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Abstract

This report is essentially an upgrade of the results of Audu (see [1]
and [2]) on some finite permutation groups. It consists of the basic
procedure for computing wreath product of groups. We also discussed
the conditions under which the wreath products of permutation groups
are faithful, transitive and primitive. Further, the centre of the stabi-
lizer and the centre of wreath products was investigated. and finally,
an illustration was supplied to support our findings.
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1. INTRODUCTION

Recently, wreath prouct of groups has been used to explore some useful
characteristics of finite groups in connection with permutation designes
and construction of lattices [3] as well as in the study of interconnection
networks [4] for instance. Further, Audu (see [2]) used wreath product to
study the structure of some finite permutation groups.

This report provides a theoretical frame work for interpreting various
structural properties of finite permutation groups.

1.1. GROUP ACTION

Let G be a group and €2 be a non empty set. We say that G acts on the
set © (or that G permutes €2 ) if to each ¢ in G and each « in Q,there
corresponds a unique point ag in 2 such that, for all a in 2 and g1, g2 in
G we have that

(ag1)g2 = ag1g92 and al = a.

To be explicit, we say under the condition that G acts on the set 2 on
the right.

Let H and K be two groups. We say that H acts on K as a group if
to each k in K there corresponds a unique element K" in K such that for
hi,ho,hin H and ki, ko, k in K

(1.1) (KMyhe = ghahz L — koand (kyke)" = kikD

Theorem 1.1

Let C and D be permutation groups on I' and A respectively. Let
C? be the set of all maps of A into the permutation group C. That is
CA={f:A — C}.Forany fi, foin C?, let fif in C* be defined for all
0 in A by

(f1£2)(0) = f1(6) f2(0)-

Thus composition of functions is point-wise and the operator is placed
on the right. With respect to this operation of multiplication, C® acquires
the structure of a group.
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Proof
(i) C* is non-empty and is closed with respect to multiplication. If fi, fo €
C2, then f1(6), f2(8) € C.
Hence f1(6).f2(8) € C. This implies that (f1f2)(8) € C and so fifo € C2.
(4i) Since multiplication is associative so also is the multiplication in C2.
(4ii) The identity element in C* is the map e : A — C given by e(d) = 1
forallé € Aand 1€ C.
(iv) Every element f € C® is defined for all § € A by f~1(8) = f(6)".
Thus C2 is a group with respect to the multiplication defined above.
(We denote this group by P ).

Lemma 1.2
Assume that D acts on P as follows: f4(§) = f(6d~!) forall 6 € A,d €
D. Then D acts on P as a group.

Proof
Take f, f1, fo € P and d,d;,ds € D then
(4)
(fM)®26) = fH(6dy")
= f(ddy'dt)
= i)
(i7)
1o = fe1h
= f(9)
(4i7)

(fif2)*(0) = fif2(6d7")
= f(6d " fa(6d7T)
= f1(8)£5(9).

Thus D acts on P as a group (refer to(3.1)).

Theorem 1.2
Let D act on P as a group. Then the set of all ordered pairs (f, d) with

f € P and d € D acquires the structure of a group when we define for all
f1,f2 € Pand dy,dy € D
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-1
(f1,d1)(f2,d2) = (fldel ,didz).

Proof
(7) Closure property follows from the definition of multiplication.
(ZZ) Take f1, fo, f3 € P and dy,ds,ds € D. Then

(Frod)(fordo)|(fsds) = (fifedads)(fs,ds)
= (f1fg; f§d1d2)717d1d2d3)
= (flfgflfggld;17d1d2d3)-

Also, we have in the same manner that

-1
(fr.d1)[(f2,d2)(f3,d3)] = (fr.d1)(fafs® ,dads)
Ayl g1
= (Alfafs? )N, didads)
dyt pdytdyt
= (fife" f3* ' ,didads).
hence multiplication is associative.
(iii) We know that for every f € P, f' = f. Now for every d € D, the map

f — f%is an automorphism of P. Also if e is the identity element in P,
then e? = e. Also, (f~1)¢ = (f4)~!. Now

(f,d)(e,1) = (fed ' d1) = (fe! ", d)
= (f(e™h),d) = (f.d).

