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Abstract

We investigate the integral representation of infinite sums involv-
ing the ratio of binomial coefficients. We also recover some well-
known properties of ¢ (3) and extend the range of results given by
other authors.

Subjclass [2000] : Primary 11B65. Secondary 05A10, 05419, 33C20,
38D60

Keywords : Triple binomial coefficients, combinatorial identities,
integral representations, Zeta function.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172009000100004

http://dx.doi.org/10.4067/S0716-09172009000100004

36 A. Sofo

1. Introduction

In this paper we investigate the summation of the ratio of products of com-
binatorial coefficients. In particular, we develop integral representations
for
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For the representation of sums of reciprocals of single and double bi-
nomial coefficients, in integral form, one may refer to some results in the
papers [5], [4] and [7], see also the book [6].

For designated cases of the parameter values (a, b, ¢, j, k,l,m, p,t), vari-
ous particular sums may be expressed in terms of ((2) and {(3). For many
interesting properties of the Zeta function the interested reader is refered
to the internet site [9].

The representation of sums in terms of integrals is extremely useful
because it allows one to estimate bounds on the sums in cases they cannot
be written in closed form. Convexity properties for sums may also be
investigated, see [8].

Apéry’s [1], see also Beukers [2], proof of the irrationality of ((3) uses an
elementary and quite complicated construction of the approximants %ff €Q
to this number based on a recurrence relation. The integral representation

Lt {a(l-a) y(1-y) 2(1-2)}" - )
/0 /0 /0 (1-(1—-=zvy) z)"+1 dr dy dz = 28,((3) — 2a,

for the sequence {ay, B, } was proposed.
More recently Rhin and Viola [3] introduced the integral

1 rl 1uh(1—u)l ’Uk(l—l})s wj(l—w)q
/0 /0 /0 (1-(1 qth—r+1 du dv dw € QC(3) +Q

— uv) w)

in their study of an irrationality measure for {(3).

2. The Main Results

In this section we develop integral identities for reciprocals of triple prod-
ucts of binomial coefficients.
The following lemma is given
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Lemma 1. For a,b and c positive real numbers and t € R let
(2.1) f = taxtylz*

and
> 1
A p n _
D=3 =15
The consecutive partial derivative operator of the continuous function
(1—f)! for (z,y,2) € {[0,1] x [0,1] x [0,1]} is defined as

o__ 1
NI =1 e
w_ 0 (0 ( 0 (1
DO =g (v (o5 (777))
p—times
so that
[e') p
MO =a Sl f = S S )y T £
n=0 (1 - f) r=1
(2.2)
where

S (p.r) = { . }—%i(—w ( ) ) (r = p)’

are Stirling numbers of the second kind.

Proof.  The proof follows by noting that x%{% =af and

A M = aoon = af
A Y=g

e M e A UCREIR
3

AP = e in:”f "= (1f7f)4 {fa =2 +32020 - 1) +3£)
n=0
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By induction we see that

()Y
= s Z N =@ 2 [0 Sy f T (- )]

= gbt1 [ S(p,)1f (1- f)*2 4o +plf P (1 - f)flfp ]
x{S(p,p—1)+pS(p.p)} +p+1S(p,p)f P Q- )P |

We may write
Sp,1)=8Skp+11)=1 Spp =Skr+tlp+l)=1

and by the recurrence of Stirling numbers of the second kind, S (p + 1,p) =
S(p,p—1)+ pS(p,p) we have that

s [ SEDUf 1= f) 2+ +plf P (1= )77 1
< {S(p,p—1)+pS(p,p)} + (p+ 1)IS(p,p)f P (1— )27

_ aPtt Sp+1,1D)1f (1—fFP +...

