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Some summability results are established for matrices of quasi-
homogeneous operators by uniformly vanishing sets.
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1. Introduction

In 2001, Li et al. [4] firstly gave the definition of quasi-homogeneous
operators and showed the family of quasi-homogeneous operators included
all linear and much more nonlinear operators. The introduction of quasi-
homogeneous operators has strongly broadened our research scope of oper-
ators. In [4, 5], the authors characterized some matrix families for matrices
of quasi-homogeneous operators between topological vector spaces. In [7, 8],
Qiu obtained some resonance theorems for families of quasi-homogeneous
operators between some special topological vector spaces. In [10], Song and
Fang proved some resonance theorems for families of quasi-homogeneous
operators between fuzzy normed linear spaces. The fact says that quasi-
homogeneous operators are useful and interesting. So it is necessary for us
to study it further.

In 2007, Li et al. [6] introduced the definition of uniformly vanishing
sets, and especially, obtained the strongest intrinsic meaning of sequential-
evaluation convergence by uniformly vanishing sets.

In this paper, we will give new characterizations of some matrix families
for matrices of quasi-homogeneous operators by uniformly vanishing sets.
Especially, from our results, the results of [4, 5] can easily be obtained.

2. Preliminaries

Let X, Y be topological vector spaces. For sequence families A(X) ¢ XV,
p(¥)cYNand f;: X —-Y (i,j € N) we saythat the matrix
(fij)ijen € (MX), u(Y)) {3252, fij(25)}72, € u(Y) for each (z;) € A(X).
Let N(X) be the family of nelghborhoods of 0 € X, co(X) = {(z;) € XN
limj 2; = 0}, ¢(X) = {(z;) € XN : lim; z; exists }, £*°(X) = {(z ) e XN
{z;:j € N} is bounded in X}, and co(X)?Y = {(4;) Cc YX: >S5 Aj(xj)
converges for each (z;) € co(X)}.

A topological vector space X is said to be braked if for every
(xj) € co(X) there is a scalar sequence A\j — oo such that Ajz; — 0, ie., X
is braked if and only if for every (x;) € co(X) there exist (¢;) € co = {(¢;)T°
each t; is a scalar and lim;t; = 0} and (u;) € ¢o(X) such that z; = tju;
for all 7 € N [9, p.43].

Every metrizable locally convex space is braked [2, p.382] and the Schur
lemma shows that the nonmetrizable (¢!, weak) is also braked. The strict
inductive limit X of a sequence {X,} of locally convex Fréchet spaces is
called an (LF') space, e.g., the space D of test functions, the space of rapidly
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decreasing functions, etc. (LF') spaces are not metrizable but every (LF)
space is braked [5, Example 2].

Definition 2.1. Let X, Y be vector spaces. An operator T from X to
Y is said to be quasi-homogeneous if there exists a function ¢ : C — C
satisfying lim;_,o p(t) = ¢(0) = 0 such that T(tz) = ¢(t)T(x) for all t € C
and x € X.

Obviously, if ¢ : C — C is a function such that T': X — Y is quasi-
homogeneous, then ¢ satisfies: p(ts) = p(t)p(s), Vi, s € C.

Let C(0) = {p € CC : hmtﬂg o(t) = ¢(0) =0, @(ts) o(t)p(s), Vi, s €
C} and for each ¢ € C(0), QH,(X,Y) ={T € Y : T(tx) = p(t)T(z),
Vte C,x e X}.

The following Uniform Convergence Principle can be found in [1, p.25;
3; 11].

Lemma 2.1 (Uniform Convergence Principle). Let G be an abelian
topological group and §) a sequentially compact space and Fj : ! — G a
sequentially continuous function for all j € N. If every sequence j1 < jo <

-~ in N has a subsequence ji, < jk, < ---suchthat )72, I}, (w) converges
at each w € Q and 3772 Fj, (1) : @ — G is sequentially continuous, then
lim; Fj(w) = 0 uniformly with respect to w € Q.

Definition 2.2. Let X be a Banach space. M C co(X) is said to be
uniformly vanishing if lim; z; = 0 uniformly for (z;) € M.

For uniformly vanishing sets, [6] has obtained the following very good
results.
Lemma 2.2. For M C ¢o(X) the following (1) and (2) are equivalent:
(1) M is uniformly vanishing.
(2) For every Fréchet space E and (A;) € co(X)P¥, 322, Aj(z;) con-

j=1
verges uniformly for (z;) € M.

Now we give the similar definition and result in topological vector spaces
as Definition 2.2 and Lemma 2.2.



252 Zhong Shuhui, Li Ronglu and Yang Hong

Definition 2.3. Let X be a topological vector space. M C co(X) is said
to be uniformly vanishing if lim; x; = 0 uniformly for (z;) € M.

Lemma 2.3. Let X be a topological vector space. If M C co(X) is uni-
formly vanishing, then for every topological vector space E and

(A;) € co(X)PE, > 521 Aj(z) converges uniformly for (z;) € M.

