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Abstract

In the present paper, the notion of MT,,-preinvex function is in-
troduced and some new integral inequalities involving MT,,-preinver
functions along with beta function are given. Moreover, some gen-
eralizations of Hermite-Hadamard and Ostrowski type inequalities for
MT,,-preinvex functions via classical integrals and Riemann-Liouville
fractional integrals are established. These results not only extends the
results appeared in the literature (see [10], [11], [12]), but also
provide new estimates on these types.
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1. Introduction and Preliminaries

The following notation is used throughout this paper. We use I to denote
an interval on the real line R = (—o00, +00) and I° to denote the interior
of I. For any subset K C R", K° is used to denote the interior of K. R" is
used to denote a generic n-dimensional vector space. The nonnegative real
numbers are denoted by R, = [0,4+00). The set of integrable functions on
the interval [a, b] is denoted by Li[a, b].

The following inequality, named Hermite-Hadamard inequality, is one of
the most famous inequalities in the literature for convex functions.

Theorem 1.1. Let f : I C R — R be a convex function on an interval
I of real numbers and a,b € I with a < b. Then the following inequality
holds:

(1.1) f (‘“2”’) < bia/abf(x)da:g M

Also the following result is known in the literature as the Ostrowski
inequality (see [11]) and the references cited therein, which gives an upper

1 b
t)dt by th
b_@/@f() y the

bound for the approximation of the integral average
value f(z) at point x € [a, b].
Theorem 1.2. Let f: I — R, where I C R is an interval, be a mapping

differentiable in the interior I° of I, and let a,b € I° witha < b. If | f'(z)| <
M for all x € [a,b], then

L ()
SM(b_a)I:Z—i_W]’ VIIEE[CL,b].

<1.+f<x> o [ st

In recent years, various generalizations, extensions and variants of such
inequalities have been obtained. For other recent results concerning Hermite-
Hadamard type inequalities through various classes of convex functions,
(see [10]) and the references cited therein, also (see [9]) and the references
cited therein. For other recent results concerning Ostrowski type inequal-
ities (see [11]) and the references cited therein, also (see [12]) and the
references cited therein.

In (see [11]) and the references cited therein, Tung and Yidirim defined
the following so-called MT-convex function:
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Definition 1.3. A function f : I C R — R is said to belong to the class
of MT(I), if it is nonnegative and for all x,y € I and t € (0, 1) satisfies the
following inequality:

Vit V-t
s W

In (see [12]), Tung derived some inequalities of Ostrowski type for MT-
convex functions.

(1.3) fltz+(1-t)y) < fy).

Fractional calculus (see [10]) and the references cited therein, was intro-
duced at the end of the nineteenth century by Liouville and Riemann, the
subject of which has become a rapidly growing area and has found appli-
cations in diverse fields ranging from physical sciences and engineering to
biological sciences and economics.

Definition 1.4. Let f € Li[a,b]. The Riemann-Liouville integrals Jg, f
and Ji* f of order o > 0 with a > 0 are defined by

Jo f(x) = ﬁ [Hx =) f(t)dt, =>a
and

+o0
T f(@) = phy 2(t=2)* f(B)dt, b> o, whereT(@) = [ e~ du.
0

T

Here J2, f(z) = J{_f(x) = f(z).

In the case of a@ = 1, the fractional integral reduces to the classical
integral.

Due to the wide application of fractional integrals, some authors ex-
tended to study fractional Hermite-Hadamard, Griiss, or Ostrowski type
inequalities for functions of different classes (see [10]) and the references
cited therein.

Now, let us recall some definitions of various convex functions.

Definition 1.5. (see [2]) A nonnegative function f: I C R — R, is said
to be P-function or P-convex, if
f(tx+(1-t)y)< f(2) + f(y), Vae,yel, te]0,1].

Definition 1.6. (see [3]) A set K C R" is said to be invex with respect to
the mapping n: K x K — R", if x +tn(y,z) € K for every x,y € K and
t €[0,1].
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Notice that every convex set is invex with respect to the mapping
n(y,z) = y — =, but the converse is not necessarily true. For more de-
tails please see (see [3],[4]) and the references therein.

Definition 1.7. (see [5]) The function f defined on the invex set K C R"
is said to be preinvex with respect ), if for every z,y € K and t € [0, 1], we
have that

flz +tn(y, x)) < (1= 1) f(x) +1f(y).

The concept of preinvexity is more general than convexity since every
convex function is preinvex with respect to the mapping n(y,z) = y — =,
but the converse is not true.

The Gauss-Jacobi type quadrature formula has the following

b +oo
(1.4) / (@ — a)P(b—2)"f(2)dz = 3 Buif () + Rl £,

k=0

for certain By, , v, and rest Ry, |f] (see [6]).
Recently, Liu (see [7]) obtained several integral inequalities for the left hand
side of (1.4) under the Definition 1.5 of P-function.

Also in (see [8]), Ozdemir et al. established several integral inequalities
concerning the left-hand side of (1.4) via some kinds of convexity.

Motivated by these results, in Section 2, the notion of MT,,-preinvex
function is introduced and some new integral inequalities involving MT;,-
preinvex functions along with beta function are given. In Section 3, some
generalizations of Hermite-Hadamard type inequalities for MT,,-preinvex
functions via classical integrals are given. In Section 4, some generaliza-
tions of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via fractional integrals are given. In Section 5, some generalizations of Os-
trowski type inequalities for MT,,-preinvex functions via classical integrals
are given. In Section 6, some generalizations of Ostrowski type inequali-
ties for MT,,-preinvex functions via fractional integrals are given. These
results given in sections (3-6) not only extends the results appeared in the
literature (see [10], [11], [12]), but also provide new estimates on these

types.
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2. New integral inequalities for MT,,-preinvex functions

Definition 2.1. (see [1]) A set K C R" is said to be m-invex with respect
to the mapping n : K x K x (0,1] — R" for some fixed m € (0,1], if
max + tn(y,z,m) € K holds for each z,y € K and any t € [0, 1].

