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Abstract

This paper concerns the study of the numerical approximation a
semilinear parabolic equation subject to Neumann boundary conditions
and positive initial data. We find some conditions under which the
solution of a semidiscrete form of the above problem quenches in a fi-
nite time and estimate its semidiscrete quenching time. We also prove
that the semidiscrete quenching time converges to the real one when
the mesh size goes to zero. A similar study has been also investigated
taking a discrete form of the above problem. Finally, we give some

numerical experiments to illustrate our analysis.
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1. Introduction

Consider the following boundary value problem

(L1 (x,t) — a(x)ugz(x,t) = =b(z) f(u(z,t)), (z,t) € (0,1)x (0,T),
(1.2) ug(0,8) =0, wu,(1,t)=0, te(0,7),

(1.3) u(z,0) = ug(z) >0, z€]l0,1],

where f: (0,00) — (0,00) is a C'! convex, nonincreasing function, lim,_,q+
f(s) = oo, 07% < oo for any positive real v, a € C°([0,1]), a(z) > 0,
z € [0,1]. The initial data ug € C2([0,1]), ug(z) > 0, = € [0, 1], un(0) = 0
and uy(1) = 0, a(z)uf(z) — b(z) f(uo(x)) < 0, z € (0,1). The potential
b e CY([0,1]), b(x) >0, z € (0,1), ' (0) =0, b'(1) = 0.

Here, (0,7") is the maximal time interval of existence of the solution

u. The time T may be finite or infinite. When T is infinite, then we
say that the solution u exists globally. This means that u(z,t) > 0 in
[0,1] x (0,00). When T is finite, then the solution u develops a singularity

in a finite time, namely,

1im tugnin (£) =
tLH% Umin (t) 0,

where Umin(t) = ming<z<1 u(z,t). In this last case, we say that the solution
u quenches in a finite time, and the time T is called the quenching time of

the solution w.

The theoretical study of solutions for semilinear parabolic equations
which quench in a finite time has been the subject of investigations of
many authors (see [2], [4]-[7], [12], [17], and the references cited therein).
Local in time existence of a classical solution has been proved and this
solution is unique. In addition, it is shown that if the initial data at (1.3)
satisfies a(z)ug () — b(z) f(uo(z)) < 0 in (0,1), then the classical solution u
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of (1.1)—(1.3) quenches in a finite time 7', and there exist positive constants

co, c¢1, Cp, C7 such that the following estimates hold

UOmin da‘ UOmin do‘
C / 27 <r<c / o
°Jo == Fo)

where H(s) is the inverse of the function F(s) = [; % (see [4]-[7]).

In this paper, we are interested in the numerical study of the phe-
nomenon of quenching. Under some assumptions, we show that the so-
lution of a semidiscrete form of (1.1)—(1.3) quenches in a finite time and
estimate its semidiscrete quenching time. We also prove that the semidis-
crete quenching time goes to the real one when the mesh size goes to zero.
Similar results have been also given for a discrete form of (1.1)—(1.3). Re-
cently, an analogous study has been investigated by Nabongo and Boni
in [19], where they have considered the problem (1.1)-(1.3) for the case
a(x) = 1,b(x) = 1 and f(u) = P with p > 0. Let us notice that, in the
present paper, because of the potentials a(x) and b(x), we study the effect
of a pertubation of these last on the different approximations of the real

quenching time.

In the same way, in [16] and [18], Nabongo and Boni have used semidis-
crete schemes to study the phenomenon of quenching for other parabolic
problems. Our work was also motived by the papers in [1], [3] and [15]. In
[1] and [15], the authors have used semidiscrete and discrete forms for some
parabolic equations to study the phenomenon of blow-up (we say that a
solution blows up in a finite time if it reaches the value infinity in a finite
time). In [3], some schemes have been utilized to study the phenomenon of
extinction (we say that a solution extincts in a finite time if it becomes zero
after a finite time for equations without singularities). One may also con-
sult the papers in [8]-[10], where the authors have studied theoretically the
dependence with respect to the initial data of the blow-up time of nonlinear

parabolic problems. Concerning the numerical study, one may find some
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results in [13], [14], [21], [22], where the authors have proposed some numer-
ical schemes for computing the numerical solutions for parabolic problems
which present a solution with one singularity. Let us remark that in these
last papers, there is a lack of information about the convergence of the

numerical quenching time.

This paper is organized as follows. In the next section, we give some
results about the semidiscrete maximum principle. In the third section,
under some conditions, we prove that the solution of a semidiscrete form of
(1.1)—(1.3) quenches in a finite time and estimate its semidiscrete quenching
time. In the fourth section, we prove the convergence of the semidiscrete
quenching time. In the fifth section, we study the results of sections 3 and
4 taking a discrete form of (1.1)—(1.3). Finally, in the last section, we give

some numerical results to illustrate our analysis.