Also, using the reverse order, we have that
-1
(e, 1)(f.d) = (efl ,1d) = (ef,d) = (f,d)
Thus identity element exists.
(iv)

(FA)((FH%d™ = (FUFHYLdd™h) = (F(FH% " dd ™)
= (f(fil)lv ddil) = (67 1)
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Also,

(F LN d) = (Y% d ) = (FF%d 1)
= (ed, 1) = (e, 1)

Thus when D acts on P, the set of all ordered pairs (f,d) with f €
D.d € D, is a group if we define
1

.
(f1,d1)(f2,d2) = (fify" ,dadz).
In what follows, we supply a formal definition of Wreath Product of
permutation groups.

2. WREATH PRODUCT

The Wreath product of C' by D denoted by W = Cwr D is the semi-
direct product of P by D, so that, W = {(f,d) | f € P, d € D}, with
multiplication in W defined as

(Fro ) (forda) = (LSS ), (dads))

for all f1, fo € P and dy,ds € D.
Henceforth, we write fd instead of (f,d) for elements of W.

Theorem 2.1

Let D act on P as f4(0) = f(6d~') where f € P,d € D and § € A.
Let W be the group of all juxtaposed symbols fd, with f € P, d € D and
multiplication given by

(Fro ) (far o) = (Fu i) (drdo).

Then W is a group called the semi-direct product of P by D with the
defined action.

Proof
Same as in Theorem 1.1.
Based on the forgoing we note the following:

e If C' and D are finite groups, then the wreath product W determined
by an action of D on a finite set is a finite group of order
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W= |D].
e P is a normal subgroup of W and D is a subgroup of W.

e The action of W on I' x A is given by
(o, B)fd = (af(B), pd) where a € T" and f € A.

We shall now identify the conditions under which the wreath products
will be transitive, faithful and primitive. We shall also determine the centre
and the stabilizer of the wreath product W.

2.1. Transitivity of Won I' x A

Suppose that we take two arbitrary points (a,d1) and (ag,d2) in I' x A.
Then W will be transitive on I' x A if there exists fd € W, f € P,d € D
such that (al,él)fd = (a2,d2). This will hold if (a1 f(d1),d1d) = (ag,d2);
that is, if ayf(d1) = ag,d01d = 2. Thus such fd exists if C and D are
transitive on I' and A respectively, which is the neccessary condition for W
to be transitive on I' x A.

2.2. The Stabilizer W(, s of a point («,d) in I' x A

Under the action of W on I" x A the stabilizer of any point («, ) in ' x A
denoted by W, s) is given by

Wias) = {fd](a,0)"=(a,8)}
= {fde W |(af(3),dd) = (a,0)}
= {fdeW |af(d)=a,6d=25} =F(6)aDs

where F'(0), is the set of all f(4) that stabilize a, and Dj is the stabilizer
of § under the action of D on A.

2.3. Faithfulness of W on I x A

We recall that W is faithful on I" x A if the identity element of W is the
only element that fixes every point of I' x A. Now the identity element of
W is 1 and thus if W is to be faithful on I' x A then for any («,d) in
I' x A, the stabilizer of W on («, 6), W(q4,s5), must be F(§)oDs = 1. Hence,
F(0)o=1and Ds=1foralla €T, 6 € A. But af(§) = o, dd = ¢ for all
f(6) € F(0)q and for all d € Ds.
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This must imply that f(6) = 1 and d = 1. Thus we deduce that W
would be faithful on I" x A, if the stabilizers of any « € 'and § € A are
the identity elements in P and D respectively. Therefore we conclude that
W would be faithful on I x A, if P or C and D are faithful on I" and A
respectively.

2.4. Primitivity of Won I' x A

Recall that W would be primitive on I' x A if and only if given any (a, 0)
in I' x A, W, 5), the stabilizer of (a,d), is a maximal subgroup of W.