Remark 2.2. In Definition 2.1, under certain conditions, the mapping
n(y,x, m) could reduce to n(y, x).

We next give new definition, to be referred as MT,,-preinvex function.

Definition 2.3. Let K C R" be an open m-invex set with respect to
n:KxKx(0,1] —R" For f: K— R and m € (0, 1], if

@) Syt inGom) < 57 ) + T g,

is valid for all x,y € K and t € (0,1), then we say that f(x) belong to the
class of M'T,,(K) with respect to 7.

Remark 2.4. In Definition 2.3, it is worthwhile to note that the class
MT,,(K) is a generalization of the class MT(I) given in Definition 1.3 on
K = I with respect to n(z,y,m) =x —my and m = 1.

In this section, in order to prove our main results regarding some new in-
tegral inequalities involving MT,,-preinvex functions along with beta func-
tion, we need the following Lemma:

Lemma 2.5. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K° with a < b and ma < ma +
n(b,a,m). Then for some fixed m € (0,1] and p,q > 0, we have

ma+n(b,a,m)
/ (x —ma)P(ma +n(b,a,m) — x)? f(z)dx

ma

1
— (b, a, m)PratL / (1 — 1) f (ma + tn(b, a, m))dt.
0
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Proof. It is easy to observe that
f;”;Jr"(b’a’m) (x — ma)P(ma + n(b,a,m) — )1 f(x)dx
=n(b,a,m) [ (ma+tn(b,a,m)—ma)?(ma+n(b,a,m)—ma—tn(b, a,m))?
f(ma +tn(b,a,m))dt
=n(b,a,m)Ptatl fol tP(1 —t)2f(ma + tn(b,a,m))dt. O

The following definition will be used in the sequel.

Definition 2.6. The Euler Beta function is defined for x,y > 0 as
12— _ ()T

Blx,y) = Jo 271 (1 — )y~ ldt = S,
Theorem 2.7. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma +
n(b,a,m). If | f| is a MT,,-preinvex function on K for some fixed m € (0, 1],
then for some fixed p,q > 0,

Jna 14T (@ — ma)?(ma + (b, a,m) — @) f (z)de

ma

< Zp(b,a,m)PHatt [|f<a>rﬁ (p+3a+3)+1F®IB (p+3,0+3)

Proof.  Since |f| is a M T,,-preinvex function on K, we have

my/t my1—1

for all ¢ € (0,1) and for some fixed m € (0,1]. By Lemma 2.5, Definition
2.6 and the fact that |f| is a MT,,-preinvex function on K, we get

Jmatn®.am) (o _ ma)P(ma + n(b, a,m) — z)7f (x)dx

ma

< (b, a,mPrt 1 (1 t)g\ﬂma + t(b, a,m)) \dt

‘f(ma+tn(b, a,m))‘ <

< n(b, a, m)PTe! /01 (1 — 1) [2\71_:5”(()” + mTv\l/—;tU(aﬂ] dt
= T(b,a,myre {|f(a)lﬁ (p+ S+ ;) +1F )8 (p + g,q + %) .
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Theorem 2.8. Let f : K = [ma,ma+ n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma +

n(b,a,m). Let k > 1. If ]f\% is a M T,,-preinvex function on K for some
fixed m € (0, 1], then for some fixed p,q > 0,

fnT;Jr”(b’“’m) (x —ma)P(ma + n(b,a,m) — )1 f(x)dx

B(kp+1, kq+1)} (\f( )| = -Hf(b)‘%)

k-1

k

e

< (Z5)F n(b,a,m)Prtatt

Proof.  Since | f|% is a MT,,-preinvex function on K, combining with
Lemma 2.5, Definition 2.6 and Hélder inequality for all ¢ € (0,1) and for
some fixed m € (0, 1], we get

fma—i—n(b,a,m) (.’L‘ _
ma

ma)P(ma + n(b, a,

) —z)'f(z)dz

= 3

k=1

b “k
= dt]

7M%mW“{HW@ﬂW4{ﬁUW%m&ww

==

< (b, a,m)PHat

Blkp+ 1,kq+ 1)}

k-1

>1A @J__umw @l )ﬁ]

=("F) % n(b,a,m)Pratt

k-1

k

B(kp+1, kq—l—l)} : <|f(a)\k_k1+|f<b)‘ﬁ>

Theorem 2.9. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma +
n(b,a,m). Let | > 1. If | f|' is a MT,,-preinvex function on K for some
fixed m € (0, 1], then for some fixed p,q > 0,

ma+n(b,a,m)
/ (x — ma)?(ma + n(b,a,m) — ) f(x)dx

ma

=1

l

1
< (2) noampe

Bp+1,q+ 1)]

[V@Wﬁ@+;ﬂ+ 5) @I (p+ 5o+ 3)
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Proof. Since |f|' is a MT,,-preinvex function on K, combining with
Lemma 2.5, Definition 2.6 and Hoélder inequality for all ¢ € (0,1) and for
some fixed m € (0, 1], we get

ma-+n(b,a,m)
/ (x —ma)P(ma +n(b,a,m) — x)? f(z)dx

ma

=n(b, a, m)PTat1 [} [tp (1—1) } [tp (1—-1) } (ma + tn(b,a,m))dt
< (b, a, m)Ptatl { Iy tp(l—t)th] [ Jo tP(1-1) !f(ma+tn(b, a,m))‘ldt]

-1
< n(b,a, m)Pratl

B(erl,qul)]T

L q mvt my1—t :
x[At(L%)(mﬁt4ﬂ>\ e umW)&]

-1

l

~I

n(b, a, m)Pratt

-3

Blp+1,q+ 1)]

~|=

[vmwﬁ@+ a+3) IO (p+ 50+ 3)

O

Remark 2.10. In Theorem 2.9, if we choose | = 1, we get Theorem 2.7.

