Proyecciones
Vol. 22, N° 2 pp. 145-159, August 2003.
Universidad Catodlica del Norte

Antofagasta - Chile
DOI: 10.4067/S0716-09172003000200005

NON - AUTONOMOUS INHOMOGENEOUS
BOUNDARY CAUCHY PROBLEMS AND
RETARDED EQUATIONS

M. FILALI AND M. MOUSSI
Unwversidad de Mohamed I, MOROCCO

Abstract

In this paper we prove the existence and the uniqueness of the clas-
sical solution of non-autonomous inhomogeneous boundary Cauchy
problems, and that this solution is given by a variation of constants
formula. This result is applied to show the existence of solutions of a
retarded equation.

subjclass : 34G10; 47D06

keywords : Boundary Cauchy problem, evolution families, clas-
sical solution, well-posedness, variation of constants formula, retarded
equation.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172003000200005

http://dx.doi.org/10.4067/S0716-09172003000200005

146 M. Filali and M. Mouss:

1. Introduction

Consider the following boundary Cauchy problem

gu(t) = A(tyu(t), 0<s<t<T,
(1BCP){ Litult) = d(u(t) + f(t), 0<s<t<T,
u(s) = up.

This type of problems presents an abstract formulation of several natu-
ral equations such as retarded differential equations, retarded (difference)
equations, dynamical population equations and neutral differential equa-
tions.

In the autonomous case (A(t) = A, L(t) = L, ®(t) = @), the Cauchy
problem (I BC'P) was studied by G. Greiner [2,3]. The author has used the
perturbation of domains of infinitesimal generators to study the homoge-
neous boundary Cauchy problem (f = 0). He has also showed the existence
of classical solutions of (I BC'P) via a variation of constants formula. In the
non-autonomous case, Kellermann [6] and Nguyen Lan [7] have showed the
existence of an evolution family (U(t, s))¢>s>0 which provides the classical
solution of the homogeneous boundary Cauchy problem. The aim of this
paper is to show the well-posedness of the inhomogeneous problem (IBCP).

In Section 2, we prove the existence and the uniqueness of the classical
solution of (IBCP). Our technique consists on transforming (IBCP) to
an ordinary Cauchy problem (without boundary conditions) and giving an
equivalence between the two problems. Moreover, the solution of (IBCP)
is explicitly given by a variation of constants formula similar to the one
given in [3] in the autonomous case. We note that the operator matrices
method was also used in [4,8,9] for the investigation of inhomogeneous
Cauchy problems without boundary conditions.

Finally, Section 3 is devoted to an application to the retarded equation

o

We end this introduction by basic definitions which are needed for the
sequel.

A family of linear (unbounded) operators (A(t))o<i<7 on a Banach
space X is called stable family if there are constants M > 1, w € R such
that Jw, co[C p(A(t)) for all 0 < ¢ < T and

v(t) = K(t)ve+ f(t), t>s>0,
Vs = .
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for A > w and any finite sequence 0 <t < ... <t <T.
A family of bounded linear operators (U(t,s))g<s<;
evolution family if

on X is said to be

1. U(t,t) =Igand U(t,r)U(r,s) = U(t,s) for all 0 < s < r < t,

2. the mapping {(t,s) € R% : ¢ > s} 3 (¢,5) — U(t, s) is strongly con-
tinuous.

For more details on evolution families and non-autonomous Cauchy
problems we refer, for instance, to [1, 5, 10].

2. Well-posedness of boundary Cauchy problems

Let D, X and Y be Banach spaces, D densely and continuously embedded
in X. Consider the families of operators A(t) € L(D, X), L(t) € L(D,Y)
and ®(t) € L(X,Y), for 0 <t <T.

In this section, we use the operator matrices method to prove the exis-
tence of classical solution for the non-autonomous inhomogeneous boundary
Cauchy problem

Lu(t) = A(t)u(t), 0<s<t<T,
(IBCP){ L{tyu(t) = ®(t)u(t) + f(t), 0<s<t<T,
u(s) = up.