In what follows, we provide this necessary and sufficient condition for
the primitivity of W on I' x A.

Now Wia5) = F(8)aDs, where F(d), is the set of those f in P such
that f(0) fixes o, and Dy is the stabilizer of § under the action of D on A.

As F(6)q does not include those f in P which do not stabilize «, we
have that F(0), < P.

We note that in general, P < W, PD;s is a subgroup of W and it is
proper unless Ds = D. We therefore conclude that

W(a,(;) =F(0)oDs < PDs < PD=W

Hence W, s) is not a maximal subgroup of W. Thus W would be imprim-
itive on I' X A in a natural way.

However, if |I'| = 1; that is, I' = {a} say, then Cr = C, = C. In
particular,

af(d) =« for all fin P.

Thus F(6), = P and hence F(§)qDs = PDs. And if in addition, D is
primitive on Athen Dy is maximal in D and hence PDs = F(§)aDs =
Wi(a,s) Will be maximal in W. That is, W will be primitive on I' x A.

Again, if |A| = 1; that is, A = {J} say, then Ds = D and
Wia,5) = F(8)aDs = F(3)D

And if in addition, C is primitive on I', then C, will be maximal in C =
{f(0) |0 €A, fe P}. Correspondingly, F'(d), will be maximal in P and
hence W, sy will be maximal in W. That is, W will be primitive on I" x A.

In conclusion, we have shown that W is imprimitive on I' X A in a
natural way, unless |I'| = 1 and D is primitive on A or [A| =1 and C is
primitive on T'.
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2.5. The Centre of W

We denote the centre of W by Z(W) which is defined as

ZW) ={fd| (fd)(fid1) = (fid1)(fd) Vf1 € P, d1 € D}.
Hence fd € Z(W) if and only if

(2.1) FrEddy = fifh dyd for all fy € P, dy € D.

We now solve for f and d . Put d; = 1. Then (2.1) becomes

(2.2) frd=fifd

Put f; = 1. Then (2.1) also becomes

(2.3) fddy = f% dyd for all dy € D.

From (2.1) it follows that for fd to be in Z(W) it is necessary that d €
Z(D).

Claim

(24) IfC#1, fde Z(W) and d € Z(D),then dd = dfor all 6 € A

To show this, let § € A and choose f1 € P such that

(2.5) fild) =c#1, ce C and fi(§') = 1foralld’ #§

Then from (2.2), we have that ffld_1 = f1f and so,

f1(0)£(8) = f(6)/1(6d) = [f(6), if 6d # o.
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Hence, f1(0) = 1. But this is false by (2.5) and hence we must have dd = 0
for all § € A. Accordingly, our claim is correct.
Furthermore, (2.2) implies that for all § € A,

[0 f©6) = [f(6)f1(dd)
= f(9)/1(9)
(2.6) Hence f(0) € Z(C)Voe€ A
Also (2.3) implies that
(2.7) f(0dy) = £(5)

foralld € A, d; € D (since d € Z(D)). Now (2.7) shows that f is constant
over orbits of D in A. Thus from (2.4),(2.6) and (2.7) we conclude that
provided C # {1}, fd € Z(W) if and only if
(i) de Z(D)N K, where K ={d € D | éd =0 for all § € A}.
(i) f € {Ajer — Z(C)} where A; are orbits in A.

However, if C' = {1}, then clearly Z(W) = Z(D).

With the above notions, we conclude that

B Z(D), ifC=1
Z(W) = { (I1Z;)(Z(D) N K), otherwise

3. APPLICATION

Consider the permutation groups C' = {(1), (135), (153)} and
D = {(1),(246), (264)} on the sets I' = {1,3,5} and A = {2,4,6} respec-
tively.