3. Hermite-Hadamard type classical integral inequalities for
MT,,-preinvex functions

In this section, in order to prove our main results regarding some generaliza-
tions of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via classical integrals, we need the following Lemma:

Lemma 3.1. Let K C R be an open m-invex subset with respect to 7 :
K x K x (0,1 — R for some fixed m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and f’ is integrable on [ma, ma+n(b,a, m)|]. Then, for each
x € [ma, ma +n(b,a,m)|, we have that
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z,a,m) f(ma)—n(x,b,m)f(mb ma ,a,m) mb+ (:L"bm
eamitmaiebmion) 1 [ [t e [T £
= 777%2’2?)2 fol(t — 1) f'(ma + tn(x,a,m))dt
n($7b7m)2 /1 /
1 —_ 1—-1¢ b+t b dt.
(31) + B [F 1= o) (mb -+ (o, b.m)

Proof. Denote

x,a,m)? 1
I= %/g (t —1)f'(ma + tn(z,a,m))dt
x,b,m)?

Integrating by parts, we get
I = n(z,a,m)? (t _ 1)f(ma+tn(x,a7m '1 fl (ma+tn(z,a, m]]dt]
0

n(b,a,m) n(z,a,m) n(z,a m)

+n(x,b,m))2 |:(1 . t) f(mb+in(z bm) + fl f( mb+t77 x,b, m))dt]

n(b,a,m n(z,b,m) (@,b,m)
_ am)? | _f(ma) 1 ma+n(x,a,m
= 737(@3%) wam) ~ nEam)? dma 1) £ (u)du

x,b,m)? mb mb+n(x,b,m
+TZ7((bra’7n)) - 77{55757”)1) + 77(.737;7m)2 mb 77( )f(u)du]

— n(xvavm)f(ma)_n(vavm)f(mb)
n(b,a,m)

ma-+n(x,a,m mb+n(x,b;m
_n(b,é,m) [fma il ) f( ) — Jmb il ) f(u)dU] . O

Remark 3.2. Clearly, if we choose m = 1 and n(z,y,m) = z — my in
Lemma 3.1, we get Lemma (see [9], Lemma 1).

Using the Lemma 3.1 the following results can be obtained.
Theorem 3.3. Let A C Ry be an open m-invex subset with respect to

n:AxAx (0,1 — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
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function on A°. If | f'| is a MT,,-preinvex function on [ma, ma + n(b, a, m)]
and |f'(x)| < M, then for each x € [ma, ma + n(b,a,m)], we have that

77(% a, m)f(ma) — 77(1:7 bv m)f(mb)
n(b,a,m)

1 ma+n(z,a,m) p mb—+n(z,b,m) p
ozl fwdu— [ f(w)du

Mmm
S [
4|n(b, a,m)|

(3.2) [77(:L‘,a,m)2 + n(z, b, m)Q]

Proof. Using Lemma 3.1, Definition 2.6, MT,,-preinvexity of |f’|, the
fact that |f'(z)| < M for each x € [ma, ma + n(b,a, m)], and taking the
modulus, we have

n(:c7a7m>f<77r7b(ab>7;z§§ab,m)f(mb>_n(b#ll’m) Jrmartn(e.am) () gy [mbtn(ebm) f(u)du]

%/ it — 1||f (ma + tn(x, a,m))|dt
m(é%/ 1 — t[|.f (mb + tn(x, b,m))|dt

n(z,a,m myT—T,
_|nbam|/ [ﬂTlf()! N \f<a)|]dt

Hleb {2\/—|f( )+ VQ\l/E_tlf’(b)l}dt

Mmmn(z,a,m) t v1—
< b L/t* \f]
Mm n(x,b,m)? / Vit \/
2 [n(b,a,m)| \/1T \f
__ Mmm z,a,m)? z,b,m)?
_4ln(b,a,m)l{n(’ P ol |
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Remark 3.4. In Theorem 3.3, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [10], Theorem 2.2).

The corresponding version for power of the absolute value of the first
derivative is incorporated in the following results.

Theorem 3.5. Let A C Ry be an open m-invex subset with respect to
n: AxAx(0,1] — Ry for some fixedm € (0, 1] and let a,b € A, a < b with
ma < ma+n(b,a,m). Assume that f : A — R is a differentiable function
on A°. If |f'|7 is a MT,,-preinvex function on [ma, ma + n(b,a,m)], ¢ >
1,p '+ ¢t =1and|f'(x)| < M, then for each x € [ma, ma + n(b, a, m)],
we have that

n(z,a,m) f(ma) — n(z,b,m) f(mb)
n(b,a,m)

1 ma+n(z,a,m) J mb—+n(z,b,m) J
_n(b,a,m) \/m,a f(u) u_\/WLb f(u) U

M mm i n(x,a,m)? +n(x,b,m)?
@ =g (T [ (b, am) l

Proof. Suppose that ¢ > 1. Using Lemma 3.1, Definition 2.6, MT,,-
preinvexity of |f'|7, Holder inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)], and taking the modulus, we have

n(z,a,m) f(ma) — n(z,b,m) f(mb)
n(b,a,m)

1 ma+n(z,a,m) J mb+n(z,b,m) J
el [ Sdu= [ Fw)du

n(x,a,m)

1
= In(b,a,m)| /0 |t — 1||f'(ma + tn(x, a,m))|dt

n(z,b,m)?

1
(b, a,m)] 1=t b+ (e, b,
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9 1 1

< % (/01(1 _ t)pdt)” 01 ]f’(ma—l—tn(x,a,m))\th) '

< % (/Ol(l—t)pdt>p {/01
ey (f o -ora) [/0 e t\f’@)l%%wb)w) dt]

M mm i n(z,a,m)? 4+ n(z,b,m)?
<G (7) [ .a,m) ]

(
( 01 |f'(mb + tn(z,b, m))|th> ’

NI 1-—t ) ‘
SRl (@ |f<)|)dt]

O

Remark 3.6. In Theorem 3.5, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [10], Theorem 2.4).

