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1. Introduction

A singular value decomposition of a matrix A ∈ Cm×n is a factorization
A = UΣV ∗, where Σ = diag(σ1, σ2, . . . , σr) ∈ Rm×n, r = min{m,n},
σ1 ≥ σ2 ≥ . . . ≥ σr ≥ 0 and both U ∈ Cm×m and V ∈ Cn×n are unitary.
The diagonal entries of Σ are called the singular values of A. The columns
uj of U are called left singular vectors of A and the columns vj of V are
called right singular vectors of A. Every A ∈ Cm×n has a singular value
decomposition A = UΣV ∗ and the following relations hold: Avj = σjuj ,
A∗uj = σjvj and u

∗
jAvj = σj . If A ∈ Rm×n, then U and V may be taken

to be real (see [3]).

In this paper we consider the following inverse singular value problem:
Problem: Given the real numbers σ1 ≥ σ2 ≥ · · · ≥ σn ≥ 0, to construct
an m × n, m ≥ n, entrywise positive matrix A with singular values σi,
i = 1, . . . , n.

In the case m = n, the problem has always a solution if σ1 > σ2. We
construct such a solution from the following two results, due to Fiedler [2],
and related with the nonnegative inverse eigenvalue problem:

Lemma 1. [2] Let α > β ≥ 0, > 0. Then there exists a number c > 0
such that the matrixÃ

α c
c β

!
has eigenvalues α+ , β − .

Lemma 2. [2] Let A be a symmetric m × m matrix with eigenvalues
α1, . . . , αm, and let u, kuk = 1, be a unit eigenvector corresponding to
α1. Let B be a symmetric n×n matrix with eigenvalues β1, . . . , βn, and let
v, kvk = 1, be a unit eigenvector corresponding to β1. Then for any ρ, the
matrix

S =

Ã
A ρuvT

ρvuT B

!
has eigenvalues α2, . . . , αm, β2, . . . , βn, γ1, γ2, where γ1, γ2 are eigenvalues of
the matrix bS = Ã

α1 ρ
ρ β1

!
.
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To construct a positive matrix, no necessaryly symmetric, with prescribed
singular values, we first use the below result, Lemma 4, which shows how
to construct an n× n nonnegative semibordered matrix

C =

⎛⎜⎜⎜⎜⎝
b1 b2 · · · bn

a2
. . .

an

⎞⎟⎟⎟⎟⎠ ,(1.1)

with prescribed singular values and then, to obtain the required positive
matrix, we apply a Brauer [1] type singular value perturbation result given
in [4, Corollary 14], which shows how to modify a single singular value of
an n× n matrix without changing any of the remaining singular values.

Lemma 3. The characteristic polynomial of the arrow matrix

B =

⎛⎜⎜⎜⎜⎝
b1 b2 · · · bn
b2 a2
...

. . .

bn an

⎞⎟⎟⎟⎟⎠
is

p(λ) = (b1 − λ)
nQ
i=2
(ai − λ)−

nP
i=2

b2i
nQ

k=2
k 6=i

(ak − λ) .

Proof. By expanding

p (λ) = det (A− λI)¯̄̄̄
¯̄̄̄
¯̄̄̄
b1 − λ b2 b3 · · · bn
b2 a2 − λ
b3 a3 − λ
...

. . .

bn an − λ

¯̄̄̄
¯̄̄̄
¯̄̄̄

= (b1 − λ)
nY
i=2

(ai − λ)−
nX
i=2

b2i

nY
k=2
k 6=i

(ak − λ) .

2
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Lemma 4. Given the real numbers σ1 > σ2 ≥ · · · ≥ σn > 0, then there
exists an n×n nonnegative matrix C of the form (1.1) with singular values
σ1, σ2, . . . , σn.

Proof. Let A=

⎛⎜⎜⎜⎜⎜⎜⎝
b1 b2 b3 · · · bn

a2
a3

. . .

an

⎞⎟⎟⎟⎟⎟⎟⎠ .

Then

B = AAT =

⎛⎜⎜⎜⎜⎜⎜⎝
b1 b2 b3 · · · bn

a2
a3

. . .

an

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
b1
b2 a2
b3 a3
...

. . .

bn an

⎞⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

nP
i=1

b2i a2b2 a3b3 · · · anbn

a2b2 a22
a3b3 a23
...