Let P = CA = {f | A — C}. Then |P| = |C|*l = 33 = 27. The
mappings are as follows

fir2—=(1),4—(1),6—(1)

fa 12— (135), 4 — (135), 6 — (135)
o1 2= (158), 4 (153), 6 - (153
f4: — (1), 4 (135), 6 — (153)
f5 02— (1), 4— (153), 6 — (135)
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fe : 2—(135), 4 — (1), 6 — (153)

fr : 2—(135), 4 — (153), 6 — (1)

fs + 2—(153), 4 — (135), 6 — (1)

fo : 2—(153), 4 — (1), 6 — (135)
f10 22— (1), 4 — (1), 6 — (135)
fut2—(1), 4—(1), 6 — (153)

fio 2—>(135) 4 — (135), 6 — (1)
fiz : 2 — (135), 4 — (135), 6 — (153)
fia : 2 — (153), 4 — (153), 6 — (1)
fis © 2 — (153), 4 — (153), 6 — (135)
fi6 2—> (1), 4 — (135), 6 — (135)
fir © 2 — (153), 4 — (135), 6 — (135)
fis 2_> (1), 4 — (153), 6 — (153)
fio = 2 — (135), 4 — (153), 6 — (1153)
f20 - 2 — (1), 4 — (135), 6 — (1)

far : 2 (1), 4 (153), 6 — (1)

faz © 2 —(135), 4 — (1), 6 — (135)
fo3 12— (135), 4 (153) — (135)
Jou 12— (153), 4 — (1), 6 — (153)
fos 2 — (153), 4 (135) — (153)
fas + 2 —(135), 4 — (1), 6 — (1)

for 22— (153), 4 — (1), 6 — (1)

We can easily verify that P is a group with respect to the operations
(f1f2)(0) = f1(0) f2(d) where § € A. We recall the definition of the action
of D on P as f%(8) = f(6d™1), where d € D,§ € A, then D acts on P as
groups. We recall the definition of W = CwrD, the semi-direct product
of P by D in that order; that is, W = {fd: f € P,d € D}. Now, W is a
group with respect to the operation

(Frdn)(fada) = (f1 122 )(dads).

Accordingly, di = (1), d2 = (246), and d3 = (264). Then the elements of

W are
(f1d1), (fadr), (f3dr), (fadr), (f5dr), (fedr), (frdr), (fsdr), (fodi), (frodr),
(fu1dy), (fi2d1), (fi3d1), (f1adr), (fi5d1), (fiedr), (fird1), (fisdr), (fied1),
(f20dr), (f21d1), (f22d1), (f23d1), (foad), (fasdr), (f26dr), (f2rdr), (fid2),
(fad2), (f3d2), (fada), (fsd2), (fed2), (frd2), (fsd2), (fodz2), (fiod2), (f11d2),
(fi2d2), (f13d2), (f14d2), (fi5d2), (fi6d2), (fird2), (fi18d2), (f19d2), (f20d2),
(ford2), (f22d2), (f23d2), (f2ad2), (fasd2), (faedz), (fardz), (f1d3), (f2d3),
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(v, 6)/4 = (af (), 0d).
{(1,2),(1,4),(1,6)

We obtain the following permutations

On wreath product of permutation groups

(f3ds), (fads), (fsds), (feds), (frds), (fsds), (fods), (fi0d3), (fi1ds), (fi2ds),
(f13d3), (f1ads), (f15d3), (fi6ds), (fi7d3), (fisd3), (fioda), (f20d3), (f21d3),

(f22d3), (f23d3), (f24d3), (f25d3), (f26d3), (ford3).

Now define the action of W on I x A as

Further, 'x A

N N N N N N N N

NN NN NN NN NN NN N N N N
O O Y VYV VY VUV v © v v v
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(T x A)frod
(I x A)fnd
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(T x A)/rad
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(T x A)f1ed
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(I x A)f1sd
(T x A)frod
(T x A)f20
(T x A)f21d
(I x A)fz2d
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o~~~ o~~~