To that purpose, we assume that the following hypotheses hold:

(H1)t — A(t)x is continuously differentiable for all x € D.

(H2) the family (Ao(t))ogthv A%(t) := A(t)|gerr(s), i stable, with
(Mp,wp) constants of stability.

(H3) the operator L(t) is surjective for every ¢t € [0,T] and ¢ — L(t)x
is continuously differentiable for all z € D.

(H4) t — ®(t)x is continuously differentiable for all z € X.

(H5) there exist constants v > 0 and w € R such that

IIL(t)x|ly > v\ —w)||z|| for = € ker(\ — A(t)), A > w and t € [0,T].

Note that under the above hypotheses, the Cauchy problem associated
to the family A°(-) is well-posed and its solutions are given by an evolution
family (U(tas))OSSStSTa see [7]
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Definition 2.1. A function u : [s,T] — X is called classical solution
of (IBCP) if it is continuously differentiable, u(t) € D, t € [s,T], and u
satisfies (IBCP).

We recall the following results which will be used after.

Lemma 2.2. [6.7] For t € [0,T] and A € p(A°(t)), we have the following
properties.

i) D = D(A°(t)) © ker(A — A(t)).

i1) L(t)|ker(r—A()) 15 an isomorphism from ker(\ — A(t)) onto Y.

i11) t — Ly, = (L(t)]ker(A,A(t)))_l is strongly continuously differen-
tiable.

As consequences of this lemma, we have L(t)Ly; = I, , Lx;L(t) and
(I — Ly+L(t)) are the projections from D onto ker(\ — A(t)) and D(A%(t))
respectively.

We now introduce the Banach space E := X x C1([0,7],Y) x Y, where
C1([0,T),Y) is the space of continuously differentiable functions from [0, T
into Y equipped with the norm ||g|| := ||g||cc + ||¢'[|c0 for g € C*([0,T],Y).

Let A®(t) be the operator matrices defined on E by

A(t) 0 0
A?(t) =1 0 0o o0 |,
Lit)—®(t) —& 0
D(A®(t)) :== D x C1([0,T],Y) x {0}, te€][0,T],

where &; : C(]0,7],Y) — Y is the Dirac function concentrated at the
point .
To the family A®(-) we associate the homogeneous Cauchy problem

LUt = A2OUE), 0<s<t<T,

(NCP) 4o

In the following proposition we give the equivalence between the boundary
Cauchy problem (I BCP) and the Cauchy problem (NCP).
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Proposition 2.3. Let ( 1}0 ) € D x CH([0,7],Y).
uy (t)
(i) If the function t — U(t) := | wua(t) | is a classical solution of
0
Uo
(NCP) with an initial value | wg(t) | then t — wy(t) is a classical
0

solution of (IBCP) with the initial value uy.
(ii) Let u be a classical solution of (IBCP) with the initial value ug.
Then, the function

u (t)

t— U(t) = f is a classical solution of (NCP) with the initial
0
uQ
value | f
0

Proof. (i) Since U is a classical solution, then, from Definition 2.1, u; is
continuously differentiable and w;(t) € D, for all ¢ € [s, T]. Moreover,

uy (1)
ww = |
0
(2.1) = AU ()
A(t)uy (t)
= 0
L(t)uy (t) — @ (t)ug (t) — dpuz (t)
Therefore
(2.2) uy(t) = A(t)ur(t)m and ub(t) = 0.

This implies that ua(t) = ua(s) = f for all t € [s,T]. Hence, the equation
(2.1) implies

Lt)ui(t) = ®(t)us(t) + f(t), 0< s <t < T.

The assertion (i) is obvious. O

The above proposition allows us to get the aim of this section by showing
the well-posedness of the Cauchy problem (NCP). To do this, we use the
subsequent result due to Tanaka [11, Theorem 1.3].
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Theorem 2.4. Let (A(t)),<,<p be a stable family of linear operators on a
Banach space X such that

i) the domain D := (D(A(t)),]|.||p) is a Banach space independent of
2

ii) the mapping t — A(t)z is continuously differentiable in X for every
zeD.