Theorem 3.7. Let A C Ry be an open m-invex subset with respect to
n:Ax Ax(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|? is a MT,,-preinvex function on [ma, ma-+n(b,a, m)],
g > 1 and |f'(x)| < M, then for each x € [ma,ma + n(b,a,m)], we have
that

77(937 a, m)f(ma) — 77(957 b7 m)f(mb)
n(b,a,m)

ma+n(z,a,m) mb+n(z,b,m)
7 o [

mb

1\ *q 1 [ n(z,a,m)? + n(z,b,m)?
(3.4 < (3) (m)q[ 7y aym) ]
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Proof. Using Lemma 3.1, Definition 2.6, MT,,-preinvexity of |f’|?, the
well-known power mean inequality, the fact that |f/'(z)| < M for each
x € [ma, ma + n(b,a,m)], and taking the modulus, we have

n(x, a,m)f(ma) —n(z,b,m)f(mb)

n(b,a,m)
1 ma+1(@,a,m) mb+n(x,b,m)
“n(b,a.m) [/m fdu— [ f(U)du]
n(z,a,m n(z,b,m)?
W/ [t —1||f (ma + tn(z, a, m))|dt+m

[ 1= 15 omb+ et b

1

= % (/01(1 - t)dt)I% (/01(1 — )| f (ma + tn(z, a,m))yth> !

+% ([la- vf)dt)l_é ([ =015 b+ imte b,y

[/Olu—t)(%/iw o+ <>|q)dt]
+% (/01(1 _ t)dt)l_%

[/01<1—t>(¢14|f<>|u et WM

1+3 1 ZL'(Im2 €T m2
<M<%) q(mﬂ_)5|:"7(77 )+77( aba ):|

1-1
q

Q=

Q=

B n(b, a,m)]
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Remark 3.8. In Theorem 3.7, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [10], Theorem 2.6). Also, in Theorem 3.7, if we

choose ¢ = 1, we get Theorem 3.3.

Theorem 3.9. Let A C Ry be an open m-invex subset with respect to
n:Ax Ax(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|7 is a M'T,,-preinvex function on [ma, ma-+n(b,a, m)],
g > 1 and |f'(x)| < M, then for each x € [ma,ma + n(b,a,m)], we have

that

77(937 a, m)f(ma) — 77(957 b7 m)f(mb)
n(b,a,m)

o
W(b, a, m) ma

mb

ma+n(z,a,m) mb+n(z,b,m)
/ Fluydu— [ ﬂW4

()1
(3:5) = M{ 20 (g +1)

n(b, a,m)]|

Proof. Using Lemma 3.1, Definition 2.6, MT,,-preinvexity of |f’|4,
Holder inequality, the fact that |f/(xz)] < M for each =z € [ma,ma +

n(b,a,m)], and taking the modulus, we have

77(937 a, m)f(ma) — 77(957 b7 m)f(mb)
n(b,a,m)

o
W(b, a, m) ma

mb

2 1
nx,a,m
B W/o [t = 111" (ma + tn(z, a,m))|dt
n(z,b,m 2 1
W/o |1 —t||f"(mb + tn(z, b,m))|dt

1—1

<o (h 1)

1
! |:T]($, a, m)2 + 77(33’ ba m)2

ma+n(z,a,m) mb+n(x,b,m)
[ sy | ﬂW4

g (/01(1 —t)q|f’(ma+tn(x,a,m))‘th>

1
q
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1

</01(1 — )| f (mb + tn(x, b, m))‘th) 7

1—

Q=

+% (/Olldt)

—n(:v,a,m)Q ' " ' q my/t m\/_ q
< ey ([ 1) [/0 (1-1) ( e ) )I)dt]

n(z,b,m)? (L N g mv/ myT
st (1) [/0 (l—t)q<2\/—|f( N L ()|q)dt]

1
ml"ll"q+l / .a, 24 b, 2
Y ETENE | P

Remark 3.10. In Theorem 3.9, if we choose m = 1 and n(z,y,m) =
x —my then we get Theorem (see [10], Theorem 2.8).

4. Hermite-Hadamard type fractional integral inequalities for
MT,,-preinvex functions

In this section, in order to prove our main results regarding some generaliza-
tions of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via fractional integrals, we need the following Lemma:

Lemma 4.1. Let K C R be an open m-invex subset with respect to n :
K x K x (0,1] — R for some fixed m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and f' is integrable on [ma, ma+n(b,a, m)]. Then, for each
x € [ma, ma + n(b,a,m)| and o > 0, we have that

77(377 a, m)af(ma) — 77(957 b7 m)af(mb)
n(b,a,m)

MNa+1) .
m (ma+77(30 a,m))— f(ma’) - J(mb—‘rn(x,b,m))—f(mb)

Q=

QI
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T.q. M a+1 1
= %/0 (t* = 1) f'(ma + tn(z,a,m))dt
T m)% 1
(4.1) ﬂ%igir%ai-Zj(l—taywonb+tn@;bnn»du

400
where I'(a)) = / e “u*"'du is the Euler Gamma function.
0

Proof. Denote

a+1 1
= %/0 (t* = 1) f'(ma + tn(z, a,m))dt
b a+1 1
*% /o (1 —t)f'(mb + tn(z,b,m))dt.

Integrating by parts, we get

1

_onlz,a,m)* | . Jlma +tn(z,a,m))
I= n(b,a,m) {(t b n(x,a,m)

0

n(x7 a7 m)

N /1 t*=t f(ma + tn(z, a, m))dt
0

1

n(x,b,m)**ty L f(mb+tn(z,b,m))
n(b, a,m) {(1 %) n(x,b,m)

0

Lt f(mb + tn(, b,m))
e /0 77('177 b7 m) dt]

_ n(,a,m)** | f(ma) Pa+1)
~ n(b,a,m) [n(x,a,m) ~ n(z, a,m)otT (ma+n(x,a,m))f(ma)]
n(z,b,m)*t! f(mb) Ta+1)
n(b,a,m) [_ n(z,b,m) — n(z,b,m)ot! J(m”ﬂ(zvbm))—f(mb)}
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_ 77(% a, m)af(ma) — 77(907 bv m)af(mb)
n(b,a,m)

I'a+1)
_m (ama+77(x,a,m))ff(ma’) - Jganrn(x,b,m))ff(mb) :

O

Remark 4.2. Clearly, if we choose m = 1 and n(x,y,m) = x — my in
Lemma 4.1, we get Lemma (see [10], Lemma 3.1).

