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Abstract

If X is a sequence K-space and ) x; is a series in a topological
vector space X, the series is said to be \-multiplier convergent if the
series Z;il tjz; converges in X for everyt = {t;} € \. We show that
if X satisfies a gliding hump condition, called the signed strong gliding
hump condition, then the series Z;; tjx; converge uniformly fort =
{t;} belonging to bounded subsets of X\. A similar uniform convergence
result is established for a multiplier convergent series version of the
Hahn-Schur Theorem.
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Let X be a Hausdorff topological vector space and > z; a (formal)
series in X. The series ) x; is said to be bounded multiplier convergent
if the series 3322, t;z; converges in X for every t = {t;} € > ([D]). If
X is either a locally convex space or a metric linear space and ) x; is
bounded multiplier convergent, then the series 3222, ¢;z; actually converge
uniformly for ¢t = {t;} € 1|t < 1 ([Swl], [Sw2]8.2.7 ). A series
>_x; in X is subseries convergent if the subseries _ x,, converges in X
for every subsequence {n;}. If o C N, let C; denote the characteristic
function of ¢ and if x is any sequence, let C,x denote the coordinatewise
product of C, and x. Thus, the series > x; is subseries convergent iff
3521 Co(j)xj = 3 je,xj converges for every o C N. A similar uniform
convergence result holds for subseries convergent series. Namely, if }° x; is
subseries convergent, then the series 3 72, Cy(j)x; converge uniformly for
o C N ([Sw2]8.1.2). Another uniform convergence result holds for subseries
and bounded multiplier convergent series in the subseries and bounded
multiplier convergent versions of the Hahn-Schur Theorem ([Sw1],[Sw2]8.1
and 8.2). We consider conditions under which the same conclusions hold if
the multiplier space [*° is replaced by more general sequence spaces.

Let A be a vector space of scalar sequences which contains cgy, the
space of all sequences which are eventually 0, and which is equipped with
a vector Hausdorff topology under which the coordinate functionals ¢t =
{t;} — t; are continuous for every j € N (i.e., A is a K space ([B]7.2.2)).
Let A C A. The series > z; in X is A — multiplier convergent if the
series 3 7%, tjx; converges in X for every t = {t;} € A ([FP],[Sw2]8.3);
thus, a series is [°°-multiplier convergent iff the series is bounded multiplier
convergent and a series is subseries convergent iff the series is mo multiplier
convergent, where mg = span{C, : ¢ C N} is the sequence space of all
sequences with finite range. It is natural to ask if a uniform convergence
result as above for subseries and bounded multiplier convergent series holds
for A-multiplier convergent series ;i.e., if > x; is A-multiplier convergent, do
the series » 72 tjr; converge uniformly for ¢t = {¢;} belonging to certain
families of bounded subsets of A? Example 5 shows that such a result does
not hold in general, but we show in Theorem 3 that such a result does
hold if certain subsets of the multiplier space A satisfy a gliding hump
property called the signed strong gliding hump property. We also show
that a similar uniform convergence result holds for series in a version of
the Hahn-Schur Theorem for A-multiplier convergent series when certain
subsets of the multiplier space A satisfy the signed strong gliding hump

property.
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We begin by defining the gliding hump property which we will employ.
An interval in N is a set of the form [m,n] = {k € N : m < k < n} where
m < n; a sequence of intervals {Ij} is increasing if sup I, < inf I 1. A sign
is a variable assuming the values {£1}. Let A C A.The subset A has the it
signed strong gliding it hump property (signed-SGHP) if for every bounded
sequence {z¥} C A and for every increasing sequence of intervals {I},
there exists a subsequence {ny} and a sequence of signs {sx} such that z =
> k1 8kCr,, 2" [coordinate sum] belongs to A. The subset A has the strong
gliding hump property (SGHP) if the signs above can all be chosen to equal
tol ; the SGHP has been employed on numerous occasions ([N ],[Sw2],[SS]).
The idea of multiplying the "humps” Crz by signs was introduced by Stuart
([St1],[St2]) and used to treat weak sequential completeness of S—duals.
For example, the space [*° has the SGHP and the methods of [BSS] can
be used to construct other spaces with SGHP. Let My be the subset of mg
consisting of the sequences of 0’s and 1’s, My = {C, : ¢ C N}. Then the
subset My has SGHP but the space mg does not have SGHP. We now show
that the space of bounded series bs ([B]) has the signed-SGHP but fails
SGHP; Stuart showed that bs has the signed weak gliding hump property
but not the weak gliding hump property and we essentially just use his
proof ([St1],[St2]). Recall that bs is the space of all sequences ¢t = {t;}

