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Abstract

We study the nonlinear elliptic problems with Dirichlet bound-
ary condition

-Apu = f(z,u) in Q)
u = 0 onoQ

Resonance conditions at the first or at the second eigenvalue
will be considered.

KEY WORDS : p-laplacian, eigenvalue, resonance, vari-
ational method.
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1. INTRODUCTION

Let us consider the Dirichlet problem

—Apu = f(z,u) inQ
(1.1)where { W~ 0 on o9

Q is a bounded smooth domain in ¥ (N > 1) and the nonlinearity
f: Q2 x — isassumed to be a Carathéodory function with subcritical
growth, that is:

(fo) |f(z,s)| < a!b‘\q*l +b Vs €; ae x €N

for some constants a,b > 0, where 1 < ¢ < p*, if N > p and
1 1

1
1<q¢<+o0if N <p, with — =—-— —.

p p N
A, 1 < p < o is the p-laplacian Ayu = div(|Vu|P~2Vu). The oper-
ator A, with p # 2 arises from a variety of physical phenomena. It
is used in non-Newtonian fluids, in some reaction-diffusion problems
as well as in flow through porous media. It appears also in nonlinear
elasticity, glaceology and petroleum extraction. The linear case when
p = 2 has been studied by many authors, see e.g [13], [9], [6] - - -

The nonlinear case (p # 2), when the nonlinearity %

totically between A\; and Ay, where F'(z,s) denotes the primitive
F(z,s) = [; f(z,t)dt and Ay, Ay are the first and the second eigen-
values of —A, on W, *(£2), has been studied by just a few authors. A
contribution in this direction is [12] where the authors use a topologi-
cal method to study the case N = 1. Another contribution was made
by Jodo Marcos B. do O in [14] who studied the case when F(z,s)
interacts only with the first eigenvalue. In this paper, we will consider
three situations.

stays asymp-

The first situation is the resonance on the right side of the first
eigenvalue, we will prove the following results :

Theorem 1.1. Suppose that
c11) | |lim [sf(z,s) — pF(x,s)] = —oo uniformly for a.e. x € Q
s|—-+o00

F
c21) A < Ihlm inf p|(9|cp,s) uniformly for a.e. x € ()
§|—-4o00 S
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pF(z,s)

e < [ < A1 uniformly for a.e. x € (2

c31) lim sup

s—0

|s
then the problem (1.1) has a nontrivial solution u € W,?(Q).

Theorem 1.2. Suppose that

C12) | |lim [sf(x,s) — pF(x,s)] = +oo uniformly for a.e. © € ()
s|—-+o0
C2.2) F(z,s) < AlsP + B(z) B(.) € L'(Q)
: pF(z,s) .
C32) lim sup W < B < A1 uniformly for a.e. x € 2
s—0 S
tp
C42) / F(z,topr) dx — 0> 0 for at least one ty > 0.
Q p

@1 Is a Aj-eigenfunction with [|o1|| = (Jq \V(pl\p)% = 1. Then the
problem (1.1) possesses a nonzero solution u € Wy ().

Remarks

1. the condition ¢3 1) and ¢32) can be replaced by

F(z,s) <0 for |s| <o (0 >0)

2. In the condition ¢ 2) of theorem 1.2 we can replace +o00 by —oo,
in this case the theorem can be proved without condition ¢y ).

The second situation is the resonance between the two first con-
secutive eigenvalues. To state our result, let us denote by I(z), k(z)
and L(x) the corresponding limits

P f($78) . f(I?S) T s
[(z) = lim inf ; k(x) = limsu : L(x) = liminf[pF'(x, s)—
( ) |s|—+o00 |S’p_28 ( ) |S|H+£ ‘S|p_28 ( ) |s|—>+oo[p ( )
sf(z,s)].

These limits are taken uniformly for a.e. x € 2.

Theorem 1.3. Suppose that

c13) M <lz)<k(z) <P <X

¢o)  L() € LQ) and /Q L(z)dz >0

c33) F(z,s) <0 for |s| < with (6 > 0)

C43) there exists ty > 0 such that /QF(:E,towl(:c)) dx — lf > 0.