By using Lemma 4.1, one can extend to the following results.

Theorem 4.3. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'| is a M T,,-preinvex function on [ma, ma + n(b,a, m)]
and |f'(x)] < M, then for each x € [ma,ma + n(b,a,m)] and o > 0, we
have that

77(on a, m)af(ma) — 77($7 bv m)af(mb)
n(b,a,m)

J(O;na—l—n(x,a,m))—f(ma) - J(O;fnb—&—n(z,b,m))—f(mb)] ‘

_ M [ w0, ml e, b miet [T (a4 3)T(3)
(0, a,m) |

Proof. Using Lemma 4.1, Definition 2.6, MT,,-preinvexity of |f’|, the
fact that |f'(z)| < M for each x € [ma, ma +n(b,a,m)], « > 0, and taking
the modulus, we have

ﬁ(ffa a, m)af(ma) — 77(1:7 bv m)af(mb)
n(b,a,m)
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TIla+1)
n(b, a,m)

J(maJrn(z a,m))— f(ma) - J&mb+n(x,b,m))f(mb)] |

n(z, a,m) \a“

In(b,a,m) / [t* — 1) f (ma + tn(z,a,m))|dt

[n(z,b,m) Ia+1

(b, a,m)| /'1—tallf<mb+tn<wbm>>|dt

n(x,a,m)|tt 1 o | mVit my1—t,,
S /0<1—t>[2 )+ \f<a>|]dt

M ! _ 4o \/_ m\/_
s ”[w—’f”‘ G \f()‘]dt

M g(e,am)* 1T VE VI
=72 libam)] /o“‘“[ * ]

X +

M po(a,bm)+ o VE VT
2 Jns,a,m) /o“‘”{ ]

_ Mm In(x,a,m)|*Tt + |n(z, b, m)|*+! - r (a + %) r (%)
2 n(b, a,m)| '

O

Remark 4.4. In Theorem 4.3, if we choose m = 1 and n(x,y,m) = x—my
then we get Theorem (see [10], Theorem 3.2). Also, in Theorem 4.3, if we
choose o = 1, we get the inequality in Theorem 3.3.

Theorem 4.5. Let A C Ry be an open m-invex subset with respect to
n:Ax Ax(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|7 is a M'T,,-preinvex function on [ma, ma-+n(b,a, m)],
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q>1,p ' 4+q !t =1and|f'(z)] < M, then for each x € [ma, ma+n(b, a,m)]
and o > 0, we have that

77(on a, m)af(ma) — 77($7 bv m)af(mb)
n(b,a,m)

J(O;na—l—n(x,a,m))—f(ma) - J(O;fnb—&—n(z,b,m))—f(mb)] ‘

1
P

T(p+ 1T (2)
al (p +1+ é)

(WT) [n(z, a,m)|** + n(z, b, m)|**
n(b, a,m)]|

Proof. Suppose that ¢ > 1. Using Lemma 4.1, Definition 2.6, MT,,-
preinvexity of |f/|7, Holder inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)], a > 0, and taking the modulus, we have

n(z, a,m)® f(ma) — n(x,b,m)* f(mb)
n(b,a,m)

INa+1)

(b, a,m) iman(e,a.my-f(ma) = J(C:nb+n(:c,b7m))—f(mb)] ‘

n(z,a,m) IO"L1

In(b, a,m) / 1t — 1||f (ma + tn(z,a,m))|dt

n(x,b,m) \O‘“

In(b,a,m) / |1 —t¥|f (mb+ tn(z,b,m))|dt

1

< % (/01<1 _ ta)pdt>% (/01 |f’(ma+tn(m,a,m))\th> '
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+% ([a- tay’dt)% ([ 17+ tmted m))lth)%

I=

\/_ q q
[/0 (2\/—|f()|+ s <>|)dt}

S )

mv/t m\/_ q
[/ (Fwn N r<b>\)dt]

1
< M (mE)i [In(w,aym)lo‘“Jrln(w,b,m)““] [F@H)F(%)] e
— 2 .

Q=

Q=

[n(b,a,m)| ol (p+1+1)

Remark 4.6. In Theorem 4.5, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [10], Theorem 3.5). Also, in Theorem 4.5, if we
choose o = 1, we get the inequality in Theorem 3.5.

Theorem 4.7. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a <b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|7 is a M 'T,,-preinvex function on [ma, ma-+n(b,a, m)],
g > 1 and |f'(xz)] < M, then for each x € [ma, ma + n(b,a,m)] and o > 0,
we have that

77(on a, m)af(ma) — 77($7 bv m)af(mb)
n(b,a,m)

J(O;na—l—n(x,a,m))—f(ma) - J(O7[fnb+n(z,b,m))—f(mb):| ‘
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o+ Hr ()

IMNa+1)

1
(@ a,m)[* T + In(@, b,m)|
n(b, a,m)] '

(4.4) x |:7T—

Proof. Using Lemma 4.1, Definition 2.6, MT,,-preinvexity of |f'|?, the
well-known power mean inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)|], a > 0, and taking the modulus, we have

ﬁ(ffa a, m)af(ma) — 77(1:7 bv m)af(mb)

n(b,a,m)
MNa+1) | .
e S matn(aamy)—f (Ma) — J(mb+n(z,b,m))_f(mb):| ‘
In(z, a, m)[* /1 o111
it am Jo 11 U tmat tn(e,a,m))ldt
In(@, b, m)[*T /1 el
)] Jo 11 I (mb (e by m) b

1—1 1

< Int@ a,m)* (/01(1 - ta)dt> ' (/01(1 — )| (ma + (=, a, m))|th) '

In(b, a, m)|

o b.m) ot 1 =3 /1 g
In(z, a,m)|" 1
n(b, a,m)|

Q=

1_% ' @ mvt / m\/l——t ’
[/0 (1—t )(2m|f(a:)|q+27ﬁ|f(a)|q)dt]

n(z, b,m)|*+!
n(b, a,m)]

X (/01(1 —ta)dt)
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<([a-ema) [ [ (2311_1|f'<x>|q+m—;1ff\f’<b>rq) dt]

1
_1 ! a o
<M(3) (2 )1 7 [W_F(a%)F(%)] {n(aaa,m) Lt n(a.b.m)| +1]‘ 0

T(a+1) n(b,a,m)|

Remark 4.8. In Theorem 4.7, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [10], Theorem 3.8). Also, in Theorem 4.7, if we
choose a = 1, we get Theorem 3.7.

