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Abstract

Let H be an abstract seperable Hilbert space. Denoted by H, =
Ly (0,00; H), the all functions defined in [0,00) and their values be-
longs to space H, which [;° Hf(x)”il dx < co. We define inner prod-
uct in Hy by the formula

(f.9u, = Jy (f9)udz f(x),9(x) € Hy,

H, forms a seperable Hilbert space[3] where ||.||; and (.,.)y are
norm and scalar product, respectively in H.

In this study, in space Hy, it is investigated that Green’s function
(resolvent) of operator formed by the diferential expression

y" +Q(x)y, 0<z< oo,

and boundary conditions

(0) — hay(0) = 0,

y"(0) — hay"(0) = 0,
where Q(x) is a normal operator mapping in H and invers of it
is a compact operator for every x € [0,00). Assume that domain
of Q(z) is independent from x and resolvent set of Q(x) belongs to
larg A — 7| < e (0 <e <) of complex plane X, hy and he are com-
plex numbers. In addition assume that the operator function Q(x)
satisfies the Titchmarsh-Levitan conditions.
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1. INTRODUCTION

In this work, Green’s function(resolvent) of operator L in H; = L2 (0, 00; H)
space is investigated. Here, operator L is formed by the differential expres-
sion

(1) y"V 4+ Q(z)y, 0<z<oo

and the boundary conditions

(2) y'(0) — hay(0) = 0,5"(0) — hay"(0) = 0

where Q(z) is a normal operator for every z € [0,00) in H and inverse of it
is a compact operator, hi, ho are arbitrary complex numbers. In the case
of @*(x) = Q(x), h1 = ha and regular behavior of Q(x) in infinity, Green
function of operator L investigated in (Albayrak, Bayramoglu)[1].

Green’s fuction of Sturm-Liouville equation given in (—oo, c0) with un-
bounded self-adjoint operator coefficient was first investigated by B.M. Lev-
itan [11].

In the space of Lo (—o0,00; H), Green’s function and the asymptotic
behaviour for the number of the eigenvalues of the operator formed by

2n
differential expression (—1)" 2" + ZQj(x)y(Q”_j) was obtained by M.
j=2
Bayramoglu 1971 [4], where Q;(x) (j = 2,...,2n) are the self-adjoint op-
erators in H. Later on many studies (Boymatov, K.Ch.[6], Otelbayev,
M.[12], Aslanov, G.I.[2], Kleyman, E.G.[8], Saito, Y.[15] ) were published
in this subject. Wide reference of these studies is given in (Kostyuchenko,
A.G., Sargsyan, 1.S. [10], Otelbayev, M. [13]). The main reference related to
Green’s function for the ordinary differential equation is the book Stakgold,
L. [16].

2. DETERMINATION OF THE PROBLEM

In Hy = Lo (0,00; H), let consider the differential expression

(3) v+ Qx)y + py

with boundary conditions



Grren’s Function of Differential Equation with Fourth order and ... 17

(4) y/(0) — hay(0) =0

() y"(0) = hay"(0) = 0

where 1 > 0 is a real number. It is assumed that Q(x) is a normal operator
mapping in H for every z € [0,00) and satisfies the following specification
called Titchmarsh-Levitan conditions:

1) Let Q(x) be a normal operator for each z € [0,00) in H with domain
D(Q(x)) = D independent from z, D = H (Here D shows the closure
of D).

2) Let @ !(z) be compact operator for every x (Q71(x) € o) and 1 <
lag(2)] < Jag(z)] < ... < |ap(x)| < ... where aq(z), as(x), as(z), ...,
are the eigenvalues of Q(z).

3) Assume that resolvent set of Q(x) incluted domain
= {Aim—e<argA<7m+e, 0<e<m €=const} of complex
plane A.

4) Suppose that function F'(z Z W belongs to L(0, c0):
(03

Joo F(z)dz < o

5) HQ V4 (x).QY4(s) H < ¢ and HQ1/4 Q_1/4(3)H < ¢ while |z — 5] <
, C= constant

6) Assume that [|Q™%(x) [Q(s) — Q(x)]|| < ¢|z — s| while |x —s| < 1,
where ¢ = constant and 0 < a < %.

Different constants are denoted with c.

Let B(H) be a Banach space whose elements are bounded operators
mapping in H [7]. G(z, s; p) function which belongs to B(H) for 0 < z,s <
oo and satisfies the following conditions is called Green’s function of (3)-(5).