such that [|t|| = sup,, ‘Z?:l tj‘ < 00 equipped with this norm ([B]1.2); an
equivalent norm to |||| is given by ||t||l = sup{|Xrerti| : I an interval} .
If 2 = {z;} and y = {y;} are sequences, we write x -y = > 72 z;y; for the
formal dot product of x and y when the series converges.

Example 1. bs has signed-SGHP. Actually, bs has an even stronger
property than signed-SGHP; it is not necessary to pass to a subsequence
in the definition of signed-SGHP. Let {I;} be an increasing sequence of
intervals and {t*} C bs be bounded. Put M = sup{’ZjQ tﬂ ckeN, I an
interval in N} < oco. Define signs inductively by setting s; = signCy, -t! and
sni1 = —[sign Sp_y 51.Cr, - t¥][signCr, ., - "] Put y = 322 5,.Cp, 1%
we show |ly|| < 2M. We first show by induction that ‘Zma’d” yj‘ <M

for every n. For n = 1, ;“afh ‘2]611 sit; ’ < M. Suppose the
inequality holds for n. Then ’ZmaXI"“ ’ = ’Zmaﬂ" Yi + 2 el yJ’ =
M since ’ZJGInH y]’ ‘Zyelnﬂ sn+1t H‘ < M and ’Zma’d” j’ < M

and both of these terms have opposite signs. Now for arbitrary n let
k = k, be the largest integer such that max Iy < m. Then ‘ijl yj‘ =
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’Zmaxjk Y + D j—max [o+1 ?Jg’ < )Zma“" yj‘ + ’Z?:minlkﬂ 5k+1t§+1‘ <2M
so |ly|| < 2M as desired.

Note that bs does not have SGHP [consider ¢ = {1,—1,1,—1,...} and
I, = {2k —1}; then C, t = {1,0,1,0,...} ¢ bs and likewise the same holds
for any subsequence of {Ij}|. Additional spaces with the signed-SGHP can
be constructed employing the methods of [BSS].

We next consider the uniform convergence of multiplier convergent se-
ries when subsets of the space of multipliers has signed-SGHP. We first
establish a lemma.

Lemma 2. Let A C A. Let >~ x; be A-multiplier convergent. If the
series 22 tjx; do not converge uniformly for ¢ € B C A, then there exist

a symmetric neighborhood of 0,V, t* € B and an increasing sequence of
intervals {I;} such that >,/ t?a:j ¢ V.

Proof : If the series 3372, ¢;x; do not converge uniformly for ¢t € B

, there exist a symmetric neighborhood of 0, U, such that for every k

there exist t* € B, my > k such that ZOO tkwj ¢ U. For k = 1,

let mq,t' € B satisfy this condition so Zj g a:] ¢ U. Pick a symmetric

nelghborhood of o, V', such that V+V cU. There exists n1 > myq such that

> 1 tjry € V. Then i tiwy = 22, tay — Y52, tixy ¢ V.
Put I} = [m1,n1]. Now just continue the construction.

Theorem 3. Let A C A have signed-SGHP and let )~ x; be A-multiplier
convergent. Then the series 3772, t;x; converge uniformly for ¢ belonging
to bounded subsets of A.

Proof: If B C Ais bounded and 3772, t;z; fails to converge uniformly for
t € B, let the notation be as in Lemma 2. Let ng, s be as in the definition
of signed-SGHP above and ¢t = >222; SjC[n t" € A. Then ) t;x; does not
converge in X since del tjx; = sy Z]eln t zj ¢ Vie., > tjz; doesn’t
satisfy the Cauchy condition.