5. Ostrowski type classical integral inequalities for MT,,-preinvex
functions

In this section, in order to prove our main results regarding some gener-
alizations of Ostrowski type inequalities for MT,,-preinvex functions via
classical integrals, we need the following Lemma:

Lemma 5.1. Let K C R be an open m-invex subset with respect to n :
K x K x (0,1] — R for some fixed m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and f' is integrable on [ma, ma+n(b,a, m)]. Then, for each
x € [ma, ma + n(b,a,m)|, we have that

n(z,a,m)f(ma+n(z,a,m)) —n(x,b,m)f(mb + n(x,b,m))

n(b, a, m)
1 ma+n(z,a,m) mb+n(xz,b,m)
(b a,m) [/m o= [ (“)d“]
2 1
— % /0 tf'(ma + tn(z,a,m))dt
2 1
(5.1) - %/ﬂ t'(mb + tn(z, b, m))dt.
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Proof. Denote

n(x7 a" m)

2 1 ,
n(b, a,m) /0 tf'(ma +tn(z,a,m))dt

2 el

Integrating by parts, we get

I =

I_U(ir,a,m)2 tf(ma+t77xam fma+t77:nam))dt

~ n(b,a,m) n(x,a,m) n(z,a,m)
n(x,b,m)? tf(mb+t77 x,b,m) f mb+t77 x,b, m))dt

(b, a,m) n(x,b,m) n(x,b,m)

- 77(.’1}, a, m)2 _f(ma + 77(5[;7 a, m)) 1 ma-+n(z,a,m)

~ n(b,a,m) n(z,a,m) " 0z, a,m)? /ma f(u)dU]
n(z,b,m)? [ f(mb + 1z, b,m)) . mb-n(ebm)

(b, a,m) n(x,b,m) ~ n(z,b,m)? /mb f(u)du]

n(z,a,m)f(ma+n(z,a,m)) — n(x,b,m)f(mb + n(x,b,m))
n(b,a,m)

1 ma+n(z,a,m) p mb+n(z,b,m) p
ozt fwdu— [ f(w)du|.

O

Remark 5.2. Clearly, if we choose m = 1 and n(x,y,m) = x — my in
Lemma 5.1, we get Lemma (see [12], Lemma 1).

Using the Lemma 5.1 the following results can be obtained.
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Theorem 5.3. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'| is a MT,,-preinvex function on [ma, ma + n(b,a, m)]
and |f'(x)| < M, then for each x € [ma, ma + n(b,a,m)], we have that

n(z,a,m)f(ma+n(z,a,m)) —n(x,b,m)f(mb + n(x,b,m))

n(b,a,m)
1 ma+n(z,a,m) J mb+n(z,b,m) J
il fdu— [ Fw)du
Mmm
5.2 gi[ z,a,m)? + a:,b,m2].
(52) Tt (e m)? + . b.m)

Proof. Using Lemma 5.1, Definition 2.6, MT,,-preinvexity of |f’|, the
fact that |f'(z)| < M for each x € [ma, ma + n(b,a,m)], and taking the
modulus, we have

n(z,a,m)f(ma+n(z,a,m)) — n(x,b,m)f(mb + n(x,b,m))
n(b,a,m)

mb

ma—|—77 z,a,m) mb+n(z,b,m)
b a,m) J(w)du _/ flu)du

(:L‘ a,m)
| (b,a,m)| / tf' (ma + tn(x, a,m))|dt
n(x,b,m
m/ tf*(mb + tn(z, b,m))|dt
77 L% m / m\/l_—t ,
\77 (b,a,m) [2\/1T Tﬁlf (a)ll dt
:I: b m / m\/l——t ,
Inbam [ \/1T T/Elf (b)l}dt
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Mmn(x,a,m) Vit V1=t
= 2 \nbam\/ [\/ﬁ \/E]dt

dt

+anacbm Vit \/l—t_
Vit

2 |n(b,a,m)| l—t+

B Mmm
4|n(b, a,m)|

%wmmﬂwmam?

O

Remark 5.4. In Theorem 5.3, if we choose m = 1 and n(x,y,m) = x —my
then we get Theorem (see [12], Theorem 2).

The corresponding version for power of the absolute value of the first
derivative is incorporated in the following results.

Theorem 5.5. Let A C Ry be an open m-invex subset with respect to
n: AxAx(0,1] — Ry for some fixedm € (0,1] and let a,b € A, a < b with
ma < ma+n(b,a, m). Assume that f : A — R is a differentiable function
on A°. If |f'|7 is a MT,,-preinvex function on [ma, ma + n(b,a,m)], ¢ >
Lpt+qt=1and|f(z)| <M, then for each z € [ma, ma + n(b,a,m)],
we have that

n(z,a,m)f(ma+ n(z,a,m)) —n(x,b,m)f(mb+ n(x,b,m))
n(b,a,m)

1 ma+n(z,a,m) J mb+n(z,b,m) J
e | Sdu— [ f (w)du

M mm i | n(z,a,m)? + n(z,b,m)?
69 =g () [ (0, m) I
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Proof. Suppose that ¢ > 1. Using Lemma 5.1, Definition 2.6, MT,,-
preinvexity of |f/|7, Holder inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)], and taking the modulus, we have

n(z,a,m)f(ma+ n(x,a,m)) —n(x,b,m)f(mb+ n(x,b,m))
n(b,a,m)

ma+n(z,a,m) mb—+n(z,b,m)
/ fada~ [ f(u)du]

ma mb

B 1
n(b,a, m)

< %/ t|f'(ma +tn(z,a,m))|dt

+|77((5’2;Z’Tmm/ £ (mb + tn(z, b,m))|dt

< % (/01 tpdt>% (/01 ]f'(ma—i—tn(ac,a,m)ﬂth)%

1

+% (/01 tpdt)% (/01 | (mb + t(z, b,m))|th> '

S%(/)lﬁdt);{/ol(z%ﬁ()’ Pl <>|Q) ]

Q=

Q=

n(z,b,m)? L 3 N m\/— q
+m</otdt> [/o(\/lTW” VA I()I)dt]

M <m7r> 7 [n(;p, a, r;()ZZ ZS; b, m)2] |
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Remark 5.6. In Theorem 5.5, if we choose m = 1 and n(x,y,m) = x—my
then we get Theorem (see [12], Theorem 3).

