S).
0

and therefore SN U® # (). Define

r(z) = %dist (x,U°).

If x,y € S, then d(z,y) < 2KR. Since SNU° # (), if z € S, we have
r(z) <2KR/(5K) =2R/5.
Clearly,

unsSc |J Blzr()cU.
xeUns

Again by a Vitali-type covering lemma (e. g, see [1, Theorem 3.1]), we can
select a finite or countable sequence of disjoint balls {B (z;,r;)} such that
rj =rj(z) and

Unscl|JB(z;,4Kr;) C U.
J

On the other hand, B (z;,6Kr;) N U # (0 and B (z;,6Kr;) C B(a,aR)
because 6kr; < 12K R/5. Thus, we get

1
- A
¢ (u (B (xj,6Kr;))) (B (x;,6K7;)) /B(%ﬁmj) |f — fs|dp < Ao,

and consequently, if we write S; = B (z;,4K1;), we obtain

/Sjlf—fsldu

_ _p(S)k
= p(B(zj, Kry))

1
<
1 (S

‘fs — s

)\0 = )\1

because u is a doubling measure.
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By differentiation theorem, |f(x) — fs| < Ao for p-a.e. z € S\ U;S;.

Moreover,
ZM(SJ') < k2ZM(B(xj>2KTj))
J
CY_ n(B(xjm)))

Cu(U)
CA

IN

IN

<

Now, we do the same construction for each S;. Again |f(z) — fs| < Ag for

prae. € Sj\ UiSZ@) and therefore for these points

F@) = fsl < |f(2) = fs,| +|fs, — o]
0 (S)) k3

S N0t B (e, K
20 (S k5
05

= (B (x5, Kry))
taking \g = 2C'A, it is clear that

u(USJ(f)) < =Sy
k J
< (55) ) =22us).

Continuing in this maner we get N = 1,2,--- a family of ball {SJN } such
that

n(UsSY) <27Vu(s),
finally
p{zeS:[fx)—fsl>A}) < p({zeS:[f(z)— fs| > NAi})
u(UsS)) <27Vu(s) = e ().

IN

This complete the proof. O
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5. Completeness

In this section we state some simple lemmas. The first one is showed by

elementary calculations.

Lemma 5.1. Let By and By be two balls such that By C By and f €
BMO,,. Then there exists a constant C' depending on By and By such that

|fBo — IB:| < CllfllBMO, -

Proof. Indeed,

o= tol = |y [ G0 = o) dutw)
< 10) /31 1f(y) = [l dp(y)
(

(1 (B)) p(B1)
(1 (B))

(B)
(Bo) | fllBaro,-

<
This complete the proof of Lemma 5.1. O

Lemma 5.2 (John-Nirenberg type). Let f € BMOQ(DP)(X), 1 <p<

00, then there exists a constant C), such that
If a0, < 1fllpprow = CollfllBro,.

Proof. By Holder’s inequality we have

1
SB[ W)~ ol dnts) < sups (G Jo ) — ol dun)
for any ball, thus

”f”BMOLp S ”f”BMOL(pp)'

B =
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On the other hand

[ 1) = o dut) < [ o3 € B2 1)~ f5l > AP dA
B 0

By Theorem 4.1, we obtain

L 17w) = ol duty) < [~ p3texp (<0 lsaio,) n(B)A
B 0

Therefore

& (M(B)l)]pﬂ(B) [ 17w) = fol? dutw) < oL@)CIf 5300,

and thus

£ 5rr0w = Coll fllBazo, -

The Lemma, is proved. O

Theorem 5.1. BM O(p ) equipped with the norm (3.1) is a Banach space.