Then the problem (1.1) has a nontrivial solution.
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Remarks

1. Instead of the condition cg3), we can assume

limsup[pF(z, s) — sf(x, s)] = K(.) € L'(Q) and /Q K(z)dz <0

|s| =00

2. the condition c33) can be replaced by

F
lim sup p(x; s) <GB <)\

=0 s

The third situation is the resonance on the left side of the first
eigenvalue, we will prove the following :

Theorem 1.4. Assume that

cra)  |F(x,s)] < Als|P+ B
F

C24) K(z) = limsup m

|s|—4o00 |3|p

c3.4) there exists R(.) € L*(2) such that / R(z)dz > 0 and
Q

< A1 uniformly for a.e. x € ).

liminf[pF(z,s) — sf(z,s)] > R(x) uniformly for a.e. © € ()

jsl—-+00
Ca4) F(z,s) <0 for |s| <6 (6§ > 0)
tp
C5.4) there exists to > 0 such that / F(z,top1(x)) do — L>0
Q p

Then the problem (1.1) possesses a nonzero solution.

In the final section, we will give examples to illustrate our results.

2. PROOF OF THE MAIN RESULTS

We start recalling a compactness condition of the Palais Smale type
which was introduced by Cerami and which allows rather general min-
imax results.

A functional I €! (E,), E is a real Banach space, is said to satisfy the
condition () at the level ¢(().) if the following holds :
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¢;) any bounded sequence (u,,) such that I(u,) — ¢ and I'(u,) — 0
possesses a convergent subsequence.

¢;i) there exists constants 6, R, a > 0 such that |[I'(u)||||u| > « for
any u € I"([c — §,c+ 8]) with [Jul| > R.

Remark. Using assumption (fp) the functional

B(u) :/Q;|Vu|p—/QF(x,u(m))dx

is well defined and of class ! on the Sobolev space Wy (Q) with deriva-
tive

O (u)v = / |VulP2VuVu —/ f(z,u)vdr for all u,v € W, (Q).
0 Q

Thus, the critical points of ® are precisely the weak solutions of (1.1).
Moreover, the condition ¢;) yields for every ¢ € .
Denote the norm in WyP(Q) by || (JJul? = J, |Vul?) and the

norm in L9(Q2) by .||, (lully = (Jq \u|q)%) To obtain a nontrivial
critical point of the functional ®, we will apply the following version
of the Mountain-Pass theorem, with condition ()

Theorem 2.1. Let E be a real Banach space and I €' (E,) satisfying
condition ()., for every ¢ > 0.
Suppose that 1(0) = 0, and for some «, p > 0 and e € E with |le|| > p,

one has a < ”11|r|1f I(u) and I(e) < 0, then I has a critical value ¢ > «
ull=p

characterized by
c= }lllellf: supg<s<1 L (h(t)) whereI' = h € ([0,1], E) : h(0) = 0,h(1) = e.

Remark. It is not difficult to see that the same proof of the standard
Mountain-Pass theorem applies to the present context, since the de-
formation theorem, (theorem 1.3) in [5] is obtained with condition ()
in Banach space.

To prove the theorems in the first situation, we need the following
preliminary lemmas.
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Lemma 2.1. Assume (fy) and c¢11) if ¢31) holds then, there exists
p,a > 0 such that
D) >a i ul =p

Proof. Using (fy) and ¢;1) it is easy to show that
(1) F(x,s) < A|s|P+ B

for some constants A, B > 0.
Choosing € > 0 such that f+& < Ay, in view of c3.1) and the inequality
(1) there exists A = A(e) > 0 such that

1 _
F(r,s) < ];(ﬁ +)lsl” + Als|*

we may assume ¢ > p, with the Poincaré inequality A;|[ulll < [lu||?
and the Sobolev inequality [[u[|? < K{[u[|?, we obtain the estimate

1 -
o) > = (1- 252 Julp - Ak ul.

p A
Thus 5

1 + e ~ _

o) > (10 - 255 AR Yl
p A
1
) 1 B4+e 1 |o» 1 O+e

So takin = |—[1-— - and « = — [1— ,
we obtain ®(u) > « if ||u|| = p. Then the proof of lemma 2.1 is now

complete.
The next result is standard (cf [7] e.g )

