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Abstract

In this paper, we have established the inclusion relations for k-
uniformly starlike functions under the Ly(c1)f(z) operator. These
results are also extended to k- uniformly convex functions, close to
conver and quasi-convex functions.
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1. Introduction

Let A denote the class of functions that are analytic in the open unit disk

U={z€C:|z| <1}
(1.1) flz)=z+ Z apz", (n€N).

A function f € A is said to be in UST(k, ), the class of k-uniformly
starlike functions of order v, 0 <~y < 1, if f satisfies the condition

SN |2 )
(1.2) il ) ) >k )

A function f € A is said to be in UCV (k,7), the class of k-uniformly
convex functions of order ~, if f satisfies the condition

(1.3) 5}3{1 n zf,”(iz)')} >k zf”(g)

Uniformly starlike and convex functions were first introduced by Good-
man[7] and then studied by various authors. For a wealth of references, see
Rfnning [15].

Setting

(1.4) Uy = {u+ w50 > ky/(u—1)2 + 02 + 7},

—1'—1—7, (k> 0).

+7, (k=0).

with p(z) = %y or 1+ f’ and the considering the functions which
map U onto the conic domain Szlk > such that 1 € €, -, we may rewrite the
conditions (1.2) or (1.3) in the form

(1.5) P(2) < qry(2)-

We note that the explicit forms of function ¢y, for k =0 and k = 1 are

2
1+(1-2 2(1 — 1++/2
qo(2) = % and q14(2) =1+ (7r2 7) (log \/_> .

For 0 < k < 1, we obtain

1— 2 + k% —
Qe (2) = ?;cos{;(arccosk)blog ? T kz’

and if k£ > 1, then g, has the form
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qr~(2) = sin{ il /W
Y k2 -1 2K (k) Jo \/1_t2m k2 -1’

where u(z) = 12:\/@ and K is such that k = cosh%.

By virtue of (1.5) and the properties of the domains €2, ,, we have

k+-y
- E+1

We define UCC(k,~, 3) to be the family of functions f € A such that
!/ !/
R (L) - 4[£
9(2)

——1‘+ , (>0, 0<~v<1),
o) 7 ( v <1)
for some g € UST(k, ().
Similarly, we define UQC(k,~, 3) to be the family of functions f € A
such that

(zf'(2)) (=f'(=))
§R< 72 >>k| 72 1|+7, (>0, 0<y<1),

for some g € UCV (k, ).

We note that UCC(0,~, ) is the class of close to convex functions of
order v and type 8 and UQC(0,+, 5)is the class of quasi convex functions
of order « and type S.

The main object of this paper is to study the inclusion properties of
the above mentioned classes under the following linear operator which is
defined by Dziok [4].

The Fox-Wright psi function is defined by [5,p.50]

] % (Oéz‘,AZ') , _ . (al,Al),...,(a ,A );
SRR [ (6o, By ] = s l (Bu. Br) o (Bos Ba) 2 ]

(1.6) R(p(2)) > R(arH(2))

= Z (H F(Ozi + Aﬂ%)) (]:[ F(ﬁz + Bz”)) 2_7;7

n=0 \i=1

where a; € C(i = 1,...,q), B; € C(i = 1,...,s) and the coefficients A; €
Ri(i=1,...,q) and B; € Ry(i = 1,...,s) such that
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s q
1—{—231‘—214120, (g, € Ng = NU{0})
=1 =1

The normalized Fox-Wright psi function .41 (2) in series form is repre-
sented as

(o, Ai)y ] LB..T 0, (a1, A1), .., (g, Ay);

a3 [ (Bs, Bi)l’s 2| - TFaj..lay Vs (B1,B1) ..y (Bs, Bs); 2
(1.8)

The .q1s(2) is a special case of Fox’s H-function H; ;" (2) (see e.g.[5,p.50])
and .41} (2) is a generalization of the familiar generalized hypergeometric
function ., Fy(2).

