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Abstract

In this paper, we establish some hyperstability results of the fol-
lowing functional equation

[z +y)+ fRr—y) =4(f(z +y) + f(z —y)) + 24f(x) — 6 (y)
in Banach spaces.
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1. Introduction and Preliminaries

The stability problem of functional equations was posed for the first time
by Ulam [23] in the year 1940. Ulam stated the problem as follows:

Let (G,.) be a group and let (H, ., d) be a metric group with the metric
d. Given § > 0, does there exist € > 0 such that if a mapping h : G — H
satisfies the inequality

d(h(zy), h(@)h(y)) < 8
for all z,y € G, then there is a homomorphism a : G — H with
d(h(z),a(x)) <e
forall z € G

Ulam’s problem was partially solved by Hyers in 1941 in the context of
Banach spaces with € = ¢ as shown below [15].

Theorem 1.1 (D. H. Hyers (1941)). Let E be a normed vector space,
F' a Banach space and suppose that the mapping f : E — F satisfies the
inequality

If(z+y) - fl2) - fYll <e

for all x,y € E where € is a constant. Then the limit
T(x) =limp—2™ " f(2"x)

exists for each x € E and T is the unique additive mapping satisfying
1f(z) =T ()|l <e,

for all x € E. Also, if for each x the function t — f(tz) from R to F is

continuous for each fixed x, then T is linear. If f is continuous at a single

point of E, then T is continuous in E.

Aoki [1], Z. Gajda [13] and Th.M. Rassias [19] provided a generalization
of the Hyers theorem for additive and linear mappings, respectively, by
allowing the Cauchy difference to be unbounded.

Theorem 1.2. Let f : E — F be a mapping from a real normed vector
space E into a Banach space F' satisfying the inequality

(1.1) 1f (= +y) = f(2) = F)ll < O(ll=]" + [ly]"),
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for all z,y € E\{0}, where 0 and p are constants with 6 > 0 and p # 1.
Then there exists a unique additive mapping T' : E — F such that

(1.2) 1f(2) = T ()| < =], v € E\{0}.

6
12771

Theorem 1.2 is due to Aoki [1] for 0 < p < 1 (see also [19]); Gajda [13]
for p > 1; Hyers [15] for p = 0 and Th. M. Rassias [20] for p < 0 (see [[21],
page 326] and [5]). Recently, for p < 0 a stronger result is valid, that is
hyperstability; information concerning it can be found in [9].

J. M. Rassias [22](in1999) introduced the quartic functional equation

(1.3)f(z +2y) —4f(z +y) +6f(z) —4f(z —y) + f(x — 2y) = 24f(y)

and investigated stability properties of the quartic functional equation (1.3).
Since f(x) = x* satisfies the functional equation (1.3), the function is called
quartic function equation.

S. H. Lee, S. M. Im and I. S. Shwang [16] determined the general solution
of the quartic functional equation

(L4)fQ2z +y) + f(2r —y) = 4(f(z +y) + f(z —y)) + 24f(z) — 6f(2)

We say a functional equation D is hyperstable if any function f sat-
isfying the equation D approximately is a true solution of D. The term
hyperstability was used for first time in [17]. However, it seems that the first
hyperstability result was published in [4] and concerned the ring homomor-
phisms. The hyperstability results for Cauchy equation were investigated
by Brzdek in [8, 10, 11]. Gselmann in [14] studied the hyperstability of
the parametric fundamental equation of information. In [3] Bahyrycz and
Piszczek provided the hyperstability of the Jensen functional equation.

In this paper, we present the hyperstability results for the quartic func-
tional equation (1.4) in Banach spaces.

The method of the proof of the main results is motivated by an idea
used by Brzdek in [8, 10, 11] and further by Piszczek in [18]. It is based on
a fixed point theorem for functional spaces obtained by Brzdek et al. (see
[[7], Theorem 1]).
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Throughout the paper, N, R, R and N,,, denote the set of all positive
integers, the set of real numbers, the set of positive real numbers and the
set of all integers greater than or equal to my, respectively.

First, we take the following three hypotheses (all notations come from [7]).

(H1) X is a nonempty set, Y is a Banach space, fi,....fr : X — X and
Lq,...Lp: X — R, are given.

(H2) 7 : YX — YX is an operator satisfying the inequality

el

17¢(x) Z ) 1§(fi(2)) — u(fi(@))]]

forall &, peYX, z € X.