2. Properties of a semidiscrete problem

In this section, we give some results about the semidiscrete maximum prin-
ciple. We start by the construction of a semidiscrete scheme as follows. Let
I be a positive integer and let h = % Define the grid x; =ih, 0 < i < T
and approximate the solution u of the problem (1.1)—(1.3) by the solution
Un(t) = (Uo(t),Ur(t),...,Ur(t))" of the following semidiscrete equations

dU;(t)

(21 =L

— ai52Ui(t) = —Blf(Ul(t)), 0<:<1I, te <O,th),

(2.2) Ui(0) =i, 0<i<I,

where oy, >0, B >0, ap >0,

Uit1(t) — 2Ui(t) + Ui (2)

52Uz<t) = h2 ’

1<i<I—1,

5%h@):2UﬂﬂA;ﬂh@% 6%5@):2ULJQL;2UAQ‘
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Let us notice that, in our scheme, we pick ap, [ and ¢p so that
a;, Bi, @i are approximations of a(x;), b(z;) and ug(z;), respectively. The
interest to choose these approximations is that sometimes, it is difficult to
have the exact values of the different potentials. It is the case when one of

then is, for instance, the solution of a complicated differential equation.

Here (0, th) is the maximal time interval on which Uy, (t) > 0, where
Uhmm(t): Orélilgl U; (t)

When the time th is finite, then we say that the solution Up(t) of (2.1)—
(2.2) quenches in a finite time, and the time th is called the quenching time
of the solution Up(t).

The following lemma is a semidiscrete form of the maximum principle.

Lemma 2.1. Let v, € C°([0,7), ™) and let Vi, € C*((0,7),R"*1) be

such that

dVi(t)
dt

(2.3) — a;02Vi(t) +%i(t)Vi(t) >0, 0<i<I, te(0,T),

(2.4) Vi(0)>0, 0<i<I.

Then, we have Vi(t) >0,0<:<1I,te (0,T).

Proof. Let Ty be any positive quantity satisfying the inequality Ty < 7',
and define the vector Zj,(t) = eMVj,(t), where A is such that

vi({t)=A>0 for 0<:i<I, tel0,Tp.

Set m = ming<¢<7, Zhmin(t). Since Zj(t) is a continuous vector on the com-
pact [0, Tp], there exist ig € {0, ..., I} and tg € [0, Tp] such that m = Z;,(to).
We observe that

N

Ziy(to) —

—dZiO (to) = lim

io(to — k) _
dt k—0 -

o
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(2.6) 6%Z;,(to) > 0.

According to (2.3), we obtain the following inequality

dZ;,(t
(2.7) (;720) - 041‘0(52Z1‘0(t0) + (g (to) — N) Ziy (to) > 0.
We infer from (2.5)—(2.7) that (a4, (to) — A)Zi,(to) > 0, which entails that

Zi,(to) > 0. Therefore, Vj,(t) > 0 for t € [0, Tp] and the proof is complete. O

Another form of the maximum principle for semidiscrete equations is

the following comparison lemma.

Lemma 2.2. Let f € C/(RxR,R). IfV},, W}, € C*([0,T), RI*!) are such

that
dvéft) — i Vi(t) + F(Vi(t) 1) < dv?;(t) = 00" Wi(t) + F(Wi(t), 1),

0<i<I, te(0,T),

Vi(0) < W;(0), 0<i<I,

then Vi(t) < Wi(t), 0<:<I, t€(0,T).

Proof. Let Zj(t) = Wy(t) — Vi(t) and let ¢y be the first ¢ € (0,7") such
that Z,(t) > 0 for ¢t € [0,tp), but Z;,(t9) = 0 for a certain ig € {0,...,I}.
We remark that

AZi(to) _ o Ziplto) = Ziglto —K) _
dt k—0 k

52Zio (to) > 0.

Using these inequalities and the fact that W;, (o) = Vi, (to), we derive

the following estimate

6121272750) — Oéi0(52Zio(t0) + f(Wiy (to), to) — f(Vie (to), to) < 0.

But, this contradicts the first strict inequality of the lemma and the proof

is complete. O
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3. Quenching in the semidiscrete problem

In this section, under some assumptions, we show that the solution U}, of
(2.1)—(2.2) quenches in a finite time and estimate its semidiscrete quenching

time. We need the following result about the operator 6.
Lemma 3.1. Let U, € Rt be such that Uy, > 0. Then, we have

S2(f(U)): > f/(U)8%U;, 0<i<I.

Proof. Applying Taylor’s expansion, we find that

(U1 — Uy)

§(f(U))o = f'(Uo)§°Uo + 72 2fu (60),

2 £ TTNS2TT (Uis1 — U)? o ' Uiy — U)? |
PO = SO+ == 60+ == £ (),
0<i<I,

s = v+ YU )

where 6; is an intermediate value between U; and U;11, n; the one between
Ui—1 and U;. Use the fact that f”(s) > 0 for s > 0 and Uy, > 0 to complete
the rest of the proof. O

The statement of the result about solutions which quench in a finite

time is the following.

Theorem 3.1. Let Uy, be the solution of (2.1)—(2.2). Assume that there
exists a positive constant A € (0,1] such that the initial data at (2.2)
satisfies

(3.1) aid%pi — Bif (pi) < —Af(pi), 0<i<I.