. . .

anbn a2n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
is an n× n arrow symmetric matrix with characteristic polynomial

p (λ) =

Ã
nX
i=1

b2i − λ

!
nY
i=2

³
a2i − λ

´
−

nX
i=2

(aibi)
2

nY
j=2j 6=i

³
a2j − λ

´
(1.2)

and eigenvalues σ21, σ
2
2, ..., σ

2
n. We define

ak =

s
σ2k−1 + σ2k

2
, k = 2, 3, ..., n.

Then, by taking λ =
σ2k−1 + σ2k

2
, k = 2, 3, ...n, in (1.2), we have

nY
i=2

Ã
a2i −

σ2k−1 + σ2k
2

!
= 0
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and

− (akbk)2
nY

j=2
j 6=k

Ã
a2j −

σ2k−1 + σ2k
2

!
=

nY
i=1

Ã
σ2k−1 + σ2k

2
− σ2i

!
.

Hence,

bk =

vuuuuuuuuut
−

nY
i=1

¡
a2k − σ2i

¢
a2k

nY
i=2
i6=k

¡
a2i − a2k

¢ , k = 2, 3, ..., n.(1.3)

For b1 we take λ = σ21 in (1.2). Then

Ã
b21 +

nX
i=2

b2i − σ21

!
nY
i=2

³
a2i − σ21

´
−

nX
i=2

(aibi)
2

nY
j=2
j 6=i

³
a2j − σ21

´
= p

³
σ21

´
= 0

and

b1 =

vuuuuuut 1
nY
i=2

(a2i−σ21)

⎛⎜⎜⎝Pn
i=2 a

2
i b
2
i

nY
j=2
j 6=i

³
a2j − σ21

´
+ σ21

nY
i=2

¡
a2i − σ21

¢⎞⎟⎟⎠− nP
i=2

b2i

=

vuuuuuuuuut

nX
i=2

a2i b
2
i

nY
j=2
j 6=i

³
a2j − σ21

´
nY
i=2

¡
a2i − σ21

¢ + σ21 −
nP
i=2

b2i

=

vuut nX
i=2

a2i b
2
i

a2i − σ21
−

nP
i=2

b2i + σ21

Thus,

b1 =

vuut" nX
i=2

Ã
b2i

a2i − σ21

!#
σ21 + σ21(1.4)

2
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Lemma 5. [4] Let A be an m× n matrix with singular values σ1 ≥ σ2 ≥
· · · ≥ σr ≥ 0, r = min{m,n}. Let ui vi, respectively, the left and right
singular vectors corresponding to σi, i = 1, . . . , r. Let α ∈ R such that
α+ σi ≥ 0. Then A+ αuiv

T
i has singular values

σ1, . . . , σi−1, σi + α, σi+1, . . . , σr.

The paper is organized as follows: In section 2 we construct an n × n
positive matrix with prescribed singular values by using results related
with the symmetric nonnegative inverse eigenvalue problem. In section 3
we construct a positive matrix, not necessarily symmetric, from Lemmas 4
and 5. In section 4 we consider the rectangular case m×n, m > n. Finally,
in section 5 we give some examples to illustrate the results.

2. Positive matrices with prescribed singular values I

In this section we construct a positive symmetric matrix with prescribed
nonnegative eigenvalues, which in this case, are also its singular values.

Theorem 1. Given the real numbers σ1 > σ2 ≥ · · · ≥ σn ≥ 0, there exists
a positive matrix A with singular values σ1, σ2, . . . , σn.

Proof. Let

Bk =

Ã
σk+σn−k+1

2
σk−σn−k+1

2
σk−σn−k+1

2
σk+σn−k+1

2

!
, k = 1, 2, . . . ,

n

2
, even n,

with Bn+1
2
=
³
σn+1

2

´
for odd n. Thus, Bk is a positive symmetric matrix

with singular values σk and σn−k+1 (eigenvalues σk and σn−k+1) . Then

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎝
B1 0

. . . 0

0 B2
. . .

. . .
. . .