Then, there is an evolution family (U(t, s))y<s<;<p 0n D. Moreover, we
have the following properties: -

1. U(t,s)D(s) C D(t) for all 0 < s <t < T, where D(r) is defined by

D(r)::{a:ED:A(r):EEE}, 0<r<T,

2. the mapping t —— U(t,s)x is continuously differentiable in X on
[s,T] and

%U(t, s)x = A(t)U(t,s)xm for all x € D(s)m and t € [s,T).

We start by stating the following lemma.
Lemma 2.5. The family of operators (Aq’(t))ogtST is stable.

Proof. For t € [0,T], we write A% (t) as

0 0 0
A?(t) = A(t) + 0 0o 0 |,
—®(t) =6 0
where,
Alt) 0 0
A(t) = 0 0 0|, D(A®) = DA%®)).
L) 0 0

Since A®(t) is a perturbation of A(t) by a linear bounded operator on
E, hence, in view of the perturbation result [10, Thm. 5.2.3], it is sufficient
to show the stability of (A(t))o<i<7-
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x
Let A > wp,t € [0, 7] and ( f) € E. We have
Yy

R(NA(#) 0 —Ly, z
(A — A1) 0 0 f
0 0 0 y
A=A@) RN A% (1) x — (A= A(t)) Ly
= f
—L#t)R(NAY (1)) 2+ L(t) Lasy

Since R(A, A%(t))x € D(A°(t)) = ker(L(t)), Lasy € ker(A — A(t)) and
L(t)Lx: = I4, , we obtain

R(M\A%(t)) 0 —Lyy
(2.3) (A —A(t)) 0 0 = Idg
0 0 0

R\ A1) 0 —Lyy T
0 s 0 A=A | f
(2.4) 0 0 0 0
' ( R\AY(#) (A= A(t)x + LasL () )
= f
0

From Lemma 2.2, let z; € D(A%(t)) and z2 € ker(\ — A(t)) such that
T = x1 + z9. Then,

R(LAY (1) (A= A (1) 2+ LaeL ()

— R(AAY (6) (A A(8) (1 + 72) + LayL () (21 + @)

= R()\,AO( )) (/\ A(t))l‘l —|—L)\’tL (t) T2

=1+ X2

=z.

Therefore,

R(\, A%(t))
(2.5) 0
0

P [ )
\
o o ™
>
~
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=
|
™
=
=
-
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From (2.3) and (2.5), we obtain that the resolvent of A(t) is given by

R(AA°(t)) O —Ly,
R\ A(t)) = 0 0
0 0 0

By a direct computation we can obtain

k [T ROVA®)) 0TIy RO A(t)) L,
[T R At)) = 0 ¥ 0
i=1 0 0 0

for a finite sequence 0 < t; < ... <t <T.
From the hypothesis (H5), we conclude that |[Ly || < y(A —w) ™" for
all t € [0,7] and A > w. Define w; = maz(0,wp,w). Therefore, by using

x
(H2), we obtain for | f | € FE
0
x
R(A, A(t; f
Y
HH RO\ A1)z =TTy RO A°(t)) Laguy | + 3 1171
<M\ —w) "l + M A - o)y = w) Tyl = w) T I
x
<M N—w) | £ ]
Y
where M := max (M, M~). This achieves the proof of the lemma. a

Let (U(t,s))i>s>0 be the evolution family generated by A°(:) and
flt,u(t)) := ®()u(t) + f(t), 0<t<T. We are now ready to state our
main result.