Proof. Assume that >722; A;(x;) is not uniform for (z;) € M. Then we
have a V € N(X) and integers mp <ni <mg <ng <---and {(a:kj)?il :

k € N} C M such that }-7%  Aj(xk,) €V, k=1,2,3,---.
Let

J=mi

B — Tkj, my < j < ng, k:172737”'7
J 0, otherwise.

Since M is uniformly vanishing, (z;) € co(X) but Z] Lo Ai(5) =
Zyimk Aj(zy;) €V, k=1,2,3,---. This contradicts (4;) € cO(X)ﬁE and
so 721 Aj(z;) converges uniformly with respect to (z;) € M for each

topological vector space E and (A4;) € co(X)"F.

3. Main Results

Theorem 3.1. Let X, Y be topological vector spaces and X be braked.
If (Tij)i jenw € QH,(X,Y), then the following (3) and (4) are equivalent:

3) (Tij)ijen € (co(X),£2(Y)).

(4) {T;j(z)}2, is bounded for each x € X and j € N, and for every
uniformly vanishing M C co(X), >352, T;j(z;) converges uniformly
with respect to i € N and (z;) € M.

Proof. (3)==-(4): Since (0,-- -,(:JL‘),O,O, -++) € ¢o(X) for every j € N and
z € X, it follows from (3) and T;;(0) = 0 for all ¢,j € N that {7T};(z)}2,;
is bounded, Vj € N, z € X.

Assume that M C co(X) is uniformly vanishing but the convergence
of 3272, T;j(z;) is not uniform with respect to both i € N and (z;) € M.
Then there exists V € N(X) such that for every mo € N we have integers
m > mg, i € N and (z;) € M for which 3272, Tj;(x;) ¢ V. Also there
exists W € N(X) such that W+ W C V.
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There exist integers m; > 1,4 € N and (x1;) € M such that
> 52y Tiyj(w1y) € Vand 352, 1 Tiyj(15) € W for some ng > my. Hence,
St Tig(z1) € W,

By Lemma 2.3, there is an integer ng > ny such that >°72, Ti;(z;) € V
for all m > ng, 1 <4 <4y and all (x;) € M. Then there exist integers
ng > mg > ny, ip > i1 and (x25) € M such that Z;‘imZ Tiyj(xoj) & W.

Continuing this construction produces integer sequences m; < nj; <

meg < ng < -+, 11 < i < --- and {(xkj);il : k € N} C M such that
Let

- Tp;, mp <j<ng k=123, ..,
J 0, otherwise,
then (x;) € ¢o(X) since M is uniformly vanishing. So

23

J=my
Since X is braked, there exist (¢;) € co and (z;) € co(X) such that
xj = t;z; for all j € N. Let §;, = maxy,, <j<n, |tj|. Then d; — 0 as k — oo
and, by (3.1), d; > 0 for all £k € N.
Observing T;; € QH,(X,Y), Vi j € N, for every mk < j < ng we
have T%J(xj) - lej(t ZJ) - lej(ékékzj) - 90(6k) ij(ékzj) s0, by (3 1)
Zj mk (5k) ij( ZJ) g W? k= 172737

(3.2) ©(Ok) ZTM ) EW, k=1,2,3,-

Jj=my

Now Q = {0,1, %, é,- -} is a sequentially compact subset of R. For

each k € N, define Fi : 2 — Y by

1
F1,(0) =0, Fk ZTW z-, n=1,23,---.
J=mi
Since {>7%,,. Zﬂ(ékzﬂ) ., is bounded for each & € N by (3) and
¢(6,) — 0 as n — oo, lim, Fj,(2) = lim, ¢(6,) X%, T; (%zj) =0=

Jj=myg ~tnJ

F3(0) so each Fy, : Q — Y is sequentially continuous. If k1 < kg < ---in N
and

i .
we — izj, mg, <j<ng, v=1273, ..,
I 0, otherwise,
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then uj — 0 so (u;) € co(X). Thus, {352, T3;(u;)}32; is bounded by (3)
and
lim, 3202 Fi, () = limy Y502 0(60) X520, Tii(52)
limy, (67,) Z?il 1,5 (uj)
= 0=2370%1 Fi, (0).
This shows that Y o Fk,(-) : @ — Y is sequentially continuous and, by
Lemma 2.1, limy (1) = 0 is uniform with respect to n € N. Therefore,

. 1
hm<p (0x) Z T ( 3 zj) = lim fx(=) = 0.
k k k
J=mi
This contradicts (3.2) and so (3) implies (4).
(4)==(3): Let (z;) € co(X), and {3252 Ty () iy C {32521 Tij() -
i € N}. Since 3372, Tj;(z;) converges uniformly with respect to i € N,
the series >272; %T,](x]) also converges uniformly with respect to ¢ € N for
each k € N. And {T};(x;)}:2; is bounded for each j € N so

limy, ¢ 522 Tiyj(j) = limyg g limy, 37 1 T;yj(;)
= limy, lim,, ZJ 1 k Tij(z5)
= lim,, limy, Z] 1 k Zk](l‘g)
= lim,, ZJ lhmk z T;,i(xj)
— lim,, Y7, 0 = 0.

