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Abstract

The principal aim of the paper is to establish the function E(c,v,7v,q)
and its properties by using Fractional Calculus. We also obtained
some integral representations of the function El%(z) which is recently
introduced by Shukla and Prajapati [6].
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1. INTRODUCTION

In 2007, Shukla and Prajapati [6] introduced the function E7’%(2) which is
defined for o, 8,7 € C; Re(a) >0, Re(8) >0,Re(y) >0 and
€ (0,1) UN as:

1.1 i) = S — W 2
(1.1) (%) %F(an%—ﬁ)n!’
where (7)gn = % denotes the generalized Pochhammer symbol

q
(Rainville[5]) which in particular reduces to ¢%* ] (:%71) if g€ N.
r=1 n
Kilbas et. al [1] studied the several properties of generalized fractional

calculus operators and the Mittag-Leffler function [3], the Wiman function
[9] and its extension was discussed by Prabhakar and Suman [4].
We can write ordinary binomial expression (Rainville[5]) as,

n

(1.2) (1-2)%= i (@ 2"

Shukla and Prajapati [7] also studied several properties of quﬁ(z) in
the light of Fractional Integral and Differential operators.
The fractional integral operator of order v defined as (Miller and Ross

[2])
for Rev > 0,
) ¢
l/ _ 1/1
03 =y oo

and the fractional differential operator of order u defined as

(1.4) DI f(t) = D"{I* " f(t)},
where Rep > 0 and if k£ is the smallest integer with the property that
k > Re .

2. FRACTIONAL OPERATORS AND GENERALIZED MITTAG—
LEFFLER FUNCTION

Consider the function f(t) = Z %, where v € C  (Re(y) > 0),
€ (0,1)UN



Some remarks on generalized Mittag—Leffler function 29

and c is an arbitrary constant then using (1.3) the fractional integral oper-
ator of order v is given as

IV _ b/ t— I/ 1 Z (7)11” (Cf) df

00 n
Z Do [e-oriea
n=0 0

Above equation reduces to,

(2.1) _—— P((*y)qn (ct)"

v+n+1)n!
Use of (1.1), the above equation can be written as,
(2.2) = B, ().

We denote the function (2.2) as Fy(c,v,7,q), i.e

(23) Et(cv v,7, Q) = t¥ Eiy:g—i—l(Ct)'
Now, using (1.4) the fractional differential operator of order y is given
as
o
- (V)qn ()"
DH f(t) = D™ |T"# ! :
nzz:() (n!)?
Applying (2.1), we can write
t)"
. D?’l tk‘ 1 (C
l Z k; ,u —|— n+1)n!
The simplification of above equation gives
= tH Z ()"
(n —|— 1 —p)n!
Use of (1.1), the above equation can be written as,
(2.4) = BV (ct).

We denote the function (2.7) as Ei(c, —u,7,q), i. e.

(25) Et(cv 57 q) = tiu E’l\/:{]f,u(Ct)'
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3. PROPERTIES OF THE FUNCTIONS E(c,v,v,q) AND
Et<ca -7, Q)

Theorem 1. v € C (Re(y) > 0),q € (0,1) UN, c is an arbitrary constant
and fractional integral operator of order v then

(3.1) I)‘Et(c, v,7,q) = Ef(c, \+1v,7,q).

(32) D)\Et(ca v, %, Q) = Et(C,I/ - )‘a’Ya Q)

The Laplace transform of Ey(c,v,7,q) is given as

(33 LB} = 5 (1-5)

S

Shukla and Prajapati [8] introduced a new notation for binomial ex-
pression as

(3.4) G- =3 ('%—’;Zn
n=0 :
If ¢ =1 then (3.4) becomes (1.2) as
(3.5) (1—2"1 =1-2)7.

Proof. From (1.3), we get

t
1
IAEt(Cal/a'yv )_F_/ t_ A IEE(CV’% )d&
0
Using (2.3), above equation becomes

1
(A T(v+n+1)n

/t )\ 151/ - (v )qn (c)"
0

and substituting £ = xt, which yields

1

L v (Mgnert? A1k

— / /1— g,
() ;::()F(V—i-n—kl)n! ) (1—2)" = v

The simplification of above equation gives

A
= "V EP 4 (ch).
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Again from (1.3), we get
= Et(cv A+ 1/777(])'

This is the proof of (3.1).
From (1.4), we get

D)\Et(ca v,7, Q) = Dk{[ki)\Et(c7 v,7, Q)}
Using (3.1), we can write
= DR, (et))

Applying (2.3), above equation can be written as

—Dk i (V)qn o tn+k+u—>\
N = l(n+k+v—-A+1) n!

The above equation reduces to,

= v EPT sy (ct).

Again from (1.3), we obtain
- Et(C, v — )‘7 80 q)

This is the proof of (3.2).
From (2.3), consider

L{Et (67 v,7, Q)} = L{tl/ E’ly:g+1(6t)}‘

Therefore,

1A (Vgn

svtl ZO nl_ s7°

n=

Use of (3.4), we arrived at

1 C -9
- gv+1 (1 o ;) ’

This is the proof of Theorem 1.

In the light of Theorem 1, we can prove following Theorem 2.

31

(Re(p) > 0),q € (0,1) UN, c is an arbitrary constant
and fractional integral operator of order p then

(36) -[)\Et(c7 — K7, q) = Et(C, )\ — U, Q)
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(37) DAEI?(Q _}uvr}/,Q) = Et(C,—A - Ma’%(ﬂ'
1 C -9
(38) L{Et(ca —Hs 7, q)} = 81__M (1 - ;) :

4. SOME INTEGRAL REPRESENTAIONS OF E_%(z)

In this section, we obtained three interesting integral representations of the
function £ ().

Theorem 3. If o, 3,7 € C; Re(a) >0, Re(B8) >0,Re(y)>0,8>a>
0 and ¢ € (0,1) UN then

[ee]
EY9(2) = k2%7P /exp —ﬁ ot i (V)gn " dt.
o, ) 2k T(an+pB)n! T (&W)

(4.1)
Proof. Consider,

r "\ a1 o (V)gnt"

B—a—1 qn
/exp (— zk> t g ' 5 —atn dt.
5 n—oLlan+pB)n! T (—k )

Subs‘citutingz—];C = u, we get

00 f-atn 7 Cain
= Z ('Y)qnz - % / e U uﬁ k+ —1dt.
n=0 F(Odn —+ B)TL' F (T) 0

Using (1.1), above equation immediately leads to,

B—a

2
== Eg%(z)

This is the proof of Theorem 3.

Theorem 4. If o, 5,7 € C; Re(a) >0, Re(8) >0,Re(y)>0,08>a>
0 and g € (0,1) UN then

1
) _ ; _ é B—a—1 ,
42 EO = mrTa 0/(1 %) B2t 2) dt.
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Proof. Now consider,
1
/ (1—ta)Bo- VEYA(tz)dt.
0

Applying (1.1) and substitutingt% = u, we get

1
N Z fIn z" /uan-l—a—l(l — ) B—a=1 go.

ozn+oz ) n!

Therefore we arrived at
o0
(V)qn 2"
=al'(f—« —
(8 )T;)F(an+a)n!
Again use of (1.1), we arrived at

= aT (5 - a) EL(2)

This is the proof of Theorem 4.
Applying (1.1) in RHS of (4.3), It is easy to prove following Theorem.

Theorem 5. If a,5,7€ C; Re(a) >0, Re(f) >0,Re(y)>0,8>a>
0 and ¢ € (0,1) UN then

1
(43) EL%(2) = an) /t“’l(l £ BYS L (2(1— 1)) dt.
0
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