(H3) A: R, X — R, is a linear operator defined by

I

Ad(z) - Li(z)o(fi(x))

forall 6 €e Ry X, z € X.

The mentioned fixed point theorem is stated as follows.

Theorem 1.3. Let hypotheses (H1)-(H3) be valid and functionse : X —
R and let o : X — Y fulfil the following two conditions:

1To(z) —@@)|| <elx), € X
Z Ale(z) < oo, z€X.

Then, there exists a unique ﬁxed point 1 of T with

le(z) — ()| < e*(z), =€ X.

Moreover
P(z) = lim T"p(z), =€ X.

n—oo

For more information on the issue of hyperstability of functional equa-
tion we refer to [6]
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2. Hyperstability Results of eq (1.4)

The following theorems and corollaries are the main results in this paper
and concern the hyperstability of the functional equation (1.4). Moreover
the results that we will obtained in these theorems corresponds the results
obtained in [3, 11].

Theorem 2.1. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p,q,€ R such that p+ ¢ < 0. If f: X — Y satisfies

1f(2z +y) + f2z —y) — [4(f(z +y) + f(z —y)) +24f (z) = 6/ (»)]|
(2.1) <cll)” [yl

for all x,y € X\{0} such that vt +y # 0,z —y # 0,2z +y # 0,2z —y # 0.
Then f is a solution of (1.4) on X\{0}.

Proof. = We consider only the case ¢ < 0, the case p < 0 is analogous.
Replacing y by ma where m € N3 in (2.1), we obtain that

\( |224;J)‘(w)—{6f(mw)—4f((m+1)x)—4f((1—m)x)+f(<2+m)x)+f<(2—m)w)]H
| < em|a] [P

for all x € X\{0}.

This inequality is equivalent to the following

1

1)~ (3 fm) =2 F((me 1))~ F(1=m)a)+ 5 F(24m)e)+ 52 f(2-m)a)]|

1
< ﬁcqupr*q

for all z € X\{0}.

Further put
1 1 1 1 1
Té(x) 1= 760m)—ZE((m+ 1))~ 6((1-m)a) o E((2Hm)e)+oE((2-m)z),

z € X\{0}, £ € Y MO
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1
e(z) == ﬂcmq |z||PT?, =€ X\{0}.

Then the inequality (2.2) takes the form

1T f(z) = f(@)]] < e(x), e X\{0}.

The operator

Ao(z) == i(5(mx)—i—é5((m+1)x)+%5((1—m)1‘)+2—146((2+m)$)+i(5((2—m)w),

z e X\{0}, 6§ € R XM
has the form described in (H3) with k£ =5 and
fix) =mz, fo(x) = (m41), f3(z) = (1-m)z, fa(x) = (2+m)z, f5(z) = 2-m)z

and

Li(2) = &, Lo(2) = %,Lg(l‘) _ é,m(:c) = o1 Islw) = Ve € X\{0},

Moreover, for every &, u € YX\M% and 2 € X\ {0}, we obtain
IT€(x) = Tu(z)|]
= |I3(€ = p)(ma) = §(& = w((m+ Dz) = §(& = w((1 - m)z)+

57(6 — 1)((2+m)x) + 57(6 — 1) (2 = m)a)]|

< gl1€ = wA@) + §lI€ = w) fa(@)l] + §lI(€ = 1) fs(@)]]+
51/l(€ = W fa(@)l] + 34 11(§ — ) fo ()]

< Y Li(@)lE(fi(@) — ulfi(@))-

So, (H2) is valid. Next, we can find my € N3 such that

1 1 1 1 1
Q1= 2 (A P O 2Ll o (2P 2 - P < 1

for all m > my.

Therefore, we obtain that
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q p+q
(2) 1= Lo Ame(w) = gyemd||elPtT S o = Gl o o,

Ve e X\{0}; Vm > my.

Thus according to Theorem 1.3, for each m > my there exists a unique
solution F,, : X\{0} — Y of the equation

Fon() =  Fon(m) ~ éFm((m +1)2) — %me —m)a) + 5 Fn((2 4 m)a)
+oz (2= m)a)

for all z € X\{0} such that

1f (@) = Fn(2)]] < e(2),, ©€ X\{0}, m > mq.

Moreover Fy,(x) = limy,—00 T"Fpp(x), 2 € X\{0}.
To prove that F), satisfying (1.4) on X\{0}, observe that

1T @) [T F0) g T ()~ 2T )by T Qat) b T f (2]

1
(2.3) < gpcllelPllyloq,.

for all z,y € X\{0} such that z+y # 0,2 —y # 0,20 +y # 0,2z —y # 0,
and n € N.