Then, the solution Up, quenches in a finite time th, and the following esti-

1 Prmin  do
Th < —/ —.
= Ao f(o)

mate holds
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Proof. Since (0, th) is the maximal time interval on which Uppnin(t) > 0,
our aim is to show that th is finite and satisfies the above inequality.

Introduce the vector J(t) defined as follows

~dU;(t)
o dt

Ji(t) +Af(Ui(t), 0<i<I, tel0,Th).

A straightforward calculation gives

di oy d (AU o
7 —q;0°J; = o ( 7 ;6 UZ)
+Af(U;) — ;A (f(U))i, 0<i<I, te(0,17).

dt

Taking into account Lemma 3.1, we see that 62(f(U)); > f'(U;)6%U;,
0 < ¢ < I, which implies that

dJ; d (dU; au;
dt - aiézji < a ( dt - 061‘52[]2') —Q—AfI(Uz) < dt - aiézUi) 5
0<i<I, te(0,TM).
Using (2.1), we arrive at
Y s < B U — BAP U, 0<i<T, te (01}

Making use of the expression of Jp,, we discover that
—L ;0% < —Bif (U) i, 0<i<I, te(0,Th).

Exploiting (3.1), we observe that J;,(0) < 0. We infer from Lemma 2.1
that J,(t) <0 for ¢t € (0,77), which implies that

(3.2)

d%f”é—Af(Ui(t)), 0<isI, te(0,1).

These estimates may be rewritten in the following form

dU;
f(Ui)

< —Adt, 0<i<I, te(0,T).
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Integrating the above inequalities over the interval (¢, th), we get
1 (U@ do
3.3 Th—t<—/ —, 0<i<I.
(8:3) T T A flo) o

Using the fact that opmin = Ui, (0) for a certain ig € {0, ..., I} and taking
t =0 in (3.3), we obtain the desired result. O

Remark 3.1. The inequalities (3.3) imply that
1 Uhmin (tO) da‘
oz L [ b o

and

Upmin(t) > H(A(T) —t)) for t€(0,T)),

s _do

where H(s) is the inverse of the function F(s) = [; GE

Remark 3.2. Let Uy, be the solution of (2.1)—(2.2). Then, we derive the

following inequalities

1 Phmin do‘
s L [
T MBrlloo o f(o)

and
Unmin(t) < H(|Bulloo(T — 1)) for te (0,Th).

To prove these estimates, we proceed as follows. Introduce the function v(t)
defined as follows v(t) = Upmin(t) for t € [0, T(;‘). Let t1,t2 € [0, T;). Then,
there exist i1,i2 € {0, ..., I} such that v(ty) = Uy, (t1) and v(t2) = U;,(t2).
We observe that

oltz) — (1) 2 Uin(t2) = Uin(t) = (12— 1) 22 1o, — 1),
olta) ~ (1) < Ui (t2) — Us (1) = (12~ 1) 25 4oty — 1)

which implies that v(t) is Lipschitz continuous. Further, if to > t1, then

v(te) — v(t1) > dUs, (t2)

Y 2 a +0(1) = i, 0°Usy (t2) — Bi f (Ui, (t2)) + o(1).
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Obviously, 6°U;,(t2) > 0. Letting t; — t2, and using the fact that (i, <
| B1|lcos We obtain dv(t) > —|Bullocf (v) for t € (0,T}") or equivalently % >
—||Br||lcodt for t 6 (0 Th). Integrate the above inequality over (t,T;) to
obtain Th_ HB || fo f(o‘ Since v(t) = Upmin(t), we arrive at Th—t >
Tl Bhlloo Uh”””(t) f( ) and the second estimate follows. 'To obtain the first one,

it suﬂices to replace t by 0 in the above inequality and use the fact that
Phmin = Uhmin (0)

4. Convergence of the semidiscrete quenching time

In this section, under some assumptions, we show that the solution of the
semidiscrete problem quenches in a finite time, and its semidiscrete quench-

ing time converges to the real one when the mesh size goes to zero.

We denote ay, = (a(zo),...,a(zr))T, by = (b(zo),...,b(z))T,

up(t) = (u(a:o,t),...,u(xf,t))T and  [|Up(t)|lco = max |U;(t)].

0<i<I

In order to obtain the convergence of the semidiscrete quenching time, we
firstly prove the following theorem about the convergence of the semidis-

crete scheme.

Theorem 4.1. Assume that the problem (1.1)-(1.3) has a solution u €
C*1([0,1]x[0, T—7]) such that minye (g 7] Umin(t) = 0 > 0 with 7 € (0,T).
Suppose that ¢y, By and oy satisfy

(4.1) len = un(0)[loo = o(1) as h—0,

U42) — brlloo =0(1) as h—0, |ap—anllcoc=0(1) as h— 0.

Then, for h sufficiently small, the problem (2.1)—(2.2) has a unique solution
Uy, € CH([o, T;‘)7 R'*1) such that the following relation holds

U (t) = un (0

= 0(llen = un(0)lloo + [18n = brlloo + llan — anlloo +h%) as h—0.
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Proof. Let L > 0 be such that

(4.3) ~(1balloe + 15(5) < L.