(), s (aq)nﬁ
- 7;) (/Bl)m ceey (/Bs)n n!’

where (), is the Pochhammer symbol, defined in terms of the gamma

function by
~ I'(a+n)
=TI

Corresponding to a function Hy s(au, ..., ag; A1, ..., Ag; B, ..., Bs; Bi, ..., Bs; 2)
is defined by

Hq,s(alv"'aaq;Ah "'7Aq;/817 "'758;B17 "'738;2) = Z‘q"b:(z)
We consider a linear operator
Ly(aa, oy gy Ay oy Ag; By -y Bs; Ba, .o, Bs)

defined by the convolution

LZ(al, veey aq; Al, couy Aq; ,31, ...,,33; Bl, veuy Bs)f(z)
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= Hq7s(041, ...,aq; Al, veey Aq; 51, ...,BS; Bl, ceny Bs; z) * f(Z)

For convenience, we write

Lg(az) = L;(Oél, ...,aq;Al, ...,Aq;ﬂl, ...,55;31, ...,BS) (Z = 1, ...,q)

Thus, after some calculations, we get
AL (i) f(2)) = ailig(ai + 1) f(2) = (@ — A)Eg(i) f(2) (i=1,...,q)

(1.9)

It should be noted that the linear operator Li(a;) (i = 1,...,q) is a
generalization of many operators considered earlier. For a special case
of this operator Carlson and Shaffer studied this operator under certain
restrictions on parameters[2]. A more general operator was studied by
Ponnusamy and R@nning [24].Also note that special cases of this operator
include the Hohlov operator[8], the Ruscheweyh derivative operator [16],
the generalized Bernardi-Libera-Livingston linear operator (c.f.[1]) and the
Srivastava -Owa fractional derivative operator (c. f. [13], [14]). Many
subclasses of analytic functions associated with the operator Lj(a;) (i =
1,...,q) and its many particular cases were investigated recently by Dziok
and Srivastava [3,22,23], Liu and Srivastava [10,11] Gangadharan [18], Liu
[9] and others (see also [14,19,20,21,25]).

We shall need the following Lemmas in the sequel to prove our theorems:

This lemma is given by Eenigenburg,Miller, Mocanu and Reade [6].

Lemma 1.1. Let 8,7 be the complex constants and h be univalently in the
unit disk U with h(0) = ¢ and R(Bh(z) +) > 0. Let g(2) = ¢+ > 02 1pnz"
be analytic in U. Then

zg (2)

g(z) + m =< h(z) = g(z) < h(Z)

This lemma is given by Miller and Mocanu[17].

Lemma 1.2. Let h be the convex in the unit disk U and let £ > 0.
Suppose B(z) is analytic in U with R(B(z)) > E. If g is analytic in U and
9(0) = h(0). Then

EZ*g'(2) + B(2)zg (2) + g(2) < h(z) = g(2) < h(2).
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2. Main Results
Theorem 2.1. Let R(ay) > A (llg—;}) and f € A If Li(an + 1)f €
UST(k,v) then L3(cn)f € UST(k, 7).
Proof. Setting
p(z) = 2(A1LS(on) f(2))
La(an)f(2)

in (1.9), we can write

Lol +1)f(2) _ 2(A1LS () f(2))
Li(a1)f(2) Li(an) f(2)

a1 + (1 — A1) = p(z) + (1 — Ay)

(2.1)

Differentiating (2.1) yields
2(A1L3 (a1 + 1) f(2))
Li(an +1)f(2)

From this and argument given in section 1 we may write

zA1p (2)
p(2) + (a1 — Ay

zA1p (2)
p(2) + (a1 — A1)

(2.2) =p(z) +

p(2) + = Gy (2)

Therefore the theorem follows by Lemma(1.1) and the condition (1.6)

since gy, is univalent and convex in U and $(qx,) > (i—i})

which proves the required result.

Theorem 2.2. Let R(ay) > A (i—:%) and f € A If Li(an + 1)f €

UCV (k,v) then Li(a1)f € UCV (k, 7).
Proof. By vitue of (1.2), (1.3) and Theorem 2.1, we have

Li(ay +1)f € UCV (k,7) & 2(Li(a1 +1)f) € UST(k,7)

& Li(ay + 1)zf € UST(k,7)

= Li(ar)zf € UST(k,”)
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s Ly(a)f e UCV(k,7)
and the proof is complete.

Theorem 2.3. Let R(ay) > A (i—:%) and f € A If Li(an + 1)f €

UCC(k,~,B) then Li(a1)f € UCC(k,, B).
Proof. Since Lj(a1 +1)f € UCC(k,~, 8), by definition, we can write

(AL (o0 + 1)) (2)
k(z)

for some k(z) € UST(k, 3). For g such that L3 (a1 + 1)g(2) = k(2), we have

= Gy (2)

(AL (01 +1)f) (2)

23) Liar T D902)

—< Qk77(z) °

_ (k@) @) _ 2(bg(ee) )
Let 1z) = “Eatangen - 4 H2) = "R
we observe that h and H are analytic in U and h(0) = H(0) = 1. Now by
Theorem 2.1, L3 (a1)g € UST(k, 3) and so RH (z) > %ﬁ Also, note that

(2.4) A(AiLg(an) f) (2) = (i (a1)g(2))h(2).