A~ A~
OO VOOV VWOV A N OAN OV VA A ©ONW OAN OV ©A ©AN ©ANA ©ON ©N
S 2L 22 1810 20 80 120 00 B8 00w B vr 22 28 28 228 228

~ o~ o~ o~ o~ o~ NN AN AN NN NN AN

—~ = = = = = =
OO OOV WO A ©ON OAN VAV VA ©OAWA ©OANW ON VA ©A ©ANA ©ANA ©O©ON ©N
0 = = = H e a0 8 M = A H Ao He =N = =D
e S G B e WP N W e I W ) N e N N e
—~~
T I I O O FO FO FO O O o o O Fo o Fo o
— N A o A o - - — e — M -0 — = = e 1007171 — = = = —H M —H M — 0

N NN NN N N N N N N N N N N N N N N T N N N N N S

/N N —~ A~
(O I IO I IO B EE A I A o S N I S N S U B S o S R N RS A A A A AT I B
SO H M =IO e HMm = A A —HMm o HMm e —H A = —H H M H M 0
M N v v v e v N v e e e v N e e N e N e T T N N N N N N N
2 S W U U U U U U U U W ' vl 'Y

I Il I I I Il Il I Il Il Il I I I Il
— — — ~ ~ ~ ~ ~ ™ ~ [l o (] [l ]

(T x A)f2sd
(T x A)f26d
(I x A)fzrd
(T x A)frd
(T x A)F2d2 =
(I x A)f3d2 =
(T x A)fad
(T x A)F>d
(I x A)fed
(T x A)fsd
(T x A)fod
(T x A)frod
(I x A)fud
(I x A)frzd



Tbrahim A. A. and Audu M. S.

86

Y Y Y Y Y Y Y Y Y Y e Ve e e

NN NN AN N AN N AN AN AN AN AN AN AN N AN N AN N AN N AN N AN N~ o~

N TN N AN N A N N oA N M o N o9 o9 o9 o<

Yo T B Y G L N N~ SR Yo - SN Yo NS Vo S Vo S Vo SR Vo S S o QNI Ve SV Yo SV Yo Sl T S Yo S Yo S Y-S SV Y PV S

D N N N N N N N s N N N N N N A N AN

O o o o o 9o o o o o o o o N 9 N TN 9FaN

Y e T o e Yo S Y e S Yo S S Yo S S Vo S~ B Yo S Yo S Yo -t S Yo B Vo S Vo S S Von O Vo S Vo S Vo S Y N Vo NI S-SV Y
N—

NS N 9 Y O " Y N N N N N N N N N aNo

Y IR e I T I e N I T I T e T I T T T I T IR Yo T T T B Yo T B Yo N P S Y~ T T 1 T B Yo S T Yo T Ve N Yo N Y-SV S
N—

AN < AN AN AN AN AN AN AN AN AN AT AT AN O NO NO O Ao

O A A =) o =1 D H A A A =M =N =1 —HID AN =D o =S s =
S— N— N— S— S— N— S— S— N— S— S— N— S— —— e — — — e — N

T T T T T T~~~
I

Il I I Il I I Il I I Il I I Il I I I
al al N N al N N al N N al N al [2e) [5e) [se)

(T x A)f15d
(T x A)/1ed
(I x A)/rrd
(T x A)/20
(T x A)f2ad
(T x A)f2ed
(T x A)f2rd
(T x A)fd
(T x A)F2ds



87

On wreath product of permutation groups

P e N N Y e N N e Y Y Y Y Y Y Y Y Y Y

NN N~ o~~~ o~~~ NN NN NN AN N NN NN AN N NN NN NN NN N

O O ©<F ©<fF Of ©O©OF OF ©oF ©oF O O OF ©oF ©F ©Ff O © <

,77,7 A S A T S S S S S S S S
W ® 0w 0w A B B0 00N 0N R R R R L2 BE LY BY

2 2 N —~ = N
AN AN AN AN AN FAN AN AN FAN FAN SN A FANFAN AN FHFAN AN
N NI NI N NI AN NI N N N N i NN N N N N NN

)\l/.; = N N NN —~ ~~ ~—~

AN O N O NO NOW N O O NN NMNO O O OO O N O O o
— — e Hem s - o T B S L G G L N T i f
— — — — — — — e — e N— S— S— N— S— S— N— S— S— N— S— S—