Let us notice that the term on the left hand side of the above inequality is
positive because the function f(s) is positive and nonincreasing for positive
values of s. The problem (2.1)-(2.2) has for each h, a unique solution
Uy € C’l([O,T(;‘),RI‘H). Let t(h) < min{T — T, T;l} be the greatest value
of t > 0 such that

(4.4) U () = un(t)]|oo < 2

5 for t e (0,t(h)).

The relation (4.1) implies that ¢(h) > 0 for h sufficiently small. Invoking

the triangle inequality, we have

Ui(t) > u(x;, t) — |Ui(t) — u(xi, )], 0<i<I, te(0,t(h)).
This implies that

Ui(t) > u(x, t) — ||Up(t) — up(t)]|oo, 0<i<1I, te(0,t(h)).

Let j € {0,---,1} be such that Upmn(t) = U;(t). Replacing i by j in the
above inequalities, and using the fact that u(x;,t) > Upmin(t), we find that

Unmin(t) 2 uhmin(t) = [|Un(t) — un(t)||o for t € (0,%(h)),

which implies that

(4'5) Uhmin(t) >0—

VIS

:g for ¢ € (0,t(h)).

Since u € C*!, taking the derivative in 2 on both sides of (1) and due to
the fact that wu,, u., b, vanish at x = 0 and x = 1, we observe that .,
also vanishes at = 0 and z = 1. Applying Taylor’s expansion, we discover
that

h2

Uge (T4, 1) = 0%u(w;, t) — Tptaren(Tint), 0<i< T, € (0,4(h)).
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To establish the above equalities for ¢ = 0 and ¢ = I, we have used the fact
that u; and ugey vanish at £ =0 and £ = 1. A direct calculation renders
2

up(zi, t) — ;0 u(wi, t) = —Bi f (u(wi, t)) — a(xi)%umm(fi, t)

+(a(x;) — o)6%u(wi, t) + (B; — b(xi)) f (u(zs, 1), 0 <i <1, t € (0,t(h)).

Let ep(t) = Up(t) — up(t) be the error of discretization. From the mean

value theorem, we have

de;(t) B (0 | =
" 041-62ei(t) = —Bif (0:(t))ei(t) + a(:vz)ﬁumm(:cz,t)

—(a(;) — a)0*u(wi,t) — (B — b(w:)) fu(zi, 1), 0< i< 1, te(0,t(h)),

where 6;(t) is an intermediate value between U;(t) and u(x;,t). We observe
that for ¢ € {0,---,1} and t € (0,¢(h)), f(u(z;,t)) is bounded from above
f(p). Since u € C*', then making use of (4.3) and (4.5), we realize that

there exists a positive constant K such that

de;(t
;i ) _ a;0%e;(t) < Lle;(t)| + K||Bn — bhlloo + Kl|an — anlloo + KR2,
(4.6) 0<i<I, te(0,t(h)).

Introduce the vector z,(t) defined as follows

zi(t) = " (|lon — wn(0)lloo + K18n — brlloo + Kllan — anlloo + KB?),

(4.7) 0<i<I, te(0,th)).

A straightforward computation reveals that

dz;

i 0%z > L|zi| + K||Bh — ballo + Kllan — anloo + KR,

0<i<I, te(0,t(h),
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zi(0) > €;(0), 0<i<I.
It follows from Lemma 2.2 that
zi(t) > ei(t) for te (0,t(h)), 0<i<I.
In the same way, we also prove that
zi(t) > —ei(t) for te(0,t(h)), 0<i<I,
which implies that

UA(E) = un(®) oo < "4 (llon = un(0) oo + K118 = balloo

+K|lap — aplloo + Kh?) for te (0,t(h)).

Let us show that t(h) = min{T — 7,71'}. Suppose that
t(h) < min{T — T, th}. Due to the fact that t(h) is the greatest value of
t > 0 such that (4.4) holds, we infer that ||U(t(h)) — un(t(h))|lcec > %,
which implies that

g < [|U(t(h)) — up(t(R))]loo

< VT (o =y (0)]loo + K151 = billoo + Kllon — an oo + K1),

Let us notice that both last formulas for ¢(h) are valid for sufficiently
small h. Since the term on the right hand side of the above inequality
goes to zero as h goes to zero, we deduce that £ < 0, which is impossible.
Consequently ¢(h) = min{T — 7, th}.

Now, let us show that t(h) = T — 7. Suppose that t(h) = T} < T — 7.
Reasoning as above, we prove that we have a contradiction and the proof
is complete. O

Now, we are in a position to prove the main theorem of this section.