1) The operator function G(z,s; u) itself and its two partial derivative
according to s are continious functions for variables z and s (0 <
x,s < 00).
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2) When s # x third derivative of G(z, s; u) for s is continuous.

3) g (x,z+0,p) — %(x,x —0,p) =1 (I is identity operator in

0s3

H)
4) When s # z, %4??(337 s; 1) + G(z, 83 1)Q(s) + pG(x, s;pu) =0
5) %g(x7 S;M)|s:0 - hlG($, S, ,LL)|s:0 = O7

3 2
G (w55 1) |s=0 — ha §5 (x, 55 1) ] s=0 = 0.
According to parametrics method, the operator function G(z, s; p) will

be found as a solution of integral equation given by

Glavsin) = r(a = s)glasim) = [ {1V = Ogla.&m)

+4r'"(x — €)g' (2, & p) + 6r" (x — €)g" (2, & p) + 40" (x — ) 9" (2, & 1)

(6) +r(z — &gz, & p) [QE) — Q@)]} G, 55 p)dE
where
_ 1 u[<p
"= 0 > 2, 0<p<3
is any fixed sufficiently smooth function and
2 A
o, 5) = L2814 i) Fllosl o]
_fa?)(_l + Z')efagﬂxfs\fﬂxfs\]

—a 2 (144)(z+s)

[5(1+i)h2+§orl(—1+i)h1h2—%a(—m)ﬁ(m)m]
+ a2i(—2h1h2—\/Ea(h1+h2)—2a2) €
[—%hQ + %a(—l +i) + %hl}

a2i(—2h1hy — V2a(hy + ha) — 202)

I a2 [ (z+s)+i(—a+s)]

e

n [—%hl - ?Oﬂ' + %hg] .
a2i(—2h1h2 — \/50[(]11 + h2) — 20(2)

a2 [~ (a+s)+i(z—s)]
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[i(—lﬂ)hﬁ@wl(1+i)h1h2—@a(1+i)+i(—1+i)hz}
_l’_

o (—14i)(x+s)
a2i(—=2h1ha—v/2a(h14+ha)—202)

(7) 0<z,s<o00.

a = v/Q(x) + pl and defined by formula of spectral expansion

Q@)+l =3 o) + ulenen
n=1

where e;(x), ea(z), ..., en(x), ... are the ortonormalized eigenvectors corre-
sponding to eigenvalues aq(z), az(z), ..., an(x), ... of Q(x). Branch of the

Waj(x) + p is defined with |arg(on,(z) + p)| < 7. Note that the operator
function g(z, s; p) is founded by writing o = /Q(x) + ul instead of « in
Green function defined with diferential expression

y'V +aty (> 0)

and boundary conditions

y9(0) - h(j+1)/2y(j_1)(0) =0, j=13
in space Lo [0, 00). Let’s say that

6
9= Zgi.
i=1

It will be shown that integral equation (6) has only one solution and
this solution is Green’s fuction of the problem (3)-(5).

Equation (6) will be investigated in these spaces; Xo, Xél), Xifl/zl)
X5. These are shown that they are Banach spaces and given by Levitan,
B.M. [11].

Consider that integral Eq.(6) is in the space X5. Let us show that this
equation has one solution in Xs for 4 >> 0 (p is a big enough positive
value) and the solution can be found by successive aproximation method.
For this it is enough to show that g(x, s; 1) € X9 and the operator of

NA = [V (@ — €)g(w, & 1) + 47" (z — )¢/ (x,€: 1)
+6r"(x — §)g" (2, & ) + 4r'(x — §)g" (2, & 1)
r(r — €)g(x,& 1) [Q€) — Q(0)]} A(E, 5; p)de

is constriction operator in X3 for pu >> 0.

Y
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LEMMA 1: If operator function Q(z) satisfies the conditions 4-) and
6-) for p >> 0, operator N is constriction operator in the space X.

PROQOF: If it is shown that the norm of operator N for u >> 0 are
small enough, it is demonstrated that NV is constriction operator at large
values of p > 0.