Indeed, if n = 0, then (2.3) is simply (2.1). So, fix n € N and suppose
that (2.3) holds for n and all z,y € X\{0} such that x +y # 0,z —y #
0,2z 4+y # 0,22 —y # 0. Then
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1T f () = R y) = g T (o +y) = T (0 — )
+ LT (22 + y) + 5T f (22 — )]

= [|317 f(ma) — 1T f(m + 1)z) — T F((1 — m)z)

+ T f((2 4+ m)x) + 5T (2 — m)x)

— AT f(my) — T ((m+ 1)y) — T F((1 — m)y)

+og (24 m)y) + 5y T" (2 —m)y)]

[T (ml + ) = §T f((m + 1) (@ + 1))

3T F((1 = m)(z +y) + FTF(2+m)(z +y)+

sr " f((2 = m)(z +y))]

DO

5T f(m(z —y)) — g7 f((m + 1) (z — y))

T f(L=m)(z —y)) + 57T F((2 + m)(z — y))+

51" f((2 = m)(z —y))]

—1[3T"f(m(2z +y)) = §T"f((m +1)(22 + y))

—s T f((1 = m)(2z +y)) + 557" F((2 +m) (22 +y))

+og T (2 = m) (2 + )] — g5 [3T" f(m(2z — y)) — §T" f((m + 1) (2 — y))
5T f((1 = m)(2z — ) + 5T f((2+ m)(2z — y))

+or T f((2 = m) (22 +y))]

= ||3[T" f(ma) — [3T" f (my) — T f(m(z +y))

—g 1" f(m(z —y)) + 577" f(m(2z + y))+

s 1" f(m(2 —y))]]

—g[I"f((m +1z) = [FT" f((m+1)y) — gT"f((m + 1)(z +y))—

s f((m+1)(z =) + 5T f((m +1)(22 +y)) + 577" ((m + 1) (2z — y))]]
—g[T"f((1 —m)z) — [T f((1 — m)y)

5T (L =m)(z +y)—

s (L =m)(z —y) + g T"f((L = m)(2z +y)) + g T F((1 — m) (2 — y))]]

+33[T" (2 + m)z) = [FT"F((2 +m)y)
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for all z,y € X\{0} such that z+y # 0,2 —y # 0,2z +y # 0,2z — y # 0.

Thus, by induction, we have shown that (2.3) holds for all z,y, € X\{0}
such that z4+y # 0,z —y # 0,2z +y # 0,2x —y # 0, and for all n € N.

Letting n — oo in (2.3), we obtain

A Fon () = = Fon(+9)— = Fn (=) + o Fon (20+9) o Fon (22—)
4 6 6 24 24
for all z,y € X\{0} such that x +y # 0,z —y # 0,22 +y # 0,2z —y # 0,.
So, we find a sequence (Fy,)m>m, satisfies (1.4) on X\{0} such that
cmd

1f(z) — F(2)]| < m‘

It follows, with m — oo, that f is a solution of (1.4) on X\{0}. O

F(x) =

|z| [P, Vo € X — {0}, Ym > my.

Corollary 2.1.1. Let X be a normed space and Y be a Banach space. Let
H : X? — Y be a mapping such that H(zg,1y0) # 0 for some xg,yo € X
and

(2.4) 1H (z, )|l < cllz]”[lyll,

for all x,y € X\{0}such that t +y # 0,z —y # 0,2z +y # 0,2x —y # 0,,
where ¢ > 0 and p,q € R. Assume that the numbers p, q satisfy p+ g < 0.
Then the functional equation

HQ2x+y)+h(2z—y) = H(x,y)+4(H(z+y)+H(z—y))+24H (z) —6H (y),
(2.5) z,y € X\{0}

has no solution in the class of functions H : X — Y.

Proof.  Suppose that H : X — Y is a solution to (2.5). Then (2.1)
holds, and consequently, according to the above theorem, H is quartic
function equation on X\{0}, which means that H(xo,y0) = 0. This is a
contradiction. O

In a similar way we can prove the following theorem.