Theorem 4.2. Suppose that the problem (1.1)—(1.3) has a solution v which
quenches in a finite time T such that u € C*1(]0,1] x [0,T)). Assume that
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©n, Bn and ay, satisfy the conditions (4.1) and (4.2). Under the hypothesis
of Theorem 3.1, the problem (2.1)-(2.3) admits a unique solution Uy, which
quenches in a finite time th, and the following relation holds

lim 7" = T.
h—0

Proof. Let 0 < ¢ < T'/2. There exists g € (0,1) such that

1 e do €
(4.8) Ak 7o) < 7
Since u quenches in a finite time 7', there exist ho(¢) > 0 and a time
Tp € (T — §,T) such that 0 < umin(t) < §  fort € [Ty, T), h < ho(e). Tt
is not hard to see that umin(t) > 0 for t € [0, Tp], h < ho(e). According to
Theorem 4.1, the problem (2.1)—(2.3) admits a unique solution Up(t), and
the following estimate holds || U (t) —up(t)||eo < § for ¢ € [0,Tp], h < ho(e),
which implies that ||Ux(To) — un(T0)|leo < 4 for h < hg(e). Applying the
triangle inequality, we find that
4

Unmin(To) < |Un(To) — un(T0) oo + Uhmin(To) < 5 +==p0 for h<hg(e).

[\ (e

Invoking Theorem 3.1, we note that Up(t) quenches at the time T;‘. We
deduce from Remark 3.1 and (4.8) that for h < hg(e),

1 Uhmzn(TO) do’ g
Th _ 7| < |TF — T T—T<—/ i<
’q ‘—‘q 0‘+‘0 ’—AO f<0_)+2—5

This completes the proof. O

5. Full discretizations

In this section, we pursue our study concerning the phenomenon of quench-
ing using a full discrete explicit scheme of (1.1)—(1.3). Approximate the so-
lution u(z, t) of the problem (1.1)—(1.3) by the solution U,&n) = (Uén), 1(n), ce Ul(n))T

of the following explicit scheme

(5.1) s U™ = q;820™ — g fU™), 0<i<I,
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(5.2) U =g >0, 0<i<I,

where n > 0,
s v v
e At,

We observe that @ is nonincreasing by the following

(f(S))' _ S5 f) g gy

s> 0.
S 52

(n) (n)
Hence, if U}(Ln) > 0, then —% > % 0 <i¢ < I, and a straight-

forward computation reveals that e
i > 202 (1 — 2fanll gt Hﬁhummn%) Us”.
hmin
pert) > Gl | (1 ~ 2l S5 Hﬁhummn%) U
ai}gt”Ui‘f)l, 1<i<I—1,
) > 2Ry (1—2uahumfj; e %j“) U,

In order to permit the discrete solution to reproduce the properties of the
continuous one when the time t approaches the quenching time 7', we need

to adapt the size of the time step so that we pick

. 2 (n)
At,, = min { 1= Dh” Uhmm(n }
ZHOthOO HBhHOOf(Uhmzn)

n)
with 0 < 7 < 1. We observe that 1 —2[|a[|oc 52 — || BnllccAtn w >0,
hmin

which implies that U}(Lnﬂ) > 0. Thus, since by hypothesis U }(L ) = wp > 0, if

we take At, as defined above, then using a recursion argument, we see that



274 Théodore K. Boni and Thibaut K. Kouakou

the positivity of the discrete solution is guaranteed. Here, 7 is a parame-
ter which will be chosen later to allow the discrete solution U, ,(ln) to satisfy
certain properties useful to get the convergence of the numerical quenching
time defined below.

(n)
If necessary, we may take At, = min{ Ig\la;)l?: s ”Uf(U(n) )} with K > 2

hmin

because in this case, the positivity of the discrete solution is also guaran-
teed.

The following lemma is a discrete form of the maximum principle.

Lemma 5.1. Let 'y( ") and Vh(n) be two sequences such that 7}(;1) is bounded

and

(5.3) V™ — a2V 1AMy >0 0<i<I, n>o0,

(5.4) v >0, 0<i<I.

Then, WehaveV()>0forn>O 0<i<ITif At, < h2(n) .
2llanlloo+vy " llooh?

Proof. If Vh( ") > 0, then a routine computation yields

(n+1) > 2a0Atn At

4 o+ (1= 2lonow Gzt — Al o)
v > By 4 (1= 2anl gt - Atalf e ) VL
pUBhy )y <icro,
v > 28y 4 (1 eyl S - Al o ) Vi
Since At,, < h we see that 1 — 2At" Ath'y}(L")Hoo is non-

2l llooty" lloch?”
negative. Making use of (5.4), we deduce by induction that Vh(n) > 0, which
ends the proof. O

A direct consequence of the above result is the following comparison

lemma. Its proof is straightforward.
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Lemma 5.2. Let V(") W(n) and fy( ") be three sequences such that fy(n)
bounded and

515‘/;(71) _ 0%52‘/;(”) 4 ,.YZ(”)‘/;(”) < 5th(”) _ Oéi(SQWi(n) 4 ,YZ(”)VVZ(n),

v <w® o<i<r

Then, we have Vi(n) < I/Vi(n) forn>0,0<i<ITifAt, < h? @) .
2)lanllootl7y " looh?

Now, let us give a property of the operator d; stated in the following

lemma. Its proof is quite similar to that of Lemma 3.1, so we omit it here.