Differentiating both sides of (2.4)yields

2(AiL5(an)(zf) (2) _ 2(Li(a1)g) (2)

L (a1)g(2) B L3 (a1)g(2)

Now using identity (1.9), we obtain

2(A1L (o1 + 1)) (2) _ Ag(an + 1)(zf)(2))
L(a1 +1)g(2) Li(an +1)g(2)

h(z) 4 2k (z) = H(2)h(2) + zh (2).

’

Arfz(A1Lg(en)(21)) () + (a1 = An)Ly(a1) (2 )(2)]
2(A1kg(en)g) (2) + (a1 — An)Eg(an)g(2)

| A[H(2)h(2) + 2h (2) + 2 n(z)]) "
o A1H(Z) + (011 — Al) o

N zh(2)
AlH(Z) + (011 — Al)

(2.5)
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From (2.3),(2.4) and (2.5) we conclude that

zh (2)

h(z) + H) T (o1 — A7) < Qry(2).

Let E =0 and B(z) = m, we obtain

1
R(B(z)) = A H() (01— Al)’2§R(A1H(z) + (a1 — Ar)) > 0.

The above inequality satisfies the conditions required by Lemma (1.2).
Hence h(z) < qx~(2) and so the proof is complete.

Using a similar argument to that in Theorem 2.2 we can prove the
following Theorem.

Theorem 2.4. Let R(ay) > A (k+1> and f € A If Li(an + 1)f €
UQC(k,~, B) then Lg(a1)f € UQC(k,, B).
Finally, we examine the closure property of the above classes of func-

tions under the generalized Bernardi-Libera-Livingston operator L,(f) which
is defined by

a+1

Lu(f) == [ e, (a> ).

2@

Theorem 2.5. Let a > ( (k+7)) If L (a1)f € UST(k,v) sois La(Ly(a1)f).

Proof. From definition of L,(f) and the linearity of the operator Lj(a;)
we have

(2:6) z(Ly(a1)La(f)) (2) = (a + DLi(a1) f(2) = a(Lj(en)La(f))(2).

oo 2B (e)La(£) (2)
Substituting (Lg(al)La(f))(z) p(2) in

(et DE () f(2)
@7 P = e L)) "

Differentiating (2.7) gives

(2.6) we may write

!

2(Lgla)(f) (2) _ 2p ()
(Bg(a)f)(z) '
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Now, the theorem follows by Lemma(1.1), since R(qy(2) +a) > 0. A
similar argument leads to

Theorem 2.6. Let a > (%) AL (a1)f € UCV (k,v) sois La(Ly(a1)f).
Theorem 2.7. Let a > (%) I Li(an)f € UCC(k,v,B) so is
La(bg(a1)f).
Proof. By definition there exists a function k(z) = (L (a1)g)(2) € UST(k, 3)
such that )
A LS
L (a1)g(z)
Now from (2.6) we have

2(AiLg(an)f) (2) _ z(Aikg(oan)La(zf") (2) + adiLi(on) La(=f )(2)
L (a1)g(2) 2(Lg(a1)La(9(2))) (2) + a(Lg(ea) La(g9))(2)

< qr~(2), (z€U).

(2.9)

Since Lj(a1)g € UST(k,3), by Theorem 2.5, we have L,(L;(a1)g) €
UST(k, B).

_ 2B (a)Lal9) (2) E+8
LetH(z) = Lq;(al)Lag(z) we note that R(H(z)) > 757. Now, let h
be defined by

2(A1L5 (1) La(f)) = h(z)(E(0n) La(g))(2).
(2.10)

Differentiating both sides of (2.10) yields

2(AiLj (1) (2La(£))) (2) _ 2(Lj(a1)La(9)) (2)

(Ly(a)La(9)(z)  (Lg(ar)La(g))(2)
(2.11)

Therefore from (2.9) and (2.11) we obtain

d(Alg(e)f) (2) _ 2h/(2) + h(2)H(2) + ah(2)

(Lgla)(9))(z) H(z)+a
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This conjunction with (2.8) leads to

zh'(2)

2.12 h —_— .
( ) (Z) + H(Z) +CL —< Qk,v(z)
Assuming F =0 and B(z) = m, we obtain
R(B(z)) >0, ifa > % Now, we conclude that the proof since the

required conditions of lemma 1.2 are satisfied. A similar argument yields

Theorem 2.8. Let a > (%) If Li(an)f € UQC(k,v,B) so is
La(Lg(a1)f).
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