Theorem 5.7. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a <b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|7 is a M'T,,-preinvex function on [ma, ma-+n(b,a, m)],
g > 1 and |f'(z)| < M, then for each x € [ma, ma + n(b,a,m)], we have
that

n(z,a,m)f(ma+n(z,a,m)) — n(x,b,m)f(mb + n(x,b,m))
n(b,a,m)

1 ma+n(z,a,m) J mb+n(z,b,m) J
e | [ fdu— [ Fw)du

1\ *q 1 [ n(z,a,m)? + n(z,b,m)?
(5:4) < (3) (m)q[ (0, m) ]

Proof. Using Lemma 5.1, Definition 2.6, MT,,-preinvexity of |f'|?, the
well-known power mean inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)|, and taking the modulus, we have

n(z,a,m)f(ma+ n(x,a,m)) —n(x,b,m)f(mb+ n(x,b,m))
n(b,a,m)

mb

ma+n(z,a,m) mb+n(z,b,m)
7 o [

n(z,a,m)?

1
< m)|/0 8|f (ma + tn(z, a,m))|dt

n(z,b,m)?

1
(b, a m)|/0 t|f'(mb + tn(z,b,m))|dt
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1

< % (/01 tdt)lé (/01t|f'(ma + tn(x, a,m))’%lt)a

1

—0—% (/01 tdt) e /Olt|f'(mb + tn(x, b, m))‘%lt)E

n(z,a,m)? [ 1 1 P m\/— 2
SM(/O tdt [/Ot(z\/lT D+ (>|q)dt]

n($7b7m)2 ! m\/_ q
+m</ﬁdt [ (\/—Ifl N )I)dt]

141
ST S—

Q=

= n(b,a,m)]

Remark 5.8. In Theorem 5.7, if we choose m = 1 and n(x,y,m) = x—my
then we get Theorem (see [12], Theorem 4). Also, in Theorem 5.7, if we
choose ¢ = 1, we get Theorem 5.3.

6. Ostrowski type fractional integral inequalities for MT,,-
preinvex functions

In this section, in order to prove our main results regarding some gener-
alizations of Ostrowski type inequalities for MT,,-preinvex functions via
fractional integrals, we need the following Lemma:

Lemma 6.1. Let K C R be an open m-invex subset with respect to 7 :
K x K x (0,1 — R for some fixed m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and f’ is integrable on [ma, ma+n(b, a,m)]. Then, for each
x € [ma,ma + n(b,a,m)] and o > 0, we have that

77(% a, m)af(ma’ + 77(% a, m)) — 77(% ba m)af(mb + 77(% ba m))
n(b,a,m)
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Ia+1)
n(b,a,m)

«

(matn(zam))— (M@) = TGtz p,my)— F (Mb)

T,a,m atl ! «
- %/0 tf'(ma + tn(x, a,m))dt

1

“+oo
where I'(a)) = / e “u“"tdu is the Euler Gamma function.
0

Proof. Denote

I =
n(b,a,m)

/1 t* f'(ma + tn(x, a,m))dt
0

1

Integrating by parts, we get

I =

n(x7 a7 m)

(e, a,m)* [ flma + tn(z,a,m))
n(b7 a’7 m) n("‘v7 a7 m)

gy g (O ERUICRD) dt]
0 0

0 n(xabam)

n(xz,b,m)>TL |  f(mb+tn(x,b,m))
B n(b, a, m) n(x,b,m)

1—04 /1 t*=1 f(mb + tn(z, b, m))dt]
0

_ n(z,a,m)>t! [f(ma +n(z,a,m)) MNa+1)

n(b’ a'7 m) 77($’ a“’ m) - 77($, a/) m)Oé+1 J(ma+n(m7a7m))_ (ma)]

n(z,b,m)>+! {f(mb + n(z,b,m)) MNa+1)

- b
n(b,a,m) n(z,b,m) n(x, b, m)o+1 J(mb+n(z,b,m))—f(m )}
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n(z, a,m) f(ma + n(z,a,m)) — n(z,b,m)* f(mb + n(z,b,m))
n(b,a,m)

I'a+1)
m (ama+77(x,a,m))ff(ma’) - J(O;anrn(x,b,m))ff(mb) .

Remark 6.2. Clearly, if we choose m = 1 and n(x,y,m) = x — my in
Lemma 6.1, we get Lemma (see [11], Lemma 1).

By using Lemma 6.1, one can extend to the following results.

Theorem 6.3. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a <b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'| is a MT,,-preinvex function on [ma, ma + n(b, a, m)]
and |f'(x)] < M, then for each x € [ma, ma + n(b,a,m)] and a > 0, we
have that

n(x,a,m) f(ma +n(z,a,m)) — n(x,b,m)*f(mb + n(x,b,m))
n(b,a,m)

I'a+1)
n(b,a,m)

J(O;naJrn(z,a,m))ff(ma) - J&mb+n(x,b,m))f(mb)] |

(6.2) <

2 n(b, a,m)]

Mm | |[n(z,a,m)|*T + |n(2,b,m)[*
I'(a+1)

e )
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Proof. Using Lemma 6.1, Definition 2.6, MT,,-preinvexity of |f’|, the
fact that |f'(z)| < M for each x € [ma, ma +n(b,a,m)], « > 0, and taking
the modulus, we have