Lemma 5.3. Let U™ € R be such that U™ > 0 for n > 0. Then, we
have

S f(U™) = fUM)s U™, n >0,
We need the result below.

Lemma 5.4. Let a, b be two positive numbers such that b € (0,1). Then
the following estimate holds
ab™ a 1 e do

Z Fam) = @ W) b T

Proof. We have [;° ]‘}b;li“’ =30/ ntl “b:gf We observe that ab® >

ab™t! for n < & < n+ 1, which implies that I n“ “baff) 2 fg;l?"trll). Conse-

quently, we get

oo abxda: > abmtl ab™
>
0 Z < £ (abm+1) Z < f( ab™)’
By a change of variables, we see that f[° ]‘}b;;if) = _W IS %, which
implies that
ab™ a 1 @ do

S e = 7~ Wy 707
This completes the proof. O

The theorem below is the discrete version of Theorem 4.1.
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Theorem 5.1. Suppose that the problem (1.1)—(1.3) has a solution u €
C*2([0,1] x [0, T — 7]) such that minge[o 7] umin(t) = p > 0 with 7 € (0,T).
Assume that oy, 1, and oy, satisfy the conditions (4.1) and (4.2). Then, the
problem (5.1)—(5.2) has a solution U}(ln) for h sufficiently small, 0 < n < J
and the following relation holds

U — (¢
O?S%CJH h up(tn)]oo

= O(llen = un(0)lloo + l1br. = Bullos + llan = anlloo +5%) as h— 0,

where J is any quantity satisfying the inequality

J-1 n—1
S AL <T—7 and t, =) At
j=0 §=0

Proof. For each h, the problem (5.1)—(5.2) has a solution U}(Ln). Let N <J

be the greatest value of n such that
(5.5) U =y (tn) oo < g for n < N.

We know that NV > 1 because of (4.1). Applying the triangle inequality, we

have

Ui(”) > u(zi, ) — |Ui(”) —u(ziyty)|, 0<i<I, n<N.
This implies that

U > u(wi, tn) = U = un(tn)lloos 0<i<T, n<N.

Let ig € {0,---,I} be such that Ul-(on) = ,Y:n)m Replacing 7 by i¢ in the
above inequalities and using the fact that w(x;y,tn) > Upmin(tn), we arrive

at
hmin =

(5:6) Upihin = whmin(ta) = [UN" = wn(ta)lloo = & for n < N.

As in the proof of Theorem 4.1, using Taylor’s expansion, we find that for
n<N,0<i<I,

Seu(i, ) — apdu(zi, ty) + Bif (w(zs, t,)) + (b(xi) — Bi) f(u(zi, tn))
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h? ~ At, ~
+(ao; — a(xi))52u(xi, tn) = —a(a:i)ﬁumm(xi, tn) + Tutt(a:i, tn)-

Let eé NoyU }(ln) —up(tn) be the error of discretization. From the mean value
theorem, we get forn < N, 0<i <1,

. " h? ~
dief” — aidel” = —Bif (6")ef"™ + (@) T tavea (s )

+(ai — a(x;))0%u(wi, tn) — %utt(aﬂi,fn) + (b(wi) — Bi) f(u(wi, tn)),

().

where fi(n) is an intermediate value between u(x;,t,) and U,
Ugzzr (T, 1), 02u(zi ty), 0 < i < I, uy(x,t) are bounded, u(z,t) > p and
At,, = O(h?), then there exists a positive constant M such that

Since

siel™ — a;62e™ < — B, £ (€"™)e™ + M|y — Billoo

(5.7) +M|o, — aplloo + Mh?, 0<i<1I, n<N.
Set L = —(||bn]loo+1)f'(5) and introduce the vector Vh(n) defined as follows

Vi = e oy, — g ()0 + MIbn — Brlloo + Mllan — anlloo + MA2),

)

0<i<I, n<N.Itisclear that L is positive because the function f(s)
is positive and nonincreasing for positive values of s. A straightforward

computation gives

5V — 62V > g, (V™ 4 My — Bulloo

(5.8) +Mllap — aplloo + MR%, 0<i<I, n<N,

(5.9) VOO o<i<r

For i € {0,---,1}, according to the fact that Ei(n) is between Ui(n) and
u(xq, tn), we infer from (5.6) that 51-(") > & because u(x;,t,) > p. This im-
plies that —ﬂif’(ﬁi(n)) is bounded from above by the quantity —||p e f'(5)



278 Théodore K. Boni and Thibaut K. Kouakou

which is positive because f(s) is positive and nonincreasing for positive

values of s. It follows from Lemma 5.2 that Vh(n) > egn)

we also prove that Vh(n) > —eén), which implies that

. In the same way,

U = wn(tn) oo

< e Ben — un(0) oo + Mo~ Billoo + Ml = anloo + M), 0 < N.

Let us show that N = J. Suppose that N < J. If we replace n by N in
(5.10) and use (5.5), we find that

14 N
5 < 10" —un(tn)lleo

< eI (lon — up(0)l|oo + Mlbh = Balloo + M lan — anlloo + MA?).