This shows that {352, T;;(z;) : i € N} is bounded. Thus, (4)==(3) holds.

Corollary 3.1. Let X, Y be topological vector spaces and X be braked.
If (Tij); jenw € QH,(X,Y), then the following (5) and (6) are equivalent:

() (Tij)ijen € (co(X), co(Y)).

(6) lim; Tj;(z) = 0 for each € X and j € N, and for each uniformly
vanishing M C co(X), 3272 Tij(w;) converges uniformly with respect
tot € N and (x;) € M.

Proof. By Theorem 3.1, we just need to prove (6)==-(5). By (6),

3721 Tij(w;) converges for each (x;) € co(X) and ¢ € N, and for each

(z7) € co(X), 22721 Tij(x;) converges uniformly with respect to i € N.
For (z;) € ¢o(X), we have

hmZTw xj —hmhmZTm xj —hmhmZTw $J —hmthTw xj) 0.
Jj=1 Jj=1 Jj=1
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Corollary 3.2. Let X, Y be topological vector spaces, X braked and Y
sequentially complete. If (Ti;); jeNn C QHy(X,Y), then the following (7)
and (8) are equivalent:

(7) (Tij)ijen € (co(X), c(Y)).

(8) lim; Tj;(z) exists for each x € X and j € N, and for each uniformly
vanishing M C co(X), >332, Tij(x;) converges uniformly with respect
tot € N and (x;) € M.

Proof. By Theorem 3.1, we just need to prove (8)==(7). By (8), 2252, T3;(z;)
converges for each (z;) € ¢o(X) and ¢ € N, and for each (z;) € co(X)
3521 Tij(z5) converges uniformly with respect to i € N.
Let (z5) € co(X) and V € N(X). Then there is balanced
W e N(X) such that W + W + W C V. There exists ng € N such that
;‘;nOJrl T‘ij (ZL‘]) € Wforalli € N. Since lim; Z?il Tlij ($j) = Z;’Lil lim; T’ij (.’L'J)
exists, there is g € N such that >0 Ty;(z;) — 3272 Tjj(x;) € W for all
k, 3 > 19. So
5o Thjwg) — 22521 Tij(xy) = X052 (Thj(wy) — Tij(zy))
+ 35 o1 Thj (25) — 2252041 Tig ()
EWH+W+WCV, Vk,i>ip.

This shows that {3252 T;;(z;)}72; is Cauchy in sequentially complete space
Y and so lim; 3 72, T5(z;) exists.

From Theorem 3.1, Corollary 3.1 and Corollary 3.2, we can easily obtain
the following results of [4, 5].

Corollary 3.3. Let X, Y be topological vector spaces and X be braked.
If (Tij)i jen C QH,(X,Y), then the following (3) and (4') are equivalent:

3) (Tij)ijen € (co(X),£2(Y)).

(4") {Ti;j(z)}52, is bounded for each x € X and j € N, and for each
(z5) € co(X), 2252, Tij(w;) converges uniformly with respect toi € N.

Proof. Suppose that (4') holds and M C ¢y(X) is uniformly vanishing but

521 Tij(z;) is not uniform with respect to (z;) € M and i € N. As the
proof of Theorem 3.1, we have V € N(X), integer sequences m; < ny <
me <mg <oy dy <idg <---and {(z5)52 K =1,2,3,---} C M such that
an Ekj($j)¢v,k:1,2,3,"'-

J=my
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Let
- Tp;, mp<j<ng k=123 ..,
J 0, otherwise,

then (x;) € co(X) since M is uniformly vanishing. So

Nk

ST Tz €V, k=1,2,3,---.

J=my

This contradicts (4'). Thus (4')==-(4) and (3)<=-(4') hold, respectively.

Corollary 3.4. Let X, Y be topological vector spaces and X be braked.
If (Tij); jen € QH,(X,Y), then the following (5) and (6') are equivalent:

(5) (Tij)ijen € (co(X), co(Y)).

(6") lim; T;j(x) = 0 for each x € X and j € N, and for each (x;) € co(X),
3521 Tij(x) converges uniformly with respect toi € N.

Corollary 3.5. Let X, Y be topological vector spaces, X braked and Y
sequentially complete. If (T3;); jen C QHy(X,Y), then the following (7)
and (8') are equivalent:

(7) (Tij)ijen € (co(X),¢(Y)).

(8) lim; T;j(x) exists for each x € X and j € N, and for each (z;) € co(X),
> 521 Tij(z) converges uniformly with respect to i € N.
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