5

NA=> N;A

=1
NiA = [§% [r(x = §)g(x, & p) [Q(x) — QE)]] A(E, n)dE
NoA = [o%dr'(x — §)g" (x, & p) A(E, m)dE
N3A = [ 6r"(x — &)g" (x, & p) A(E, m)dE
NyA = [ 40" (x — &)g (x, & p) A(E, m)dE

-
NsA = [°rIV)(z — &) g(a, & 1) A€, n)dE

5
IN| < Z | Ni|| can be written from nature of norm. Let’s do the
i=1
operations for operator N A.

g(z, 55 1) Zgz
NiA= [57] 66)9(%5; w) [Q(z) — Q)] A&, m)dE
=[5 @ =8> gi(z, & p) [Qx) — Q(f)]] A(&,n)d¢
=1

NlA = 26: Nh'A

=1

6

RAES A

=1
NiA = [ r( — g (e, & ) [Q(x) — Q(E)] A(E, m)de
— i1 (@ — O (2,6 1) [Q(x) — QE)] A(E, m)de
- Jepor 7@ — g1, € 1) [Q() — Q(E)] A(E, m)de

=b1+ by
where by = 0 according to r(u) =0, |u| > 1.

[N Az, )2 = o]l
(II.|5 is a norm in space Xa)

16113 = [ f—ei<1 7= — a1 (2.6 1) [Q(2) — QO AlE mee]|
< [foegen 1@ — 991 (2,6 1) [Qx) — QU A, ), €] (8)
0113 < 22 [f, g 2 — €75 N AGE D], de]”
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is found. Hence

2 R B
3 < [ [ e
0 0

is obtained, or

2
[ =€ IAG )y de | dud
lz—£|<1

o1l < || Az, m)ll; < oo.

Therefore,

INUAS < e | Az, )l

is derived. Here, ¢ < 0 is constant. Thus, operator NijA(x,§) is bounded
with small enough norm of large u > 0. In a similar way, operators Ni; A
(i = 1,...,6) are bounded with small enough norm of large u > 0. Then
it is obtained that operator INA is constriction operator in space Xo for
@ >> 0. Thus Lemma 1 is proved.

If it can be shown that r(x — s)g(z, s; 1) belongs to the space Xs, then,
it is obtained that Eq.(6) has only one solution belonging to X5 for p >> 0.

6
lglly <>~ llgilly
i=1

can be written.

Now let us show that rg belongs to space X5 assuming that the condition
4-) of function Q(x) is fulfilled. Let us perform the operation for any
term included by rg, for example the term r(x — s)gi(z,s; ). That is,
let us show that rg; € X5. In a same manner, it is indicated that other
terms also belong to X3. Since r(x — s)g1(z, s; ) is a function of normal
operator valued function @Q(z), using the spectral expansion formula for
normal operators [17]:

Irg1ll3 =
> (%) r(z —s)(1+1) (aj(z) + p) " o~ (0 (@)+p) /42 (14+4) o]
7j=1
3 - — x—s|Re(a; (x /4
Irgr]2 < (1/16) S ey (@) + | 32 e=V2ola—s| Re(e (@)+n) /g
7j=1

(6 = const > 0)
is implied. From the fourth property of Q(x)
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(c = const > 0) / / lrg1 |3 dsdx = c/ < 00,
’ =1 |z +M’7/4

is obtained. Thus it is denoted that rg; € Xs. Therefore the following
theorem has been proved.

THEOREM 1: If the conditions 4-) and 6-) of operator Q(x) are
satisfied, then, for u >> 0, there exists a solution in the space X5 for Eq.(6)
and it is unique. This solution can be found by successive aproximation
method.

The following lemma can be proved.

LEMMA 2: If operator fuction Q(z) satisfies the conditions in Lemma
1 then for g >> 0, operator N is a constriction operator in every spaces
X, X:,El), Xifl/ll) and X5. At the same time in addition to the conditions
1-) and 6-), if operator fuction Q(x) satisfies the condition
“Q1/4(a:)Q_1/4(s)" < ¢, ¢ = constant, then g € Xifl/ll).

3. DERIVATIONS OF GREEN’S FUNCTION

Let us try to show that operator function G(z,s;u) has the derivatives

% (7 = 1,2,3). If the derivatives of both sides of Eq.(6) is calculated

according to s

TGz, s; Tr(x — s)g(z, s; o0
0 Gésj] ; ) _ 9”7 [r( aS)JQ( 83 )] _/0 {T(IV)(x—ﬁ)g(a:,g;u)
4" (x — &) g (2, & p) + 61" (x — &)g ”(w § ) +4r'(z — €)g" (x,&; 1)
+r( — gl & 1) [Q(€) — Qa)]} Z4E#) e (9)

O [r(z — s)g(x, s; )]
0s’

(10) Kj(z,s;pn) = - NK;(& s; 1) (j=1,2,3)