Since the term on the right hand side of the second inequality goes to
zero as h goes to zero, we deduce that /23 < 0, which is a contradiction and
the proof is complete. O
To handle the phenomenon of quenching for discrete equations, we need

the following definition.

Definition 5.1. We say that the solution U}(Ln) of (5.1)-(5.2) quenches in a
finite time if U™ >0 for n > 0, but

hmin
(n) n—1
. n At :
nlerolo Upin =0 and T = nh}go 2 At; < oo.
1=

The number ThAt is called the numerical quenching time of U%n) .
The following theorem reveals that the discrete solution U, én) of (5.1)-

(5.2) quenches in a finite time under some hypotheses.

Theorem 5.2. Let U}(Ln) be the solution of (5.1)-(5.2). Suppose that there
exists a constant A € (0,1] such that the initial data at (5.2) satisfies

(5.11) ;6% — Bif (pi) < —Af(pi), 0<i<I.
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Then U}(L") is nonincreasing and quenches in a finite time ThAt which

satisfies the following estimate

T@hmzn T /(phmin d—o'
0 flo)’

At B
T < BT F o)~ TBrlo I =)

r_ f A=7)h2 f(Phmin)
where 7/ = Amin{ TR S m— , T}

Proof. Introduce the vector J}(Ln) defined as follows
I =su™ 4 AWy, 0<i<I, n>o0.
A straightforward computation yields for 0 <¢ < I, n > 0,
50" = a2 = 5 (3,01 — aid?UM) + A8 F(U™) — A f(U).

Using (5.1), we arrive at

0Ty — it I = (8 = A)ouf (UM

— A0 f(U™), 0<i<I, n>0.
It follows from Lemmas 5.3 and 3.1 that for 0 <i < I, n >0,
5™ — ;82 < —(B = A FUMGU™ — Aayf'(UM)s2UM.
After a little transformation, the above estimates become

5th‘(n) _ ai52J1‘(n) < _/Bz‘f/(Ui(n))étUi(n)

+AF UMY (sU™ — a;52U™), 0<i<I.

(2 3

We deduce from (5.1) that

51 — ;02 < —gi U™ I™, 0<i<I, n>o0.
Obviously, the inequalities (5.11) ensure that J,(LO) < 0. Applying

Lemma 5.1, we get Jf(bn) < 0 for n > 0, which implies that

(n)
(5.12) U < g™ <1 - AAtnf(U(Zn) )> . 0<i<I, n>0.
U.

(3



280 Théodore K. Boni and Thibaut K. Kouakou

These estimates reveal that the sequence U ) g nonincreasing. By induc-
tion, we obtain U,(L n) <U, 0 = p,. Thus, the following holds

(n) _ 2 ‘
(5.13)Ant, L Uhmin) > gy { &= D i) 7| _ s
U(n) 2Hah||00()0hmin ||/BhH

hmin

Let ig be the index such that o Ui(gl). Replacing i by ip in (5.2),

hmin

we obtain

(5.14) Ut <y 1), n>o,

hmin — ~ hmin

and by iteration, we arrive at

(5.15) UM <09 (1= )" = Gpnin(1 =), 0> 0.

Since the term on the right hand side of the above equality goes to zero as n

approaches infinity, we conclude that U, M) tends to zero as n approaches

hmin
infinity. Now, let us estimate the numerical quenching time. Due to (5.15)

U™
and the restriction At, < ———bmino
1Brlloo f (Upmin)

hmin

it is not hard to see that

A . T (phm'm - T/)n
Z n = Hﬁh”oo Z f (phmzn(l _T) )

n=0

because f( ) is nondecreasing for s > 0. It follows from Lemma 5.4 that

At,, TPhmin . T Phmin d_U
Z = HBhHoof((thm) HﬁhHooln(l—T')/O f(o)

Use the fact that the quantity on the right hand side of the above inequality
is finite to complete the rest of the proof. O

Remark 5.1. From (5.14), we deduce by induction that

uln <yl (1—7"""9 for n>gq,

hmin — ~ hmin
and we see that

oo (9) _ \n—q
t — Z At < < ||B || Z Uhmm( T)
hlloo

= U, (1= 7yn-a)
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because f( 10 is nondecreasing for s > 0. It follows from Lemma 5.4 that

TAL _ 4 < U9 U do

_ hmin _ T /hmm _do_
S e 0@ T Bl - S 70

Since 7 = Amln{ 2Hah|| f(‘p’”’”"), = 1, if we take T = h%, then we get

coPhmin

T_/ — Amin { (1 — hQ)f(SOhmin) 1 } > Amin{ f((phmin) 1 }
T ) - .

2||anllocPrmin  [|Bnllo 4l enllooPrmin 1Bl

Therefore, there exist constants cg, ¢i such that 0 < c¢g < 7/ T < ¢ and
= O(1), for the choice T = h?.

In(1—7")

In the sequel, we take 7 = hZ.

Now, we are in a position to state the main theorem of this section.