. . .
. . . 0

0
. . . 0 Bn

2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ ,

with Bn+1
2
in the last diagonal position if n is odd, is an n×n nonnegative

symmetric matrix with singular values σ1, σ2, . . . , σn. In order to obtain a
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positive matrix with prescribed singular values let us consider µ1 > µ2 ≥
· · · ≥ µn ≥ 0, where

µ1 =
σ1 + σ2
2

,

µi = σi + i ≤ µi−1, i = 2, . . . ,
n

2
(
n+ 1

2
for odd n),

µi = σi, i =
n+ 2

2
, . . . , n (

n+ 3

2
for odd n)

with

=
σ1 − σ2
2

and i =
2

n− 2 =
σ1 − σ2
n− 2

Now we apply the Lemma 2, n−2
2 times if n is even (n−12 times if n is

odd). In the first step of this process we apply Lemma 2 to the matrices

B1 =

Ã
µ1+σn
2

µ1−σn
2

µ1−σn
2

µ1+σn
2

!
, B2 =

Ã
µ2+σn−1

2
µ2−σn−1

2
µ2−σn−1

2
µ2+σn−1

2

!
,

with singular values µ1, σn and µ2, σn−1, respectively. From Lemma 1, the
matrix Ã

µ1 ρ
ρ µ2

!
, where ρ = ( 2(µ1 − µ2 + 2))

1
2 ,

has eigenvalues µ1 + 2 and µ2 − 2 = σ2. The unitary vectors

u = v = (
1√
2
,
1√
2
)T

are the Perron eigenvectors of B1 and B2, respectively. Then the 4 × 4
matrix

B1 =
Ã

B1 ρuvT

ρvuT B2

!
is positive symmetric with singular values (eigenvalues) µ1+ 2, σ2, σn−1, σn.
In the second step of the process we again apply Lemma 2 to the matrices
B1 and

B3 =

Ã
µ3+σn−2

2
µ3−σn−2

2
µ3−σn−2

2
µ3+σn−2

2

!
,
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which has singular values µ3 and σn−2. The matrixÃ
µ1 + 2 ρ

ρ µ3

!
, where ρ = ( 3(µ1 + 2 − µ3 + 3))

1
2

has eigenvalues µ1 + 2 + 3 and µ3 − 3 = σ3. Now let B1u = (µ1 + 2)u,
kuk = 1 and B3v = µ3v, v = (

1√
2
, 1√

2
)T . Then the 6× 6 matrix

B2 =
Ã

B1 ρuvT

ρvuT B3

!
,

is positive symmetric with singular values µ1+ 2+ 3, σ2, σ3, σn−2, σn−1, σn.
The process is continued until in the last step we apply Lemma 2 to the
matrices Bn−4

2
(Bn−3

2
for odd n), of order n− 2 (n− 1 for odd n) and Bn

2

(Bn+1
2
for odd n), which has the singular values µn

2
and µn+2

2
(µn+1

2
for odd

n). The matrixÃ
µ1 + ( − n

2
) ρ

ρ µn
2

!
, where ρ = ( n

2
(µ1 + ( − n

2
)− µn

2
+ n

2
))

1
2 ,

has eigenvalues µ1 + and µn
2
− n

2
= σn

2
. Then the n× n matrix

A = Bn−2
2
=

Ã
Bn−4

2
ρuvT

ρvuT Bn
2

!
for even n

or

A = Bn−1
2
=

Ã
Bn−4

2
ρuvT

ρvuT Bn+1
2

!
for odd n,

where u and v are the unitary eigenvectors of Bn−2
2
(Bn−1

2
for odd n) and

Bn
2
(Bn+1

2
for odd n), respectively, is positive and since

µ1 + 2 + · · · n
2
= µ1 + = σ1,

A has the prescribed singular values σ1, σ2, . . . , σn. 2

3. Positive matrices with prescribed singular values II

In this section we construct an n × n positive matrix A, no necessarily
symmetric, with prescribed singular values σ1, σ2, . . . , σn. First, by applying
Lemma 4 we construct a nonnegative semibordered diagonal matrix C of
the form
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C =

⎛⎜⎜⎜⎜⎜⎜⎝
b1 b2 b3 · · · bn

a2
a3

. . .

an

⎞⎟⎟⎟⎟⎟⎟⎠ , bj > 0, j = 1, . . . , n.(3.1)

and then, by applying Lemma 5, we add to the matrix C the positive matrix
αuvT , where α > 0 and u and v are the left and right singular vectors of
C corresponding to its maximal singular value.

