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Abstract

The object of this paper is to establish some generating relations
by using operational formulae for a class of polynomials T,55+571)(a;)
defined by Mittal. We have also derived finite summation formulae for
(1.6) by employing operational techniques. In the end several special
cases are discussed.
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1. Introduction

Chak [1] defined a class of polynomials as:

(1.1) Gilalz(x) = graThnineT gk Dy [z e "]

where D = di’ k is constant and n =0,1,2,... .
x

Chatterjea [2] studied a class of polynomials for generalized Laguerre
polynomial as:

(12) TE(,p) = " exp(pa”)(* D)"[a"* exp(—pa")].

Gould and Hopper [3] introduced generalized Hermite polynomials as:
(1.3) Hy(z,a,p) = (—1)"z" " exp(pz") D" [z" exp(—pa")].

Singh [10] obtained generalized Truesdell polynomials by using Ro-
drigues formula, which is defined as:
(1.4) T (2,r,p) = 2~ “exp(pa”)(xD)"[z* exp(—pa”)].

In 1971, Mittal [5] proved the Rodrigues formula for a class of polyno-
(

mials Tkﬁ) (z) as:

(0% 1 —Q n aTn
15) T = e exp{py(e)} D" e exp{ —pu(a)}]
where pi(x) is a polynomial in z of degree k.

Mittal [6] also proved the following relation for (1.5)

(16) TP @) = o exp{pe()}0" " expl-pi(e)]

and an operator 6 = z(s + D), where s is constant.

The following well-known facts are prepared for studying (1.6).

Generalised Laguerre polynomials (Srivastava and Manocha[12]) defined as:

(a) gl e 2\nj.atl —x
(1.7) Ly (z) = p (z“D)* [z e ],
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Hermite polynomials (Rainville [9]) defined as:
(1.8) Hy(z) = (=1)"exp(z?) D"[exp(—2?)].

Konhauser polynomials of first kind (Srivastava [11]) defined as:

.,L.fknfafl ev

(1.9) Yz k) = ol

(:L‘k+1D)n[ZL‘a+1 e—:c] )

Konhauser polynomials of second kind (Srivastava [11]) defined as:

cagy = DEnrat g~ (m o
(1.10) Zy(x;k) = ol 2 DJ(]‘ )F(kzj+a+1)

where k is a positive integer.

Srivastava and Manocha [12] verified following result by using induc-
tion method,

(1.11) (@*D)"{f(2)} = 2" D" f(2)}.

2. Definitions and Notations

McBride [4] defined generating function as:

Let G(z,t) be a function that can be expanded in powers of ¢ such
that

[e.e)
G(z,t) = Y cnfn(z)t", where ¢, is a function of n that may contain
n=0
the parameters of the set {f,(x)}, but is independent of x and t. Then
G(z,t) is called a generating function of the set { f,(z)}.
Remark: A set of functions may have more than one generating function.
In our investigation we used the following properties of the differential
operators;
d
0 = z(s+xD) and 61 = (1 + xD), where D = T (Mittal [7], Patil
T

and Thakare [8]) which are useful to establish linear generating relations
and finite sum formulae.
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(2.1) 0" = 2"(s+zD)(s+14+aD)(s+2+aD)...(s+(n—1)+zD)

(2.2) 07(2%) = (o -+ 8)p a2t

(2.3) (zw) = w i ( >9n ™ ()07 (u)
(2.4) () = z%(1 — at)~(@F9)

(2.5) ¢ (zuv) = 26 (v)e ()

(2.6) @ () = (1 —at)" @) flzq —xt)l:
(2.7) (@O () = a®(1+ )Tt f x(l—l—t):

(2.8) (1—at)~/e = (1— at)~Ple i (a - 5) (at)™

|
m—=0 a m:

3. Generating Relations

We obtained some generating relations of (1.6) as

(3.1) ZT<““ D = (1= )7 explpy(e) = pefz(l — 1) 71}]
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ZTka n+s—1) (2)t" = (1+t)*1+(0‘+5) explpi(x) — pp{z(1+1)}]

ng

/N
3
=+
S

(a—m+s—1) m
n > Totnrmy (@)t

= (14 0L exp [pr (@) — pe o L+ DN TE™D 2 (14 1))

Proof of (3.1). From (1.6), we consider

Zw%““zwzmﬂmmmwwwmwﬂmn
and using (2.6), above equation reduces to,
Zﬂf T @) = o exp{pr(e)} a® (1—at)~ @+ exp|-ppf{z(l-at) 1}

= (1—at) ) explpy(z) - prf{a(l - zt)7"}]

replacing ¢t by t/x, which gives (3.1).
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Proof of (3.2). From (1.6) we consider,

T " (@) = O exp (@)} 07 (29" exp{—pu(e)}
i T " @) = (@)™ exp{pr(a)} e [1°7" exp(—pr(x))]
n=0

by using (2.7), we get

i T " @) = amexppr(e)} 2 (146) 7O exp{—py{z(1+4))]

n=0

= (1+)77") explpy(e) — prf{a(l + 1)}

Proof of (3.3). Again from (1.6) we consider,

0"[a exp{—pr(@)}] = nl &t exp{-pr(@)} 75"V (@)

or

(6" 2% exp{—pr(x)}]) = n! &[22 exp{—pp(z)} Teo T (2)]

using (2.6) we get,

S tm 9m+n

P (o exp{-pu@))]
m=0 '

= nl 21 — 2t) ") expl—pp{z(l — mt)*l}]T,ngrS*l){x(l —xt)" 1}

therefore, we get
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[o.9]

1 a+m+n (a+s—1 m
ZO —— ()l 2T exp{—py (o )T V)t

= (L= at) " explopy{a(l - at) NG T e - o))

hence above equation reduces to,

m=0

o (M) sl
= (1—at)" O explpy(x) — prfa(l — o) " NTET TN a1 - at) 1)

replacing t by t/x, which gives (3.3).