T A=-pHpR | Se+LY)pf P =)+ e+ )ISp+1,p+1)f PH

aPtl p+1 e
= o Sl A
so that (2.7) follows. O

Now we investigate the following theorem

Theorem 1. For a,b and c positive real numbers and j,k,l > 0,t € R,
p > 0 then

(2.3) "

R= Z (anﬂ) (bn+k> (mz)

l

[ sy

Z S(pr)rlf (1= )P dx dz
=1
(2.4)
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atj atl bik btl ctl ol e+l 9 9
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—T0J+k+l+pF Jt+k+l+p—1 23+j Sat1 2b+k 241 241 251 1 1 }t )
a " a °* b Y b Y ¢ e v 9
(2.5)
where
t
(2.6) Ty =

Proof. Consider (2.3)

_ = t"
R = Z:: (anj—j) (bn}:—k) (cnl-H)

B "7 (an + 1)T ()T (bn + 1) T (k)T (en + 1) T (1)
- JMZ T(an+j+ )L (bn+k+ 1)L (cn+l+1)

= jkth”B(an,j+1)B(bn,k+1)B(cn,l+1)
n=0

where I' (+) is the classical Gamma function and B (-, -) is the Beta function.

o 1 . 1 1
R = jkly t" /70(1—33)%13;“"(195/7 (1 —y)ktytn dy/ (1—2)"t 2" dz
n—0 = y=0 z=0
oo

1 1 1 . n
= jk:l/ / / (1—z)ta—y) -zt Z (t:z:“ybzc) dzdydz
=0 Jy=0 J2=0

by an allowable change of integral and sum.
By Lemma 1

A ()] (p —qP anfn_

a f)HpZSp, )rlf T (L= )P,
n=0

so that
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1 _ k—1 1 — 2 -1
_jkz/ / / _?;Hp( )
p
S S(pr)rlf T (1 - f)P" de de.
r=1

which is the result (2.4). O

The hypergeometric representation (2.5) can be obtained by the con-
sideration of the ratio of successive terms (2.3).
We may also note that from known properties of the hypergeometric func-
tion, we may write, from (2.5):

a+j at+l btk b+1 c+l ct+l 2., 2
) F a AR a M b PR b ) c PR c ) ) t
JHkHApLjthttp—1 | 9,4, 2a+1 2b+k 2b+1 2c+l 241 1 1
a PR a ) b PR b M c AR c ) *
2a atl 2b b+1 2c ctl 9 )
B " P T T .
= atbtetplatbietp-1 | ;19 j+a+l E+2b k+b+1 142¢ e+l | q
=, e e R e R
Example:

1. For a—1/2b—1c—1/23—1 k=21=3p=11t=1/2

i :Z”°2< /2+1><n+2><n/2+3>
1 2 3

= 19222020 on (n+1)(n+27;3 (7Z+4) (n+6)

= 168¢ (3)—24{1 + 42} ¢ (2)—4{ B m2 - 6 (In2)* — 8 (In2)* } - 2
16 l 7.5,3,3,2,2
6145

1
315 8,6,4,4,4 5]
= 3f0 fo fo U-g)(i=z)"s UQyZl/Qd dy dz.

21/24,1/2
(1-=2p)

2. For a=b=c=j=k=101=t=1,,p =0, we obtain the classical result

<1
R:nz::o—(nJrl)g =¢(3)

Now consider the following lemma and theorem, which is a generalisa-
tion of Theorem 1.
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Lemma 2. For a,b,c and m positive real numbers and t € R let

— [ n+m—1 1
Am (f) = " =m—Fm
0-S (")
where f is given by (2.1).

The consecutive partial derivative operator of the continuous function
(1—f)"™ for (z,y,2) € {[0,1] x [0,1] x [0,1]} is defined as

P (D) = ey

: ® _p 9 (,9 0 (L

P (HIF =25 (“f% (x% <1 —~ f)))
so that 00

A () = a7 Z“p<n+7f_1> a

n=0
P p

2.7 = LS ), -
.- T SEICUIO SRRy

where S (p,r) are Stirling numbers of the second kind.

Proof.  We note that x%ﬂé =af and

M — ¢S p “+m—1 n__ maf

2

P ()P = 2Zn <n+m_1)f”z(l_a—mﬁ{mf(l—fﬂm(erl)ﬂ}

)
Do (£)]® = 3zn (“m‘l)f”—( e mf(1 - f)?

3
—-f)
+3.m(m + 1) 21 = f) + m(m + 1) (m +2)f3}
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Sp.ymf (1= f)" o A P
= | x{(m+p—1)(m)y_15(p,p— 1)+ p(m),S (p,p)}
+(m+p) (m)pS(p, p)f P (1= f) P!