Theorem 2. Let the nonnegative real numbers σ1 > σ2 ≥ · · · ≥ σn > 0
be given. Then there exists an n×n positive matrix A with singular values
σ1, σ2, ..., σn.

Proof. Let α > 0 such that eσ1 = σ1 − α > σ2 and consider eσ1 > σ2 ≥
· · · ≥ σn. Then, from Lemma 4 there exists an n × n nonnegative matrix
C of the form (3.1), with singular values eσ1, σ2, ..., σn. The arrow matrix
CCT is nonnegative, irreducible, with Perron eigenvector equal to u1 cor-
responding to the Perron root eσ21 (left singular vector of C corresponding
to the singular value eσ1). Then u1 is an entrywise positive vector and so
is the right singular vector v1. Therefore the matrix αu1v

T
1 is positive and

from Lemma 5,
A = C+αu1v

T
1 is positive with the prescribed singular values σ1, σ2, ..., σn. 2

Lemma 4 and the form of the matrix in (3.1) allow us to construct a nonneg-
ative matrix , say C, whose exponential matrix eC has prescribed singular
values: To show this, we consider the matrix C in (3.1). Then a straight
forward calculation shows that

Cm =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

bm1 b2

m−1X
k=0

bm−1−k1 ak2 · · · · · · bn

m−1X
k=0

bm−1−k1 akn

am2
am3

. . .

amn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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and

eC =
∞X
j=0

1

j!

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

bj1 b2

j−1X
k=0

bj−1−k1 ak2 · · · · · · bn

j−1X
k=0

bj−1−k1 akn

aj2
aj3

. . .

ajn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∞X
j=0

1

j!
bj1 b2

∞X
j=0

1

j!

j−1X
k=0

bj−1−k1 ak2 · · · · · · bn

∞X
j=0

1

j!

j−1X
k=0

bj−1−k1 akn

∞X
j=0

1

j!
aj2

. . .
. . .

∞X
j=0

1

j!
ajn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
is also a semibordered diagonal matrix. Now, for i = 2, 3, . . . , n, we have

³
eC
´
1i

= bi

∞X
j=0

⎛⎝ 1
j!

j−1X
k=0

bj−1−k1 aki

⎞⎠
= bi

∞X
j=0

⎛⎝ 1
j!

j−1X
k=0

bj−11

µ
ai
b1

¶k⎞⎠
= bi

∞X
j=0

⎛⎝bj−11

j!

j−1X
k=0

µ
ai
b1

¶k⎞⎠ .

Since

j−1X
k=0

µ
ai
b1

¶k
=
1−

µ
ai
b1

¶j
1−

µ
ai
b1

¶ =
bj1 − aji

bj−11 (b1 − ai)

then
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³
eC
´
1i

=
bi

(b1 − ai)

∞X
j=0

Ã
bj1 − aji

j!

!
=

bi
(b1 − ai)

∞X
j=0

Ã
bj1
j!
− aji

j!

!

=
bi
³
eb1 − eai

´
b1 − ai

, i = 2, .., n.

Moreover, ³
eC
´
11
= eb1 and

³
eC
´
ii
= eai , i = 2, ..., n.

Hence, given the real positive numbers σ1 > σ2 ≥ · · · ≥ σn > 0, from
Lemma 4, we may construct a matrix eC of the form (3.1), with singular
values σ1, . . . , σn, where the ebi are given by (1.3) and (1.4) and can be
chosen as positive. Clearly, the eai can also be chosen positive.
Then, if eC = eC, we have

³
eC
´
1i
=

bi
³
eb1 − eai

´
b1 − ai

= ebi, i = 2, .., n
and

bi =
(b1 − ai)

(eb1 − eai)
ebi i = 2, ..., n.(3.2)

In the same way, ³
eC
´
11
= eb1 = eb1

and

b1 =
1

2
lneb1(3.3)

From (1.3) we see that

nX
i=2

Ã eb2iea2i − σ21

!
> 0.

Finally, from

³
eC
´
ii
= eai = eai =r

σi−1 + σi
2

, i = 2, ..., n,

we have
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ai =
1

2
ln

µ
σi−1 + σi

2

¶
, i = 2, ..., n.(3.4)

Observe that if σn > 1, then σi+σi−1
2 > 1 and the ai are all positive.