Lemma 2.2. Assume c;) and ¢y1), then we have

A
‘ |lim F(z,s) — ZL|s|? = 400 uniformly for a.e. z € Q
Ss|— +oo P

It follows from lemma 2.2 above that there exists Ry > 0 such that

A
(2) F(z,s)— ZL|sP >0 for all |s| > Ry.
p



Nonlinear Elliptic Problems with Resonance at the ... 39

A
On the other hand we claim (F(z,t@1(x)) — == [t@1[P)ie is bounded
p

below (¢7 is A; normalized eigenfunction: that is |[¢1||? = A1 [ |e1]? =
1), Indeed, we consider the set Qy = {z € Q : [te;(z)| > Ro}, in view
of (2) we have

A
(3) F(z,tpy(2)) — ﬁ\wl\p >0 forall z € Q.
If x ¢ Qo, (fg) ylelds
A
(4) F(z,te1(x)) — —|ty1|P > By for some B, €
p

and using (3) and (4) the desired result follows.

Lemma 2.3. Assume (fy), c1.1)and co1), then there exists Ry > 0 (R >

p) such that
P

R
/QF(:E,ngol(x)) dx — ?1 > 0.

This means ®(Ry¢p1) < 0.

Proof. Suppose by negation that there exists a sequence (t,) such
that

t p
(5) [t,] — 400 and / Flotyon(z) do — 12l
Q p

<0.

Since A1 [q |p1|P dz =1, (5) is equivalent to

A
[ (P, tapi(@) = “Htar]) daz < 0
Q p
thus
(6) liminf | (F(z,typi(2)) — ﬁ|75 P)de <0
n—+o0o JO > tnf1 D n¥l -7

On the other hand, using lemma 2.2, Fatou’s lemma with
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A
I = F (2, tp1 () — = [tnips [? gives
p

liminf | h,(z)dz > [ liminfh,(z)de = +oc0

n—+oo JQ O n—+oo

which contradicts (6), then the proof is complete.

Lemma 2.4. Assume (fy) and ¢ 1), then the functional ® satisfies
(). for every c € .

Proof. Let us assume by negation, that ® does not satisfy ()c for
some ¢ € , then there exists a sequence (u,,) such that

(7) O (up )ty — 0, ®(uy,) — ¢, and ||uy,|| — +oc.

It follows that

(8) lirll (pF(x,u,) — up f(x,uy,)) de = —pe.
n—+0o0 JO)
A subsequence of v, (v, = HZnH> (still denoted by (v,,)) is such that

v, = v weakly in Wy (Q)
v, — v strongly in LP(2)
() — v(z),a.e. z € Q and |v,(z)| < 2(x), 2(.) € LP(Q) .
Using (1) and (7) we conclude that
1 P P 1
—lunll _AHuan_B <K
p
for some constant K’ therefore

1
— — Aol < 0.
p

So that v # 0. Let us define ; = {z € Q : v(x) # 0}, we have

mes (1) > 0 and |u,(z)| — +00 a.e. z €
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using (fo) and ¢;1), we conclude that
pF(z,u,) — up f(x,u,) > M for some constant M €

and
lim (pF(z,u,) —unf(z,u,)) =400 a.e. x €y

n—-4o0o

However, Fatou’s lemma gives

n—-4o0o

lim ) (pF(z,u,) — upf(z,uy,)) dv = 400

which contradicts (8) and shows that (7) can not occur. Then the
proof of lemma 2.4 is complete.

Proof of theorem 1.1. In view of lemmas 2.1, 2.3, 2.4 we may
apply theorem 2.1 taking e = Rj¢py, it follows that the functional ®
has a critical value ¢y > a > 0, and, hence that problem (1.1) has a
nontrivial solution u, € Wy ().

The proof of theorem 1.2. is similar to that of theorem 1.1 and is
omitted. To prove the theorem 1.3 we will use the following lemmas.

Lemma 2.5. Assume (fy), c1.3) and co3) then the functional ® sat-
isfies (C)c for every ¢ > 0.

Proof. From (fy) and ¢ 3 it follows that there exists constants a
and b such that

(9) F(a,9)| < alsP~ +b.

Now, suppose by negation, that ® does not satisfy ()c for some ¢ > 0,
then there exists a sequence (u,) such that (7) holds.

Up f= [z, uy,)
[T [ [
v, (respectively f,), still denoted by (v,) (respectively f,) we may
assume that :

v, — v weakly in W, ?(Q) , v, — v strongly in L?(Q) and a.e. z € Q,
fo— fin LP(Q).
We have the following claim which is inspired from [7].