Theorem 5.3. Suppose that the problem (1.1)—(1.3) has a solution u which
quenches in a finite time T and u € C*2([0,1] x [0,T)). Assume that ¢y,
By, and «y, satisfy the conditions (4.1) and (4.2). Under the assumption of
Theorem 5.2, the problem (5.1)—(5.2) has a solution U,(ln) which quenches
in a finite time T/t and the following relation holds

lim T =T.

h—0
Proof. We know from Remark 5.1 that - ( ,) is bounded. Letting 0 <
e < T'/2, there exists a constant R € (0,1) such that

TR T R do €
G160 @ Talemi = Jo o) ~ 2

Since u quenches at the time 7', there exist 71 € (T'—5,T') and ho(e) > 0
such that 0 < umin(t) < & for t € [T}, T), h < ho(e). Let ¢ be a positive
integer such that ¢, = ZZ;]{) Aty € [Th,T) for h < ho(e). It follows from
Theorem 5.1 that the problem (5.1)—(5.2) has a solution U, }(Ln) which obeys
||U,(Ln) — up(tn)]|oo < % for n < g, h < hy(e), which implies that

U S WU = un(t)lloo + tnmin (ta) < 5 + 5 = B B < ho(e).
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From Theorem 5.2, U}(Ln) quenches at the time 7, hAt. It follows from
Remark 5.1 and (5.16) that

|ThAt —t, < TUf(LZr)Lin _ T /Ui(z,zr)nn do < €
T 1Bulloef @Dy Ballc In(1 = 7) Jo flo) "2
because
Uisgm)n‘n < R for h < ho(e). We deduce that for h < hy(e),

T TR < |7 —tg] + 1t — TR < 5 + 5 <,

which leads us to the result. O

6. Numerical results

In this section, we present some numerical approximations to the quenching
time for the solution of the problem (1.1)—(1.3) in the case where f(u) =
u™P with p = const > 0, up(x) = H%S(m), a(x) = 2 — esin(wh), and
b(z) =3 —e(2®+1) with 0 < ¢ < 1. Firstly, we take the explicit scheme in
(5.1)—(5.2). Secondly, we use the following implicit scheme

gt _ )

S = U - gy Y, 0<i<

UO = >0, 0<i<I,

where n > 0, At, = hQ(U(n)

hmz‘n) (P+1) .

In both cases, ¢; = 2%%5(7”%), 0<i<I, a =2—esin(irh), f; =
3 —¢(i®h% +1). For the above implicit scheme, the existence and positivity
of the discrete solution U}(Ln) are guaranteed using standard methods (see
[3]). In the tables 1-6, in rows, we present the numerical quenching times,
the numbers of iterations and the CPU times corresponding to meshes of
16, 32, 64, 128. We take for the numerical quenching time t¢,, = Z?:_& At;

which is computed at the first time when

Aty = |tpy1 — tn| < 10716,

First case: p=1;e = 1;



Numerical quenching for parabolic equation 283

Table 1: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the explicit Euler method

1 tn n CPU;
16 | 0.055633 | 3806 2.8
32 [ 0.055445 | 14556 | 12.4
64 | 0.055398 | 55460 | 152
128 | 0.0553867 | 210677 | 661

Table 2: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the implicit Euler method

I tn n CPU;
16 | 0.055558 | 3806 5.4
32 | 0.055426 | 14555 | 25

64 | 0.055393 | 55459 | 367
128 | 0.055863 | 210676 | 987

Second case: p = 1;¢ = 1/100;

Table 3: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the explicit Euler method

I tn n CPU;
16 0.0419564 | 1278 1.2
32 | 0.0417734 | 4897 | 5.4
64 | 0.0417279 | 18656 | 63.5
128 | 0.0417116 | 70841 | 620
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Table 4: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the implicit Euler method

I tn n CPU;
16 | 0.0419552 | 1278 | 1.6
32 | 0.0417731 | 4897 | 8.5
64 | 0.0417278 | 18656 | 130
128 | 0.0417165 | 70841 | 2461

Third case: p = 1;¢ = 1/10000;

Table 5: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the explicit Euler method

I tn n CPU;
16 | 0.0419126 | 1269 | 1.1
32 | 0.0417282 | 4861 | 4.3
64 | 0.0416823 | 18517 | 63
128 | 0.0416709 | 70300 | 942

Table 6: Numerical quenching times, numbers of iterations and CPU times

(seconds) obtained with the implicit Euler method

I tn n CPU;
16 | 0.0418126 | 1269 1.6
32 0.0417282 | 4861 8.4
64 | 0.0416823 | 18517 | 124
128 | 0.0416709 | 70300 | 2400

Remark 6.1. When ¢ =0 and p = 1, we know that the quenching time of
the continuous solution of (1.1)—(1.3) is the same as the one of the solution
a(t) of the following differential equation o' (t) = —3(«a(t)) P, t > 0, a(0) =
0.5. It is clear that the quenching time of the solution «(t) is 0.0416666.
We observe from Tables 1-8 that when € decays to zero, then the numerical

quenching time of the discrete solution goes to 0.0416666.
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