Remark 4. If A =[°°, then Theorem 3 implies that any bounded mul-
tiplier convergent series is such that the series 3322, ¢;z; converge uniformly
for ||t||,, < 1. This statement improves the result for bounded multiplier
convergent series given in 8.2.2 of [Sw2], removing the locally convex and
sequential completeness assumptions. A (vector) version of Theorem 3 is
established in [SS] Lemma 22 under the assumption that the multiplier
space has SGHP. A result with the same conclusion as Theorem 3 is given
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in [WLC], Theorem 7, but the assumptions there are quite different, being
topological in nature, and difficult to compare.

Remark 5. If A = mg and A = Mj,then a series is subseries convergent
iff the series is mg or My multiplier convergent (spanMy = mg). Then
Theorem 3 implies that any subseries convergent series ) x; is such that
the series 322 Cy(j)z; converge uniformly for o C N ([Sw2]8.1.2).

Thus, Theorem 3 gives a generalization of the known results for uniform
convergence of subseries and bounded multiplier convergent series.

Example 6. Without some type of assumption on the multiplier space
A, the conclusion of Theorem 3 can fail even when the multiplier space
satisfies gliding hump conditions like the weak gliding hump property or the
zero gliding hump property ([Sw2]). Let €/ be the sequence with a 1 in the
4% coordinate and 0 in the other coordinates. Then " e/ is [P—multiplier
covergent in (17, [||,,) for any 1 < p < oo, but the series 3772, t;e? do not
converge uniformly for [|¢, <1 [Take th=eb 352, thel = ek

We next consider a multiplier version of the Hahn-Schur Theorem. The
classical scalar version of the Hahn-Schur Theorem asserts that if the scalar
series ) ; w;; is absolutely convergent for every ¢ and lim; } ;¢ wi; exists for
every 0 C N and if z; = lim; ;5, then ) x; is absolutely convergent and
32521 [wij — 5] — 0 or, equivalently, lim; 3_,c, (zi; — ;) = 0 uniformly for
o C N ([Sw2]5.4). By employing the last statement of the conclusion of
the classical Hahn-Schur Theorem,versions of the Hahn-Schur Theorem for
vector-valued subseries and bounded multiplier convergent series have been
given in [Sw2]8.1,8.2 , and an abstract version of the theorem which includes
certain multiplier convergent series is given in [Sw2]9.3 . We now present a
version of the Hahn-Schur Theorem for multiplier convergent series when
the subset A of the multiplier space \ satisfies the signed-SGHP. We first
establish a special case of the theorem.

Lemma 7. Suppose that A C A has signed-SGHP, }_; z;; is A-multiplier
convergent for every ¢ and lim; Z]‘?‘;l tjz;; =0 for every t € A. If B C Ais
bounded, then lim; >32; ¢;x;; = 0 uniformly for ¢ € B.

Proof : It suffices to show that lim; Z?‘;l t;:cij = 0 for any sequence
{t'} € B. Let U be a neighborhood of 0 in X and pick a symmetric neigh-
borhood, V, of 0 such that V+V+V C U. Set n; = 1 and pick Ny such that
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SN, U s, 5 € V. Since lim; 255 = 0 (coo C A) for every j and {t} : i € N}
is bounded from the K space assumption on A, lim; tixij = 0 for every j

w2]8.2.4) so there exist my > ny such that Y217 tia;; € V for i > no.
Sw2]8.2.4) so there exist h that YN tia; € V for i >
Pick Ny > Njp such that Z;"’: N, "2 Tny; € V. Continuing this construction
produces increasing sequences {ny},{Ng} such that 7%y t” Tpy €V

and S0 M tiwy € Vofor i > my. Set I; = {l : Nj_; <1 < N;}. De-
fine the matrix M = [my] = [Yep, 7 2n). We show that M is a
signed K-matrix in the terminology of [St1] ,[St2] ,[Sw2]2.2.4 . First the
columns of M go to 0 since lim; z;; = 0 for every [. Given an increas-
ing sequence {p;}, by the signed-SGHP assumption there is a subsequence

{g;} of {pj} and signs {s;} such that ¢t = {t;} = 3252, 5jC1,, 19 € A.