Let us define v, = passing to subsequence of

Claim 1
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1./\1§L_5 if v#£0
lv[P—2v
2. flx) = if v=0
f

1
Letting, m(.) = ifv#0 and m(.) = 5(/\1 +0) ifv=

[olP~2v
0.
By (7) we have |®' (u,)w| < &,||w]| for all w € W, 7(Q), where &, — 0,

therefore

En
Hun||p '

0 Jun 71"

\q)’(un Up| | flz,uy,
”un”p

hence
f(x, un)

1
o fun Pt "

passing to the limit, we obtain [ fv = 1,so that v # 0 . On the
other hand, for any w € W, ?(Q) we have

D' (uy,)
o

‘/ |VU’p QV’UV f(x7un)w‘ <e ||U}||

=] = P

passing to the limit, we conclude
/ Vol 2Vovw — / fu=0
Q Q
that is
/ |Vu|P2VoVw — / P00 =0 Yw e W,?
in other words, v is a weak solution of the following problem

—Apu = m()ufu inQ
(Pm){ u = 0 on 0f)

The result above and claim 1 imply

(10) leo(=A,,m(.)) and A\ <m(.) <G < A
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if Aym(.) (that is Ay < m(.) on subset of Q of positive measure), then
by the second part of (10), the strict monotonicity of A\; (cf [11]) and
the strict partial monotonicity of Ay (cf [4]), we have

Ar(m(.)) < A(A1(1)) =1 and Aa(m(.)) > Aa(Xa(1)) =1
thus
(11) Ar(m(.)) <1< Xa(m(.)).
Since o(—A,, m(.))NA(m(.)), a(m( )= 0 (

c
of (10) and (11) are in contradiction, hence m(.)
eigenfunction, so it follows that

f [4]), the first part
=) and vis a A\

(12) |un ()| = +o00 a.e. x €S
On the other hand by (8) we have

(13) lim /QpF(x, Up) — Un f (2, u,) dz = —pc

n—-+o00

combining (12) and ¢y 3), Fatou’s lemma yields

/ L(x)de <liminf [ pF(z,u,) — tnf(z, u,) dz.
Q Q

n—-+00

Via (13) we obtain
/ L(z)dx < —pc < 0
Q

which gives a contradiction, then the proof of lemma 2.5 is complete.

Lemma 2.6. Assume (fy), ¢1.3) and cs3), then there exists p,a > 0
such that ®(u) > « if ||u|| = p

Proof. Since [, <s F'(z,u(x)) dr <0, we have

1
Dd(u zfup—/ F(x,u(z))dx.
W= = [ Fu@)
On the other hand we have

F
(14) lim sup M dr <0
lul—0 @)= |lulP
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indeed, assume that (14) is false, then we can find a sequence (u,,) and
e > 0 such that

F(z, u,
(15) |ty]] — 0 and /( Fla, un(z)) > e.

D> |unll”
From (9) we deduce
(16) F(z,s) < K|s|P for|s| > 6,
and by (15) and (16), we conclude

(17) | Klen@lxa(a) da > e,

where v,, = unH,Xn(x) = 1if |up(x)| > 6 and x, = 0 if |u,(x)| < 6.
Up

Since ||uy,|| — 0, then w,(z) — 0 and x,, — 0, so passing to the limit
in the inequality (17) we get a contradiction.
Now, via (14) choosing p > 0 ( p < to,to given in ¢4 3)) such that

F 1

/ F(z, u(z)) < = for|ul = p,
u@)>s  lull” 2p

then, for ||u|| = p we obtain

1

B) > 5

.

1
To conclude the proof, take o = 2 P
P

Proof of theorem 1.3. In view of lemmas 2.5 and 2.6 we may apply
theorem 2.1 letting e = tpp;. It follows that the functional ® has a
critical value ¢ > a > 0.

Lemma 2.7. Assume (fy),1.4),Co.4),C3.4) then the functional ¢ sat-
isfies the condition ()c for every ¢ > 0.

Proof. Assume by contradiction that there exists ¢ > 0 and a
sequence (u,) in Wy () such that (7) holds. Then a subsequence of

(vy), still denoted by (v,), where (v, = HU”H) is such that
Unp,

v, = v weakly in W, ?(Q)
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v, — v  strongly in LP(Q)
vp(x) = v(x),a.e. x €
|vn ()| < h(z) where h(.) € LP.