Proof.  We just need to prove that BM Og(pp ) is complete. To this end,
let us take B to be the unit ball centered at the origin. Let fi € BMOc(pp),
for each k =1,2,3,- -, such that

[oe)
<
kZ::lekHBMog’) 00,

and assume that
(5.1) /B fre(y)du(y) =

Let B be any ball in X and let By be a ball that contains both By and B,

then
,;(ﬁ/g‘fk( v duly ) — (M5 5552 (b S o )P i)

By Minkoswki’s inequality and by (5.1), we have

3 =
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([ v <i2(>g;’u<32>>%

i(ug /\fk: )P du(y)

P

> 1
< 2 (Grm P Jo 0~ o ) +
i 1

1
(B2) RS 1 p »
+<,u(B)) Z 1 (Bo) /B2 (fr) B, — (k) B, d,u(y))
p )

1 (B2)
u(B) = [”f'“”BMO&” ()

3 =

(fx)

By Lemma 5.1, we have

i G /B\fk<y>ypdﬂ(y)>%

(488)7 S22 (Il swvo, + B0 (e B Uil

IN

By Lemma 5.2 is easy to see that

g (ﬁ /B | fr(y)[? du(y)>%

< (457 SR L+ e (B il 00

[

Therefore > 72 1( fB|fk VWP du(y )) < 00. This means

(52) (z) ki_o: el < oo,

and from (5.2), we obtain

f= lim ka, a. e.

m—00

For f € Ly(B), clearly fp =322 (fi)p-

Finally, we want to show that:

173

B, — (fK)B,

] |
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(a) f € BMOY(X),

(b) 1122551 fr — fHBMOg’) —0asm — 0.

To this end, observe that

(om 5 1) = 51" duty) )

1 0 P %
B <[‘P(M<B2))]pﬂ(3) B (fk() (fr)B) du(y)>
S - 1
- ;( / 20) = ()51 dulo))

A

(o, ¢]
< S Ikl gapom < 00
2 ko

thus || f|| < 00, then f € BMOfpp)(X). This proves part (a).

BMOY)
On the other hand,
1 oo m P 1

([90 (1 (B2)))P 1 (B) JB (I;lfk - f) (y) — (kgl fe — f>3 d,u(y))

_ 1 oo pd .

e (u(B))P 1 (B) /B k_%:ﬂ (fe(y) = (fe) )| du(y)

< L %Jd ([90 (1 (B)P 1 (B) /B | fr(y) — (fe)Bl" du(y))

< Z kaHBMO(p) 0, asm — oo.

k=m+1

Hence 3311 fx — fll g 0m — 0 @as m — 0. This proves part (b). This
©
completes the proof of the Theorem 5.1. O

6. Main Result



Functions of Bounded (¢,p) Mean Oscillation 175

Theorem 6.1. Let f € BMOfap), then there is a constant € > 0, such that

(6.1) supp ({z € B: | f(x) = f5| > A}) /u(B) < eV,

where A > A(e, f). Indeed by Theorem 4.1, we have ¢ = CHfHBMO and
)‘(67]0) - CHfHBMOf;’)‘ NOW let

e(f) =inf{e: (6.1) holds }.
Then
o (u(B) ;HOOpr”BMo(”)

Proof. Since

[ 15w = el dute) = p [Nl e B If@) - fal > X))
B(z,r) 0
< i) [0
0
_ o -1 _u
= M(B)Ep/o uP™ e du.

Thus

1 P
(B) /B(a:,r) |f (@) = fIP du(z) < &pT(p).

Next, we obtain

1 1 3 P el
. p([SO(M(B))]pM(B) [ 17w) fB|pdu<y>) <

(W(B)
and then,

. 1 ) < )
(6.3, 2 p<[@<u<3>>1pu<3>/3‘f<y> ol auty))” < r (WB)

On the other hand, if € < €(f) then there exists By C X, such that

e M < p(fe € Bo: | f(x) = fu] > A}) /1 (Bo).
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Thus

pu (Bo) i AP edN < p i Ny (e B:|f(z) — f] > \)dX

and

ere) _1 ! g
2B 7 <[90(M(B))]pﬂ(3)/3|f ()~ Jol” ()

It is follows that

e(f) . lsu 1 -
O3B <5 (P Jo V0 fol” )

Combining (6.2) and (6.3), we obtain the desired result. O

1
P

Remark 2. Theorem 6.1 together with Lemma 5.2 allow us to estimate

the distance from BM Oc(pp ) to Lo in the other words we can estimate
with f € BMOY.
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