N W e e NS e e Y e e e e NS
I I I I

Il I Il I Il I Il I
a2 e ae] 3¢ a2 e a2 2e]

(T x A)fsds =
(T x A)feds =
(I x A)frds =
(T x A)f10d3
(T x A)f1d
(T x A)frad
(T x A)f1sd
(I' x A)f16d3
(I x A)/f1sd
(I" x A)f19d3
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(I x A)fonds — ( (1,2), (1,4),(1,6),(3,2),(3,4),(3,6), (5,2), (5,4), (5,6) )
(3,6),(1,2),(3,4),(5,6),(3,2),(5,4),(1,6), (5,2), (1,4)
(I‘ X A)f23d3 — ( (17 2)’ (17 4)7 (1’ 6)7 (3’ 2)7 (37 4)’ (37 6)’ (57 2)7 (5’ 4)7 (57 6) )
(3,6),(5,2),(3,4),(5,6),(1,2),(5,4),(1,6),(3,2), (1,4)
(FwamM:(ﬂﬂhﬂA%Gﬁ%@ﬂ%@A%@ﬁ%@ﬂ%@A%@ﬁ))
(5,6),(1,2),(5,4),(1,6),(3,2),(1,4),(3,6), (5,2), (3,4)
(P X A)f25d3 = ( (1’ 2)’ (17 4)7 (17 6)7 (37 2)7 (37 4)7 (37 6)7 (57 2)7 (57 4)7 (57 6) )
(5,6),(3,2),(5,4),(1,6),(5,2),(1,4),(3,6), (1,2), (3,4)
(F % A)f26d3 —_ ( (17 2)a (17 4)7 (L 6), (3a 2)7 (37 4)a (3a 6)a (57 2)7 (5a 4)’ (57 6) )
(3,6),(1,2),(1,4),(5,6),(3,2),(3,4),(1,6), (5,2), (5,4)
(FxAywh:((L%KL@KL@A&%A&QK&QK&@Ki®4&®)
(5,6),(1,2),(1,4),(1,6),(3,2),(3,4),(3,6), (5,2), (5,4)
Rename the symbols as
(L2) — L (34) — 5 (32 — 4
(1,4 — 2; (3,6) — 6; (5,4) — 8;
(1,6) — 3; (5,2) — 7; (5,6) — 9.
Then the permutations in cyclic form are
(1), (147)(258)(369), (174)(285)(396), (258)(396), (285)(369), (147)(396),
147)(285), (174)(258), (174)(369), (369), (396), (147)(258),
147)(258)(396), (174)(285), (174)(285)(369), (258)(369), (174)(258)(369),
285)(396), (147)(285)(396), (258), (285), (147)(369), (147)(285)(369),
174)(396), (174)(258)(396), (147), (174), (123)(456)(789),
159)(267)(348),
189)(294)(375), (126)(378)(459), (129)(345)(678), (156)(237), (489),

153)(297)(486), (183)(264)(597), (189)(234)(567), (123456789),
123789456),

159726483), (159483726), (186429753), (186753429),
126783459)(183426759), (129453786), (153729486), (126459783),
129786453), (156723489), (153486729), (189423756, (183759426),
156489723), (189756423, (132)(465)(798), (168)(249)(357),(195)(276)
384),

138)(246)(579), (135)(279)(468), (162)(387)(495), (165)(273)(498),
198)(243)(576), (192)(354)(687), (135468792), (138795462),
165732498), (162495738), (1984532765), (192768435), (13572468),
192435768), (138462795), (162738495), (132465798), (13279465),
168735492), (168492735), (195438762), (195762438), (165498732),

AN AN AN AN N N N N N N N N N N N S
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(198765432).

It is observed that by acting W on I' x A

(a) A permutation group is obtained which is found to be transitive since

C and D are transitive on I' and A respectively.

(b) W is faithful on I' x A, since C and D are faithful on I" and A respec-
tively.

(c) W is imprimitive on I"'x A. The subsets of imprimitivity are {1,4, 7}, {2, 5, 8}
and {3,6,9}.
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