Then 37724 sjmiq; = 3721 85 Zlelqj t?jxml = > 721 tjTn;; — 0 by hypoth-
esis. Therefore, M is a signed K-matrix and by the signed version of the
Antosik-Mikusinski Matrix Theorem the diagonal of M goes to 0 ([St1]
,[St2],[Sw2]2.2.4 ). Thus, there exists N such that m;; € V for i > N. If
i > N, then Z?il t?il‘ml = lN:ilili1 t?i$nil+zleli t?ixnil+272Ni t?lxm‘l €
V+V+V CU solim; Y72 ¢ zp,; = 0. Since the same argument can be
applied to any subsequence, it follows that lim; Z?';l t;-azij =0

Theorem 8. Suppose that A C A has signed-SGHP, >, x;; is A-
multiplier convergent for every 4 and lim; > 22, ¢;x;; exists for every ¢t € A.
Let z; = lim;z;; for every j. If B C A is bounded, then (i) > z; is
A—multiplier convergent, (ii) lim; 372, tjz;; = >272 tjr; uniformly for
t € B, (iii) the series 3°72, ¢;x;; converge uniformly for ¢ € B.

Proof : Let t € A. Since the space A has the signed weak gliding hump
property, it follows from Stuart’s weak sequential completeness result that
> o521 tjxy converges and lim; 3724 tjxi; = 3222 tiz;.([Sw2] 12.4.1;see also
[St1] 3.5); Stuart’s result is for the case when A is a vector space with
signed-WGHP, but his proof is valid for a subset with signed-WGHP.

Since lim; 3772, tj(z;; — x;) = 0 for every ¢ € A, Lemma 7 applies and
gives (ii).

Suppose that (iii) fails to hold. Then there exists a closed symmetric
neighborhood of 0, U, in X such that for every i there exist k; > i, a finite
interval I; with min I; > i, t* € B such that > kel tiopy ¢ U. Putip = 1.
By the above, there exist k; > 1, I; with minI; > iy, t' € B such that
Yokel, t,lcxklk ¢ U. By Theorem 3 there exists ji such that >332tz € U
for every t € B,1 < i < k1,5 > j1. Set is = max{[; + 1,j1}. Again,
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by the above there exist ko > 19, I> with min Iy > is,t2 € B such that
> kel, ey € U. Note that ky > ki by the definition of 4.

Continuing this construction produces an increasing sequence {k;}, an
increasing sequence of intervals {I;} and t* € B such that

(1) Xker, tpwrk ¢ U. '

Define a matrix M = [m;] = [Xyey, tjzkk]. We claim that M is a
signed K-matrix. First, the columns of M converge by hypothesis. Next,
given any increasing sequence {p;} there is a subsequence {g;} of {p;} and
signs {s;} such that t = {t;} = 3724 5jC1,,t% € A. Then the sequence

D721 8iMig; = 3521 85 Zlelqj t;“:nkil = >_72 tjzy,; converges by hypothe-
sis. Hence, M is a signed K-matrix and the diagonal of M converges to 0 by
the signed version of the Antosik-Mikusinski Matrix Theorem ([Sw2]2.2.4).
But, this contadicts (1).

A subseries version (My = A C mo = A) of the Hahn-Schur Theorem
is given in [Sw2]8.1 and a bounded multiplier version of the Hahn-Schur
Theorem is given in [Sw2|8.2. Both versions follow from Theorem 3. A
(vector) version of Theorem 7 for spaces with SGHP is given in Theorem
25 and Corollary 27 of [SS].

Without some assumption on the multiplier space A, the conclusion of
Theorem 8 can fail.

Example 9. Let x;; = el if 1 < j <iand x;; = 0if 4 < j. Then
> Tij is [P-multiplier convergent in [¥ for 1 < p < oo for every i. If ¢ € I,
do52q tjzi; — Y52 tje? in [P. However, the convergence is not uniform for
[t]l, < 1 [Take th = ek | so Py t;‘?azij = Z§:1 tfej =l ifi > k..

There is an abstract version of the Hahn-Schur Theorem which covers
certain multiplier convergent series given in [Sw2]9.3; however, the vector
version given there uses essentially a strong gliding hump type hypothesis.
A (vector) version of Theorem 7 for spaces with SGHP is given in [SS]
Theorem 25. Useful vector forms of the signed-SGHP seem to be difficult
to formulate. There is a version of Theorem 7 given in [WCC],Theorem 7,
and in [AP], Theorem 3.1, but the assumptions there are of a topological
nature unlike the algebraic signed-SGHP.
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