77(% a, m)af(ma’ + 77(% a, m)) — 77(% ba m)af(mb + 77(% bv m))
n(b,a,m)

Ia+1)
n(b, a,m)

J(O;na—l—n(:c,a,m))—f(ma) - J(O;nb—&—n(a:,b,m))—f(mb)] |

[n(z, a,m)|**

1
(b, a,m)] /0 t|f(ma + tn(z, a,m))|dt

[n(z, b,m)|]**

1
n(b, a,m)] /0 t| £ (mb + tn(x, b, m))|dt

my1—t
2Vt

()] +

_ In(a,a.m)| ! /t[ myi
0

(b0 m)] I f’<a>|] at

my/1—1
2Vt

()] +

+M@&WMM*/QQ my/'t
In(b,a,m)| Jo 21—t

Ifwﬂdt

a+l r1 —
< Mm |n(z,a,m)| / 10 Vit n 1—t it
2 ’U(bﬂym)’ 0 \/1 —t

M a+1 1 1—
LA L B S
2 |7I(57 a, m)| 0 1—1¢ t

~ Mm | |n(z,a,m)|*T + |n(z,b,m)[>T
2 In(b, a, m)|

e+ ()

I'a+1)
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Remark 6.4. In Theorem 6.3, if we choose m = 1 and n(x,y,m) = x—my
then we get Theorem (see [11], Theorem 5). Also, in Theorem 6.3, if we
choose oo = 1, we get the inequality in Theorem 5.3.

Theorem 6.5. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a <b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|7 is a M T,,-preinvex function on [ma, ma-+n(b,a, m)],
q>1,p+qt =1and|f'(z)| < M, then for each z € [ma, ma+n(b, a,m)]
and o > 0, we have that

n(z,a,m)* f(ma + n(z,a,m)) — n(x,b,m)*f(mb + n(x,b,m))
n(b,a,m)

IMNa+1)
n(b, a,m)

JgnaJrn(:c,a,m))ff(ma) - Jgnb+n(x,b,m))f(mb):| ‘

(6.3)

M (mw)% {ww,a, m)[*+ + n(z, b, m)\a“]
: .

< = (22
= (1+pa)l/r In(b, a,m)|

Proof. Suppose that ¢ > 1. Using Lemma 6.1, Definition 2.6, MT,,-
preinvexity of |f/|7, Holder inequality, the fact that |f'(z)] < M for each
x € [ma, ma + n(b,a,m)|, a > 0, and taking the modulus, we have

n(x,a,m)* f(ma +n(z,a,m)) — n(x,b,m)*f(mb + n(x,b,m))
n(b,a,m)

Dla+1) | a
"oy | marnamy—f 010 = T ooy - f (mb)] |
a+1 1
17 1‘7 a7 m (6%
I mC [ ma+ (o, a,m)at

n(z,b,m)|*+!

1
n(b, a,m)] /0 t| £ (mb + tn(x, b, m))|dt
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1

< Intw,a,m)I** (/Oltpadt)% (/01 ]f’(ma+t77(x,a,m))|th)a

n(b, a,m)]

+—’"|(§(’bb7’$£|ﬂ ( /O 1 tpadt)% ( /0 | f (b + (b, m))|th) ’

1
q

g%(/ﬂtdt}{/ (%w e <a>\q>dt]

1
q

ey (el [ =izt

M (mw) [|n(:r a, m)|* + [n(z, b, m)|a+1}

< - (0
- (1 +p()d)1/p |n(b’a‘7m)|

O

Remark 6.6. In Theorem 6.5, if we choose m = 1 and n(x,y,m) = x—my
then we get Theorem (see [11], Theorem 6). Also, in Theorem 6.5, if we
choose oo = 1, we get the inequality in Theorem 5.5.

Theorem 6.7. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for some fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a, m). Assume that f : A — R is a differentiable
function on A°. If | f'|? is a MT,,-preinvex function on [ma, ma-+n(b,a, m)],
g > 1 and |f'(x)] < M, then for each x € [ma, ma + n(b,a,m)] and o > 0,
we have that

n(z, a,m)® f(ma + n(z,a,m)) — n(z,b,m)* f(mb + n(z,b,m))
n(b,a,m)
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(6

I'ae+1 o
(—) J(ma—l—n(:c,a,m))—f(ma) - J(mb+n(a:,b,m))—f(mb)] ‘

n(b,a,m)

=

Fat+g)T (%)] : [wx, 0, )|+ (e, b,m>|a“]
0y am)] '

M <m) g
<——— =
(1+a) s \2
(6.4)
Proof. Using Lemma 6.1, Definition 2.6, MT,,-preinvexity of |f'|?, the

well-known power mean inequality, the fact that |f'(z)] < M for each
x € [ma,ma + n(b,a,m)], a > 0, and taking the modulus, we have

n(xz,a,m)*f(ma + n(z,a,m)) — n(x,b,m)*f(mb+ n(x,b,m))
n(b,a,m)

Ia+1)
n(b,a,m)

o

J(O;na—l—n(:c,a,m))—f(ma) - J(mb+n(a:,b,m))—f(mb)] ‘

n(z, a,m)|**!

1
ST 18 ma (., m)
n(z, b, m)|+!

1
(b, a,m)] /0 t| ' (mb + tn(w, b,m))|dt

< lnﬁ(b%’i ( /0 ' to‘dt> e ( /0 "0 ma + tn(z.a, m))lth) '

| [, b m)| (/01 t"‘dt)l_é (/01 121 (mb + tn(x, b, m))|th> '

n(b,a,m)]
_ In@,a,m)p ([ tadt)lé
~ In(ba,m)] \Jo
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Q=

« \/_ m q
[/0 t (MTW e <a>\)dt]
na, bt o N
it Uy )

« \/_ m q
[/t(\/—\f()! VNr >r>dt]

Q=

n(b,a,m)]

Remark 6.8. In Theorem 6.7, if we choose m = 1 and n(z,y,m) = x —my
then we get Theorem (see [11], Theorem 7). Also, in Theorem 6.7, if we
choose o = 1, we get Theorem 5.7.
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