Theorem 2.6. Let f be continuously differentiable function on [0,T] onto
Y. Assume that (H1) — (Hb5) are satisfied. Then, for every initial value
ug € D, such that L(s)ug = ®(s)up + f(s), the boundary Cauchy problem
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(IBCP) has a unique classical solution u. Moreover, u is given by the
variation of constants formula

u(t) = U(t 5)(I = La.oL(s))uo + Lao f(t, u(t))

(2.6) _’_/8 U(t,r)[ALx, f(r,u(r)) — (Lay f(r,u(r))) | dr

for t > s.

Proof. By Lemma 2.5 and the assumptions (H1), (H3) and (H4), the
family (Aq)(t))ogth satisfies all conditions of Theorem 2.4, then there
exists an evolution family (U®(¢,s))s<i<7 such that, for all initial value

ug u (t) uo
f € D(A%(s)), the function | v (t) | := U®(t,s)| f | is the
0 0 0

classical solution of (NCP). Therefore, from (i) of Proposition 2.3, u is a
classical solution of (/BC'P). The uniqueness of u comes from the unique-
ness of the solution of (NCP) and Proposition 2.3.

Let now u be a classical solution of (IBCP). At first, assume that
®(t) = 0. Then, the functions

ug(t) = LxgL(t)u(t)
= Lysf(t), 0<t<T,

and uq(t) := (I — Ly(L(t))u(t), 0 <t < T, are differentiable and

ui(t) = (1) - uh(t)
= A(t)(ur(t) + ua(t) — (Lasf(t)
O(t)ur () + Mox o f(£) — (Lo f(2))-

If we define f(t) := ALy, f(t) — (L,\,tf(t)),, we have

0N

= A

wr(t) = U(t, s)ur(s) + /:U(t,r)f(r) dr, 0<s<t<T.

By replacing u1(s) by (I — Ly sL(s))ug, we obtain

ur(t) =U(t,s)(I — LasL(s))uo + /: Ul(t, r)f(r) dr
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It follows that

u(t) = U(t,s)(I — LxsL(s))uo + Lxf(t)

(27) FILUG) Moar ) — (B f ) ]

In the case ® # 0, since f(-,u(-)) is continuously differentiable, similar
arguments are used to obtain the formula (2.7) for f(-) := f(-,u(-)), and
consequently (2.6) is showed. O

3. Retarded equation

Let E be a Banach space and K (t) € L(C([-7,0],E),E), 0<t<T. We
consider the retarded equation

u(t) = K(t)ve + f(t), 0<s<t<T,
Us = @

(RE) {

where vy(7) :=v(t + 1), for 7 € [-r,0], and f:[0,T] — E.

Assume that:

(A) t+—— K(t)p is continuously differentiable for all ¢ € C([—r,0], E)
and supg<;<7 || K(¢)| < 1.

Definition 3.1. A function v : [s — r,T] — E is said to be solution of
(RE), if it is continuous and v satisfies (RE).

In this section we are interested in the study of the retarded equation
(RE) by applying the abstract result obtained in the previous section. To
be more specific, we write (RE) as the boundary Cauchy problem

Fu(t) = A(t)u(t), 0<s<t<T,
(IBCP)'{ L(t)u(t) = ®(t)u(t) + f(t),
u(s) = ¢,

where, for each 0 < ¢ < T, A(t) is defined on the Banach space X :=
C([—T‘, O]aE) by
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It is known that the operator A° defined by

{ Alp = ¢f
D(A%) = {p € CY([-r,0], E); ¢(0) = 0}

generates a strongly continuous semigroup (7'(t));>0 on X given by

(3.1) (T(t)p)(r) = { T TS

We first show that (IBCP)' has a classical solution. To do this, in
view of Theorem 2.6, we have to verify the hypotheses (H1) — (H5) for
this problem. The hypotheses (H1), (H3) are obvious and (H4) can be
obtained from assumption (A).

For (H2), let ¢ € D(A(t)) = {¢ € C}([-r,0],E); ¢(0) =0} and f €
C([~r,0], E) such that (A — A%°(¢t))¢ = f. Then,

o(1) = eMp(0) + / ’ A= f(o)do, T e[-r,0].