In view of (7) we have
1
- np_ F )nd <, /e
Sluall? = [ Flauydz < ¢ (¢ )

thus by ¢;.4) and ¢4 we obtain

1 ()\1 +¢€ )
~[un " = luall; = I|1B < ¢
then L )
1+¢€
— = ———|lwall; = 0(n) < 0(n).
p p
Passing to the limit in the above inequality, we obtain
1 N
= — —|lvll; <0.(18)
p D

Since Ai[|v||h < [[v|? < 1, from (18) we conclude that

v # 0 and [|vf]” = AyJv]|7
hence v is a \; eigenfunction, therefore
(19) |un(x)] — 400 a.e. z €
On the other hand (7) gives

n—-+4o0o

lim (pF([E, un) - unf(x7un)) dx = —pc.
Q
However, by (19), Fatou’s lemma gives
/ R(z)dr < —pc <0
Q

which contradicts c34). Then the functional ® satisfies ()c for every
c> 0.

Proof of theorem 1.4. Combining lemmas 2.6, 2.8 and taking e =
topr (to > p) in theorem2.1 to conclude the existence of a critical point
uy € WyP(Q) of ® with ®(ug) > a > 0.
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3. SOME EXAMPLES

This final section treats the question of verifying some applications of
the hypotheses that are required in the abstract theorems presented
earlier.

Example 1

We consider the boundary value problem

(P) { —Ayju = f(z,u) inQ

U = 0 ondf
where :
NPT RS s> 1
1
Fas) =9 NP e it 12520

—f(z,—s) if s<0.
The primitive F(z,s) = [5 f(x,t)dt is such that

)\1*—|—)\1 if 821
p p+1p
F(z,s) = p P if 1>s5>0
p
F(z,—s) ift 0>s.

A simple computation shows that:

pF(z,s)
|s[P

1. hm‘s|ﬁ+oo

3. limyg—qoo[sf (2, 8) — pF(z,5)] = —o0.
Hence the hypotheses of the theorem 1.1 are satisfied, and (P;) is
a resonant problem.

Example 2
We shall now construct as above a Carathéodory function f satisfying
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all conditions of theorem 1.3, and such that :

lim inf f(x,s) =
|s|—+o0 |s[P~2s

1

and (.5
: [, s
lim sup =f
jslo+oo |S[P72s
where A\; < 3 < Ay, so taking
A
AP+ p—zl if s>1
s
- (p+DAs? if 1>s5>0
flw,s) = —28|sP i 0>s> -1
Bls|P~2s — g if —1>s.
s

A simple calculation shows that the primitive F' satisfies :

(16) fim inf 22 8) _

= A

jsloto0  |s|P !

. pF(z,s)
(17) limsup ————+ =

|s|]—+o0 |S|p
and

. pF(x,s)
18 1 e —
(18) ey |s|P

2

‘li‘mJirnf(pF(x, s)—sf(z,s)) > inf(\(p*+p—1),8(p—1+ p—i—pl)) > 0.

Hence by theorem 1.3 the problem (P;) possesses a nonzero solution

u e WyP(Q).

Example 3
In this example we consider the Dirichlet problem (P;) where the
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Carathéodory function f is as follows :

A A
)\137’_1—1——124—19—21 if s>1
ps s

flz,s) = ﬁ[p(er 1)+ 1P+ if 1>5>0
b —f(z,—s) if 0>s.
The primitive F(z,s) = [5 f(x,t)dt is such that
)‘13p_£+£—pﬁ+p/\1 if s>1
p ps P 8
F(z,5) = AL p(p1)41 if 1>s>0
I}’(x, —s) if 0>s.

A simple computation shows that

F
1. lim‘s|_>+oo M = )\1
|s[?
F
2. lim,_o PE@3) _ g
|s[?
)\1810

1
3. limyg i oo |pF(2,5) — =Mp+ -
sioreolPF (7, 8) = = =] = Mlp + )

4. minfjs oo [pF(x, ) — sf(z, s)] = M\ + p*A1.

Hence by theorem 1.4 the problem (P;) possesses a nonzero solu-
tion in Wy (€).
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