Theorem 2.2. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p € R such that p < 0. If f: X — Y satisfies

[f(2z +y) + f2r —y) — 4(f(z +y) + f(z —y)) + 24f(x) = 6f(»)]]
(2.6) < c(l|z]” + [lylI*)

for all x,y € X\{0} such that v +y # 0,z —y # 0,2x +y # 0,2z —y # 0.
Then f is a solution of (1.4) on X\{0}.
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Proof. Replacing z by (1 4+ m)z and y by ma where m € Ny in (2.6).
We obtain that

14F ()= [f((3mA+2)x)+ f (m+2)z) =4 f (1+2m)x) =24 f (1+m)z)+6 f (ma)] |
(2.7) < e((1+m)P +mP)||x|P

for all z € X\{0}.

This inequality is equivalent to the following

1)~ [3 F(Bmt @)+ 7 F(me2)) F((+2m)a) ~6F (1+m)a)+3 f(ma)]|

< Ze((+m)P + mP)[z][P

] =

for all x € X\{0}.

Further put
Té(x) = 76(@met 1))+ E((m+2)2) ~€(1L42m)a)~66((Lm)e)+ SE(ma),

z € X\{0}, £ € Y MO,
1
e(x) == Zc((l +m)P +mP) ||lz||P, =z e X\{0}.
Then the inequality (2.7) takes the form

1T f(x) = f(@)|| < e(x), =€ X\{0}.

The operator

A (z) = i5((3+2m)x)+i5((m+2):n)+6((1+2m)x)+65((1+m)x)+;5(mx),

z € X\{0},6 e R, XM}
has the form described in (H3) with £ =5 and

fi(@) = Bm+2)z, fo(z) = (m+2)z, f3(z) = (1+2m)z, falx) = (1+m)z,

and
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_ %,Lg(l«) 1, Ly(x) = 6, Ls(z) = g,Vx € X\{0}.

Moreover, for every &, u € YX\M% and 2 € X\ {0}, we obtain

ITE(x) = Tu(x)|]
= 13(€ = w(Bm + 1)z) + 7(& = w)((m + 2)) — (€ = p)((1 + 2m)z)+

—6(§ = w)((1+m)z) + 3(€ — p) (ma)|
< 11€ = ) fr(@)|] + £ 1€ = p) fa(@)| +[1(€ = p) fa(2)]|+
611(6 — o) fa(@)l| + 311(§ — ) f5(2)]]
< Yo Li(@)[[€(filx)) — n(fi())]]-
So, (H2) is valid. Next, we can find mg € Ny such that

1 1 3
Q1= Z((3m+1))p+1(m+2)p+(1+2m)p+6(1+m)p+§mp < Ifor all m > my.

Therefore, we obtain that

Z A”e( c((1+m)P +mP) ||z|[? Z "

n=0

c((L+m)P 4+ mP)||z|?
= Ve e X\{0}; Vm > my.
10 —am) < oo,V € X\{0}; Vm >my
Thus according to Theorem 1.3, for each m > my there exists a unique
solution F,, : X\{0} — Y of the equation

= 1E0((3m + 1)z) + 2 Fn((m + 2)2) — Ep((1+ 2m)z) — 65, ((1 + m)z)

+3 Fon(mz)ve € X\{0}
such that

1f (@) = Fn(@)l| < ep(@),, 2 € X\{0}, m > mq.
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Moreover Fy,(x) = limy, oo 1% (z), 2 € X\{0}.
To prove that F,,,(x) satisfies (1.4) on X\{0}, observe that

7" f ()~ [§ T F )+ 7T F k) =T (=) 6T f Q)+ 5T (2]

(28) < 3elelP +1lglP)ad

for all z,y € X\{0} and n € N such that x +y # 0,z —y # 0,22 + y #
0,2z —y # 0.

Indeed, if n = 0, then (2.8) is simply (2.6). So, fix n € N and suppose
that (2.8) holds for n. Then

T+ f () — [%T"*lf@x +9) + %T”“f@x —y) =T f(x +y)
6T f(z —y) + 3T f(y)]]]

= 177" £((3m + 1)(2)) + 17" f((m + 2)(2)) — T"f((1 + 2m)(x))
=677 f((1+m)(x)) + 5T f (m(2)) — [F[3T"f((3m + 1) 2z + y))

+ T f((m +2)(22 + 1)) = T"f((1+2m) (22 + )

—6T"f((L+m)(2z +y)) + 3T f(m(2z + y))] + 1 [FT"f(Bm + 1)(2z — y))
+T"f((m +2)(22 — y)) = T"f((1 + 2m)(22 — y))