Proof of (3.4). Again from (1.6) we consider,

0" [a® exp{—px(2)}] = n! 2" exp{—pp(2)} To ()

replacing a by a — m, we get

0" 2" exp{—pr(2)}] = nla® """ exp{—pi(2)} T "V (@)

or

(0" [ Eaf—pu()})) = ! e[ exp{—py(a)} T (@)

using (2.7) we get,

S tm 9m+n

[z exp{—pr(z)}]

|
n—0 m:

= n! 22T (1 4 ) exp[—pr{z(1 + t)}]T(a e 1){33(1 +1t)}
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therefore, we get

o0
3 o () e exp @) TG @

(1 4+ )T exp—pr{z(1 + t)}]T,ga mts—1) {a:(l +1t)}

which reduces to (3.4).

4. Finite Summation Formulae

We obtained finite summation formula for (1.6) as

@) T @) = 3 ) e B T @)
m=0
(4.2) 7O () = Zn: % ()m T,if;_lfn)(x)

Proof of (4.1). We can write (1.6) as

Z " T,g?s_l) (2)t" = 2 %exp{pp(z)} [z exp{—pi(z)}]
n=0

by using (2.6), we write

Z x”Tégﬂ_l) (x)t™

n=0

= 2 “exp{pi(@)} (1 — at) ") exp[—pr{a(1 — xt) "}

= (1 —at)" ") explpy(z) — pr{a(l —2t) ']

applying (2.8), which yields

Z " Ty (ats—1) z)t”
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= (1 — .’L't) (B+s) i (a _ B)m m exp[pk(;];) B pk{.’IJ(l _ .’L't)_l}]
m=0
= ;_O:O(Ot — B)m - fm exp{pr(z)}(1 — :L‘t)_(BJFS) exp[—pr{z(1 — xt) "1}

using (3.1), above equation reduces to,

Yoo T @y =

m 4+m

exp{pk(z)}a " e [2” exp{—pi(2)}]

S

m=0
0 M n+m
= Z (a—B)m E exp{pk(x)}x_ﬁ 9"[1‘5 exp(—pk(z))]
m,n=0 o
X 1 g—htm
= X3 o @ By expelpu(@)} 07 o exp{pu(a) 1"
n=0m=0 :

nr(a+s—1) = 1 g Pm n—m
T (z) = > g (a—ﬁ)mm exp{pk(z)} 0" " [z" exp{—pr(z)}]
m=0 """

Therefore, we obtain

n —B(—n—m)
T @) = 3 B e et} 0 e expl (o)

and applying (1.6) then above equation immediately leads to (4.1).

Proof of (4.2). We can write (1.6) as

Tt () = ™ explpe(e)} 0wt expl—pu(a))]
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using (2.3) we get,

and by using (2.1) which yields,

a4s— L o 3 >
TénJr Dig) = @ > exp{pr(z)}z Y ml (n—m)!
. m=0 ' '

x """ [(s+xD)(s+1+xD)(s+24xD) ... (s+(n—m—1)+zD)] exp{—pr(z)}

x " [(14+2zD)(2+2D)(3+xD) ... (m+zD))z**

n n—m-—1
T}ngrsl)(x):eXp{pk(:E)}ZW I (s+i+aD)exp{—pu(@)} (@)m
m=0 ' T 4=0

(4.3)

Putting o = 0 and replacing n by n — m in (1.6) which reduces to

Liwom(®) = G exp{pu(@)} 6" exp{ —pi(o))

thus, we have

# n—mfoyvnl _ z _ ﬂ (s—1) -
(n — m)] 0 [ p{ pk( )}] eXp{pk($)} Tk(n_m)( )

using (2.1), we get

1 n—m—1 1

s+i+aD)exp{—pp(z)}] = ——— T (g).
1 G+iseDlewlpe) = o 760, @)

use of (4.4) and (4.3), gives complete proof of (4.2).
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5. Concluding Remarks

Some special cases of T, kggﬁ_l) () polynomials are given below:
If we replace a by a+ 1, pr(z) = p1(z) =  and s = 0 in (1.6), then
this equation reduces to

(5.1) T () = Li(x) = Z3(x;1) = Y (x;1).

Again replacing o by a + 1, pg(z) = pz" and s = 0 in (1.6), which
gives
(5.2) T (x) = T (@,p).

Substituting a = 1 — n, pr(z) = 22, s = 0 in (1.6) and using (1.11),
which yields

(5.3) 8@ = S ),
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