(1)

can be written. Let us investigate integral Eq.(10) in Banach space X3 .
In Lemma 2, N was denoted is a constriction operator in the space X 3(,1) for
u >> 0. If it is implied that operator function W (1 =1,2,3)

belongs to X?El), it is shown that there exists a solution for Eq.(10) in X?E )
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for g >> 0. It is seen that %‘ng € Xél), that is,

8]
Sup foooH 3(57}9)
0<z<oco

Hds < oo from clear expression of operator function

o7G(z,s0) 0 [r(z—s)g(z,5;1)]
9s’ s’

g(x, s;p). It is demonstrated that

(j=1,2,3) is a continuous function for s, (s # z), performing the similar op-
erations as in [10] and [4]. On the other hand, since w (j =

1,2) is continuous, function W (j = 1,2) is also continuous for ac-

&3[r(z—s)g(@,5:1)]
3

cording to s. From , it is denoted that this function satisfies

the condition 63[rg(g,s:§+0;u)] — 33“"9(;’82*0;”)] = I at the point s = z. This
results in that operator function %?’TE? fulfilles the condition 4-) from the
continuity of &5 — 883;39 .

The followmg Lemma can be proved.

LEMMA 3: Assume that operator function Q(x) satisfies the condi-
tions 1-) and 3-) and

() |@ i @Q 4| <

while |z — s| < 1. In this case;

Mr(x — s)g(x, s; )] XU

Ost <
that is X
Sup [ ‘ 9 Ir(z=s)g(@.sin) as)f(x S’“)Q_1/4(8)" ds < oo.
0<zr<oco

4. THE FOURTH DERIVATIVE OF GREEN’S FUNCTION
In previous part it has been shown that the derivative % of Green’s
function G(x, s; ) belongs to the space X3 and it satisfies the continuity
(x # s) for the variable s and the following expression

PG, sip) _ Plr(a — s)gla, s:p) [re PG )

12 =
(12) 0s3 0s3 0s3

— 3 4

where

Pz, & p) = rIV) (@ — Og(z, & p) + 4" (x — €)' (2,& 1)
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+6r" (x — &) g" (x,& p) + 4’ (x — £)g" (x,&; 1)
+r(z —&)g(x, & p) [QE) — Q(x)].

Let us write Eq.(9) as follows

(13) Lasip) = Uo,sim) = [ Pla,&uL(E s p)de.
Here
L(x, s;p) = 2 — &0g)

and

0
U, 51) = = [5° P, & ) g5 e,
Let us derive the Eq.(13) according to s as formal. From this
OL(z,s; al( OL(&,s;
(gsu) xsu) — [ P(x,& 1) (gss “)dg

is obtained. If the expression

Br(x — (z +0)g(x,z + 0; )] B Br(x — (x — 0)g(x,z — 0; )]

0s3 0s3 =1

is used and if we write as
U, s 1) = = (J™° Pl & ) P96 e + [ P(a, € 1) GG e ),
Hesit) — Pz, 51) — J5° Plw, & ) 9558 g

S

is found. Let us say that

l
é’@gjm L (5 1),
If it can be shown that element I; belongs to Xifl/‘l), according to

Lemma 2. It is obtained that there exists a derivative of the function

{ 5 3 _
%i? — 88§9T3g) according to s and 2 %35? 88(;;9) € Xi Y9 From this

, a 4 IS X( 174) is obtained. It is found that
the element /; belongs to Xi Y4 by the studies [11], [4].

point according to Lemma 3

5. SATISFYING DIFFERENTIAL EQUATION OF GREEN’S
FUNCTION

Let us show that Green’s function G(x, s, u) for x # s satisfies the equation

2G4 G5, 1) [Qs) + ul) = 0.
Let f € D. Then,
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PG (f) +rg[Qx) + pl] (f) = 4
—rg [Qs) = Q@) (f) = 5 Pla, & i) "4 (f)dg

or

4 00 4 R
19 G5 = rof@ + a1l ()~ [~ Pl e SEe T (e

is obtained Let [Q(s) + pI] f = ¢. From this, Eq.(14) becomes as follows,

0*G 00 0*G(¢,s;
Q)+l o = —rgo— [ P& TR Q) + un) e

Compairing this equation with Eq.(6),

4
e {F1ak) +an 6} = Gl sy

is found. From the last expression, fourth property is obtained as elements’
set of ¢ for every constant s > 0 is dence everywhere in H.