We may write

(m+p—1)(m)p-1 = (m)p, (m—+p)(Mm)p=(Mm)p+1
S(p1) = Sp+1,1)=1, Sp,p)=Skr+1L,p+1)=1

and by the recurrence of Stirling numbers of the second kind, S (p,p — 1) +
pS (p,p) = S (p+1,p) we have that
Sp.l)mf 1—f) ™+ +frA-f)"
a?tt | x {(m+p —1)(m)p-1S (p,p — 1) + p(m )pS( )}
+(m+p) (m)pS(p,p) f PHH (1 — )"

—__art Sp+1,1)(m)1 f (1—f)P+.....
A=NmF L+ 8 (p+1,p) (m)p 2 (1 — )+ (m)ps1S(p+ 1,p+ 1) f PTL

+1 _
= e S S (0 Lr) (m), £ (1= fyPT
so that (2.7) follows. O
Now we investigate the following theorem

Theorem 2. For a,b,c and m positive real numbers j,k,l > 0 with j +
k+l>m+p, teR,and p >0 then

tnnp (n+m—1 )

n

(2.8) Q= Z (an+]> (m}:k) (cnl+l>
s t"nP JEN (n+1),, 4
(2.9) n;) —Dlan+1); (n+1); (en+1),
— )l (1= )
=g [ [ [ f)m+p
P
(2.10) S8 () (m), (1~ P di dy d

r=1
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=Ty jtktitpFthtitp—1

(p—1)terms
—
a+ +1 b4k b+1 c+l +1
(211) m+]~a a]w"aaT?T?"'vT’ch”'7677 27"'72 t s
2a+7 2a+1 2b+k 2041 2c+l 2c+1 1 1
R A S R A S I R et TREE
where
I'(w+ «)
w),=ww+1)---(wt+ta-1)= ———=
(w)q = w(w+ 1)+ )=

is Pochhammer’s symbol, and T, = mTy where Ty is given by (2.6).

Proof. Consider (2.8)
To arrive at the result (2.10) consider

. n ( n+m—1Y\ L'(an+1)I' ()T (bn+1)T (k)T (en+1)(1)
Q = JElY 2ot n N (TESES YN (TEwERVY CrEwEnY
= GRSt (") B(an +1,5) B(bn+ 1,k) B (cn+ 1,1)
n n —"_ m — an - mn
= RISt n )fo( oY Thatde fo (1—y)" T ytdy
X fo (1—2)7t zendz
= GRS o o =2y T A —y)F T (= ) e ()
n
X (tm“ybzc) dxdydz
by an allowable change of sum and integral.
By Lemma 2

Ao p)_ap an<n+m_1>fn

:L S(p,r)y(m). f"(1 =",
Ty 2 S e m)y ST (=)

so that

B el () ()
oo [ [ [ e

p
N S(p,r)(m), f7(1— P dx dy de.
r=1
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which is the result (2.10). O
The hypergeometric representation (2.11) can be obtained by the con-
sideration of the ratio of successive terms (2.8) respectively.
In the case when m = 1, Theorem 2 reduces to Theorem 1.
Example: For a =2,0=2,c=4,=4,k=3,1=3,m=5,p=2,t=
1 Cu ()

Q = %O:[) (2n+4) (2n+3) (4n+3)

4 3 3 3 9 2
— 180 f(]l f(]l f(]l (1-2)°(1—y) (17z)2 izizz;(175x2y2z4)dl, dy dz
142 y2 z
3 33 75
1 F 67575755271727272
T Ms0 9T 4775 11T g9

52999929 494
_ 3591 13412 34173 2223~ 9
= 60 T (160 5100 ) T+ 356 G — 5 In(2)

—arm((2) + Z521In (3 - 22) .
where G is Catalans constant.

3. Conclusion

We have provided triple integral identities for sums of the reciprocal of
triple binomial coefficients. In doing so we have recovered the standard
representation for ((2) and ((3) and have generalised and extended some
results published previously by other authors.

In another forum we shall extend our results to consider more general
sums of binomial coefficients.
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