=617 f((1+m)(2z —y)) + 5T f(m(2z — ))] = [7T"F((3m + 1)(z + y))+
1T f((m+2)(z + ) = T (L +2m)(z +y)

—6T"f((1+m)(z +y)) + 3T f(m(z +y))]

—6[3T" f((3m +1)(z — y)) + 7T f((m +2)(z — y))

=T f((L+2m)(z —y)) — 67" f((1+m)(z — ) + 51" f(m(z — y))]
+5[FT"F((Bm + L)y) + 3T f((m + 2)(y))

=T f((1+2m)(y)) = 67" F((1 +m)(y)) + 57" f (m(y))].
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So
|74 f(z) = [T f (e + y) + 3T f (22 —y) = T f(z +y)
—6T"H fz —y) + 3T f(y)]|
= I3[ f(3m + D)z) — [FT" F((3m + 1) 2z +y)) + 7T f((3m + 1)(2x — y))
=T f((3m 4 1)(z +y)) — 61" f((3m + 1)(z — y)) + 57" f(m(y))]]
+3 [T f((m + 2)z) = [FT"f((m + 2)(2x + y)) + 3T ((m + 2) (22 — y))
=T f((m+2)(z +y)) = 67" f((m + 2)(z —y)) + 57" f((m +2)(y))]
—[T"f((1+ 2m)a) — [3T"F((1 4 2m) 2z + y)) + 3T F((1 + 2m) (2z — y))
=T f((m+2)(z +y)) — 67" f((1+2m)(z —y)) + 3T F((1 +2m)(y))]]
—6[T" f((m + D) — [gT"f((m + 1) (22 +y)) + 37" f((m + 1)(2z — y))
" f((m+1)(z +y)) — 67" f((m + 1) (z —y)) + 5T f((m + 1)(y))]]
+3[T7 f(ma) — [FT7 fm(2z +y) + 377 f(m(22 — ) = T" f(m(z +y))

—61" f(m(z —y)) + 51" f(my)]]l|
< 7(ze(ll3m+ D[P + [|(3m + D)y|[P)ag, + ge(||(m + )P

+[(m + 2)y||P) g, + c(|[(1 + 2m)z[|P + [|(1 + 2m)y||P)ogy, + 6¢([|(1 + m)z||P
(1 +m)ylP)ag, + se(llma| [P + |[my|P)ag,)

= gelllzlP] + ylP) (5 (3m + 1)P + f(m + 2)P + (1 + 2m)P

—6(1 +m)P + %mp)o[’g1

= gelll=[P + [lylP)agit

for all z,y € X\{0} such that z+y # 0,2 —y # 0,20 +y # 0,2z —y # 0.

Thus, by induction, we have shown that (2.8) holds for all =,y € X\{0}
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and for all n € N.
Letting n — oo in (2.8), we obtain

1 1 1 1 1
Fm(m) = ZFm(y)_EFm(x"’_y)_EFm($_y)+ﬂFm(2$+y)+ﬂFm(2$_y)

for all z,y € X\{0} such that z+y # 0,z —y # 0,2x +y # 0,2z —y # 0.
So, we find a sequence (Fy,)m>m, satisfies (1.4) on X\{0} such that

cmP
1f(z) = Fn(2)]] < § ||z| [P, V2 € X — {0}, ¥m > my.

(1 —aum)

It follows, with m — oo, that f is a solution of (1.4) on X\{0}. O

Corollary 2.2.1. Let X\{0} be a normed space and 'Y be a Banach space.
Let H : X\{0}?> — Y be a mapping such that H(zg,yo) # 0 for some
xo,y0 € X\{0} and

(2.9) 1H (z, )l < ellz]” + [ly+17),

for all x,y € X\{0} such that v +y # 0,z —y # 0,2x +y # 0,2z — y # 0,
where ¢ > 0 and p € R. Assume that the numbers p satisfy the following
condition: p < 0. Then the functional equation

HQ2x+y)+HQ2z—y) = H(z,y)+4(H(z+y)+H(z—y))+24H () —6H (y),

(2.10)

Vx,y € X\{0} such that xt +y # 0,z —y # 0,2z +y # 0,2z —y # 0,

has no solution in the class of functions H : X — Y.

Proof.  Suppose that H : X — Y is a solution to (2.10). Then (2.6)
holds, and consequently, according to the above theorem, H is quartic
function equation on X\{0}, which means that H(zg,yo) = 0. This is a
contradiction. O
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