6. SATISFACTION OF BOUNDARY CONDITIONS

Let us show that G(x, s; ) satisfies the conditions
M|s —o — Gz, 85 1) |s—0 = 0
83(}’ 9%2G(
%ka fh2¢|s 0 =0

that is Green’s function fulfilles the condition 5-).

(15)  Glasin) = (o= 9)g(a,sin) - | P, € p)G(E, 5 1) de

(16) 5G(ﬂ;;8;u) _ Olr(z — Sa)g(x,sw)] _ /O‘X’ Po.€: 1) 3G(g:;u) i

From the Eq.15 and 16;

a[r(x_sa)s(x 55 ,U, ‘S 0 _/ P CU 5’ ) G(gvss;u)

ha [r(z = s)g(x, s;1) = Jo© P(z,8 )G (&, 53 1)dE] [s=0 = 0(17)

d§ |s:0 -
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is obtained. Considering that
%9 | g — h1rgls—o = 0
from Eq (17);

(18) / Pz, & PG@’S ) G s de=o

s=0

can be written. Homogen Eq.(18) can be written as below,

(N +1) % hlG} =0

Since operator N is constriction operator for y >> 0, then

L fj: i) |s:0 - hlG(S’ 53 M) |5:O =0
is obtained. Thus the first boundary condition of 5-) is satisfied.

Now let us calculate the second and third derivation of G(z,s; ) ac-
cording to s.

VG| o =209 o — [z — )glw, &) [QE) — Qa)] L& ge |

»BaG o L OPG(E s )
el |s=0 — /o P(%f,M)Tdﬂs:O -
9?(rg) o0 , G(&, 55 1)
—ha [632 ls=0 —/0 P($757M)Td§\s 0
33G 82
(19) a 3 ’8 0 — a 2 |3 0

From the expression of g(z, s; i), considering that
83 o2

3;39 ’s =0 — h2 a(;;g) |s:0 =0

from the Eq.19

_fooo (.%'5, ){66‘53,#) haGfs,p}‘sodé

830(5) 7.“') h 8 G(€ S’”)
0s3 0s?
is found. This homogen equation can be expressed by

PG 82G

(N+1) e —hz

’s 0—O

Since N is constriction operator for p >> 0 in X?El)
PG, sip) Gl sip)

0s3 02 ls=0 =0
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is obtained. Thus the second condition of 5-) is also fulfilled.

Consequently, it is shown that operator function G(z, s; 1) satisfies all
properties of Green’s function.

If integral operator

Af = [§° Gz, s;1) f(s)ds, p>0
is formed in H; by using Green’s function obtained, it is seen that A is a
Hilbert-Schmidt (H-S) type operator from the property proved

J5° I3 1G @, s: )3 dads < oo.

If Q(z) = Q*(x), h1 = hg, are real numbers then G*(x, s; 1) = G(s, z; p)
can be proved.

Appendix:

Example. Let Q C 211d™ (m > 1) be any finite region with uniformly
smooth boundary and Rt = [0, c0).

Let us consider the boundary value problem of

4
% +q(x)(=Ly)°u = I (a)
ule) | o + hyu(0,y) = 0 (b)
OBu(z,

ggfg ) le=0 + hou(0,y) :_10 (c)
ulon = Felon = .. = Ze=rlon =0 (d)
in space La(R' x Q). Here y = (Y1, Y2, -+ Ym )5
AN = e 9

YT oy dy3 T Oun?

s is any integer > 27’”, 012 is the boundary of € region, = is the normal
of 0 and ¢(z) is a complex valued function with values in C\S; satisfying
the conditions

a1 +2%) < Jg(@)] < ea(1 + )

where o > %, c1, co are positive constants and hi, hy are arbitrary com-
plex constants.

Let us define self-adjoint A operator (like in [14]) in space H = Ly(f2)
by (—24,)® with boundary conditions (d).

Therefore the problem (a)-(d) in the space H; = Lo(RTxQ) = Ly(R*, H)
can be writed as a boundary value problem with operator coefficient as fol-
lows:
giff +Qx)u—Au=0

u (0) — hyu(0) =0

u" (0) — hou!(0) =0

where u(x) = u(z,.), Q(x) = q(x)A.

Resolvent set of operator function @Q(z) defined like this consists of
region S; and it can be shown that conditions 1-) - 6-) are satisfied (See
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also [9], [5]). Applying the founded results in the theoretical part, Green
function of the problem (a)-(d) can be examined.
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