Since ¢(0) = 0, we get
(RO, A1) ) = [ f(o)do

T

Hence, for A > 0,

—_

| RO A°@)]| < T

This proves the stability of (A°(t))seqo,11-
On the other hand, if ¢ € ker(\ — A(t)), then ¢(1) = e*p(0) for
T € [-r,0], and

L(t)e = [0
0 ’e_)‘Tgo (T)H )
e N e N
Since limy— 10 = 400, in Cg, we take ¢ > 0 such that N > c.

Therefore,
IL()ell = cAllell, ¢ €[0,T7,

and so (Hb5) also holds. O
We obtain the following proposition.
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Proposition 3.2. Let f € C1([0,T], E). Then, for every ¢ € C*([—r,0], E)
such that ¢(0) = K(s)¢ + f(s), the boundary Cauchy problem (IBCP)’
has a classical solution u satisfying the variation of constants formula

u(t) = T(t = 5)(p — ¥ (0)) + e F(,u(t))
+ [IT(t = 0)e™ [ (o, u(0)) = (F(o,u(0))] do

where f(t,u(t)) := K(t)u(t) + f(t), 0<t<T.
Moreover, u satisfies the translation property

(3.2)

u(t+7)0), s<t+7<T
pt+7—5), —r+s<t+r

(3.3) u(t)(r) := {

Proof. First, one can see that for A >0 and z € E, L); = eMz. On the
other hand, the evolution family generated by A°(-) is given by U(t,s) =
T(t—s), t>s.

Since the hypotheses (H1) — (H5) are fulfilled, then the existence of
a classical solution for (IBCP)" and the formula (3.2) are a direct con-
sequences of Theorem 2.6. It remains to show the translation property
(3.3).

Let 7 € [—r,0] such that t + 7 > s. By using (3.1) and integration by
parts, we obtain

u(t)(r) = (T(t=s)p)(r) = (T(t = 5)e™ p(0))(7) + M f(t, u(t))
t+1

+ [Tt =00 [Mou(@) = (flou(@))] () do

+ [ T= ) [M(o,u() = (f(o,u(e)] () do

t+1

= f(tu(t) + /SHT M(o,u(o)) = (f(o,u(0))) do

¢ t
+ [ FTTONf(o,u(0)) do — / AT (f(0,u(0))) do
t+1 t+T

= f(s,u(s)) —l—/:+T M (o,u(o))do.

If —r+s<t+7<s, we have
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+/Tt—a M (o u(0) = (f(o,u(0)))] (7) do
=t - 8) — AET(0) 1 X u(t))

+ [ AT [\ (o, ul0)) ~ (7o ()] do
= (t+7—5)— EFT0(0) + A F(E u(t))

+ [ AN (oo do — [T f0,u(o) do

= p(t+7—5) = FTIp(0) + AT (s, u(s)).
As, by hypothesis, (0) = f(s,u(s)), we conclude

w(t) ()= L PO+ [TTA (ou(o)do, thr>s
] e(t+T—39) —r+s<t+7<s.
The translation property (3.3) is obtained. O

We end this section by the following equivalence result between (RE)
and (IBCP)'.

Theorem 3.3. (i) Let u be the classical solution of (IBCP)'. Then, the
function v defined by

_[um©.  s<t<T,
v<t>._{¢(t_s)’ LSS

is a solution of (RE).
(ii) If v is a solution of (RE), then t — u(t) := v; satisfies (IBCP)'.

Proof. (i) Let u be the classical solution of (IBCP)’. Then the function v
is continuous. On the other hand, (3.3) implies that v; = u(t), s<t<T.
Therefore, we have

v(t) = u(®)(0)
= Lt)u@)()
= K
= K
Consequently, v satisfies (RE).

The assumption supy<;<7 [[K(t)|| < 1 assure the uniqueness of the so-
lution of (RE). Hence, (ii) follows easily by (i) and this uniqueness. O
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