Thus, if σ1 > σ2 ≥ · · · ≥ σn > 1, we can construct a nonnegative matrix
C of the form (3.1), in such a way that eC has prescribed singular values
σ1, σ2, . . . , σn. To illustrate this construction, let us consider the numbers
σi : 7, 5, 3, 2. Then, from ( 3.2), (3.3) and (3.4) we compute the matrix C
such that

eC =

⎡⎢⎢⎢⎣
3. 284 5 2. 428 2. 730 9 1. 536 5
0 6. 083 0 0
0 0 4. 123 1 0
0 0 0 2. 549 5

⎤⎥⎥⎥⎦
has the prescribed singular values 7, 5, 3, 2.

4. Positive matrices with prescribed singular values III

In this section we consider the construction of a rectangular positive matrix
with prescribed singular values. First we construct an m× n nonnegative
matrix B, m > n, of the form

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b1 b2 · · · bn
a2

. . .

an
an+1
...
am

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, m > n(4.1)

and then we apply the perturbation result given by Lemma 5 to fill out B
with positive entries.

Theorem 3. Given the numbers σ1 > σ2 > · · · > σn > 0, there exists
an m× n nonnegative matrix, m > n, with singular values σ1, σ2, . . . , σn.
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Proof. We define

ai =
σi−1 + σi

2
, i = 2, . . . , n,

and we choose an+1, an+2 . . . , am in such a way that

a21 =
mX
n+1

a2j < σn.

Since we want to construct the matrix B in (4.1), then we observe that

BTB =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b21 +
mP

j=n+1
a2j b1b2 b1b3 · · · b1bn

b1b2 b22 + a22 b2b3
. . . b2bn

b1b3 b2b3
. . .

. . .
. . .

...
...

. . .
. . .

. . .

b1bn b2bn · · · bn−1bn b2n + a2n

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
= D2 + bbT ,

where D = diag{a1, . . . , an} and b = (b1, . . . , bn)T . Then
nY

k=1

(σ2k − σ) = det(BTB − σI) = det(D2 + bbT − σI)

= det(D2 − σI) det(I + (D2 − σI)−1bbT )

and from the well known formula det(I + xyT ) = 1 + yTx, we have

nQ
k=1
(σ2k − σ) =

Ã
mP

j=n+1
a2j − σ

!
nY

k=2

¡
a2k − σ

¢⎛⎜⎜⎝1 + b21
mP

j=n+1

a2j−σ
+

nX
k=2

b2k
a2k−σ

⎞⎟⎟⎠
=

¡
a21 − σ

¢ nY
k=2

¡
a2k − σ

¢
+ b21

nY
k=2

¡
a2k − σ

¢
+

+
¡
a21 − σ

¢ nY
k=2

¡
a2k − σ

¢ nX
k=2

b2k
a2k − σ

=
¡
a21 − σ

¢ nY
k=2

¡
a2k − σ

¢
+ b21

nY
k=2

¡
a2k − σ

¢
+

+
¡
a21 − σ

¢ nY
k=2

¡
a2k − σ

¢ nX
k=2
k 6=i

b2k
a2k − σ

+ b2i

nY
k=1
k 6=i

¡
a2k − σ

¢
.
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Thus, for σ = a2i , i = 1, . . . , n, we have

b2i =

nY
k=1

¡
σ2k − a2i

¢
nY

k=1
k 6=i

¡
a2k − a2i

¢ , i = 1, · · ·n.(4.2)

Since σ1 > a2 > σ2 > a3 > · · · > σn > a1, then the right side in (4.2)
is positive and we may choose bi, i = 1, ..., n, as positive. Hence, we may
construct the nonnegative matrix B in (4.1), with the prescribed singular
values σ1, σ2, . . . , σn. 2

Corollary 1. Given the positive numbers σ1 > σ2 > · · · > σn > 0, there
exists anm×n positive matrixA, m > n, with singular values σ1, σ2, . . . , σn.

Proof. Let α > 0 such that eσ1 = σ1 − α > σ2. Then from Theorem ??
there exists an m× n nonnegative matrix B of the form (4.1) with singu-
lar values eσ1, σ2, .., σn. The matrix BBT is irreducible nonnegative and
therefore its Perron eigenvector u1 (left singular vector of B correspond-
ing to eσ1 ) is positive and so is the right singular vector v1. Hence, from
Lemma 5, A = B+αu1v

T
1 is an m×n positive matrix with singular values

σ1, σ2, ..., σn. 2

5. Examples

Example 1. This example illustrates the construction of the matrix A of
Theorem 1: Let S = {24, 16, 16, 16, 16, 2} be given. Since = σ1−σ2

2 = 4,
then i = 2, i = 1, 2. Thus, instead S we consider Γ = {20, 18, 18, 16, 16, 2}
as the prescribed set of singular values. Then

B1 =

Ã
11 9
9 11

!
, B2 =

Ã
17 1
1 17

!
, B3 =

Ã
17 1
1 17

!
.

We apply Lemma 2 to the matrices B1 and B2, with ρ = 2
√
2, u = v =

( 1√
2
, 1√

2
)T to obtain
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B1 =
Ã

B1 ρuvT

ρvuT B2

!
=

⎛⎜⎜⎜⎝
11 9

√
2
√
2

9 11
√
2
√
2√

2
√
2 17 1√

2
√
2 1 17

⎞⎟⎟⎟⎠ ,

with eigenvalues 22, 16, 16, 2. Next we again apply Lemma 2 to the matrices
B1 and B3, with

ρ = 2
√
3, bu = ³

1
3

√
3, 13
√
3, 16
√
6, 16
√
6
´T

, v = ( 1√
2
, 1√

2
)T ,

to obtain the positive matrix

A = B2 =
Ã

B1 ρbuvT
ρvbuT B3

!
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

11 9
√
2
√
2
√
2
√
2

9 11
√
2
√
2
√
2
√
2√

2
√
2 17 1 1 1√

2
√
2 1 17 1 1√

2
√
2 1 1 17 1√

2
√
2 1 1 1 17

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
with the prescribed singular values: 24, 16, 16, 16, 16, 2.

Example 2. This example illustrates the construction of a 4× 4 positive
nonsymmetric matrix with the prescribed singular values 3,

√
5,
√
3, 1. We

consider the list
√
7,
√
5,
√
3, 1. Then from Lemma 4 we construct the non-

negative matrix

C =

⎛⎜⎜⎜⎝
√
35
4

√
5
4

3
4

√
15
4

0
√
6 0 0

0 0 2 0

0 0 0
√
2

⎞⎟⎟⎟⎠
with singular values

√
7,
√
5,
√
3, 1. Next, we apply Lemma 5 to obtain the

positive matrix

A = C + (3−
√
7)u1v

T
1

=

⎛⎜⎜⎜⎝
1. 540 9 0.722 75 0.823 22 1. 025 0

8. 474 0× 10−2 2. 673 7 0.100 26 7. 766 5× 10−2
3. 094 3× 10−2 8. 186 7× 10−2 2. 036 6 2. 835 9× 10−2
1. 694 8× 10−2 4. 483 7× 10−2 2. 005 2× 10−2 1. 429 7

⎞⎟⎟⎟⎠
with the prescribed singular values 3,

√
5,
√
3, 1.
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Example 3. This example illustrates the construction of a 7× 4 positive
matrix with the prescribed singular values 3,

√
5,
√
3, 1. Let α = 3−

√
7

and let us consider the numbers
√
7,
√
5,
√
3, 1, as in the previous example.

From Theorem ??, we compute the nonnegative matrix

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.546 23 0.592 52 0.841 92 1. 401 6
0 2. 440 9 0 0
0 0 1. 984 1 0
0 0 0 1. 366

0.707 11 0 0 0
0.5 0 0 0

0.408 25 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with singular values
√
7,
√
5,
√
3, 1. Since BTB is irreducible nonnegative,

its Perron eigenvector, u1, corresponding to the Perron root 7 (left singular
vector of B corresponding to the singular value

√
7), is entrywise positive

and so is the right singular vector v1. Therefore the matrix αu1v
T
1 is

positive and from Lemma 5, A = B+αu1v
T
1 is positive with the prescribed

singular values 3,
√
5,
√
3, 1.
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