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Abstract

Let R be a ring of algebraic integers of an algebraic number field
F and let G ≤ GLn(R) be a finite group. In this paper we show that
the R-span of G is just the matrix ring Mn(R) of the n× n-matrices
over R if and only if G/Opi(G) is absolutely simple for all pi ∈ π,
where π is the set of the positive prime divisors of |G| and Opi(G) is
the largest normal pi-subgroup.
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1. Introduction.

Let F be an algebraic number field with ring of algebraic integers R and
let π = {p1, ..., pt} be a set of positive prime numbers. Assume that the
Ii are maximal ideals of R such that pi ∈ Ii(i = 1, . . . , t). Set Lπ = {ab |
a, b ∈ R, b 6∈ Ii, i = 1, · · · , t}. Then Rπ denotes a localization of R at
Lπ. Thus Rπ is a principal ideal having quotient field of characteristic zero
and containing a unique prime ideal Ii such that pi ∈ Ii, i = 1, . . . , n. We
denote the Jacobson radical of Rπ be J(Rπ). Therefore the residue ring
Km = Rπ/J(Rπ) is a semi-simple ring of characteristic m. We may write

Km =
tM

i=1

ki(1.1)

where the ki are fields of characteristic pi(i = 1, . . . , t).
If G is a finite group then we obtain

KmG =
tM

i=1

kiG.(1.2)

by (1.1).
From (1.2) it follows that

1 = f1 + · · ·+ ft(1.3)

where the fi are orthogonal central idempotents in KmG.
Therefore
KmG =

Lt
i=1 kiG

=
Lt

i=1KmGfi with kiG = KmGfi.
Now, Rπ is a Hausdorff space in its J(Rπ)-topology, i. e., that

∞\
j=1

J(Rπ)
j = (0).

Therefore the J(Rπ)-adic completion R̂π of Rπ is a complete semi-local
ring such that

Km = Rπ/J(Rπ) = R̂π/J(R̂π)

and

R̂π = R1 ⊕ · · ·⊕Rt(1.4)
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where the Ri are complete local rings such that Ri/J(Ri) ∼= ki.
Observe that Ri is isomorphic to R̂vpi

, where R̂vpi
is a complete valuation

ring corresponding to the discrete valuation vpi associated to the maximal
ideal Ii of R. Thus, we may write

R̂π
∼= R̂vp1

⊕ · · ·⊕ R̂vpt
(1.5)

by (1.4).
Therefore

R̂πG ∼= R̂vp1
G⊕ · · ·⊕ R̂vpt

G.(1.6)

From ( 1.6) we obtain
1 = f̂1 + · · ·+ f̂n(1.7)

where the f̂i are orthogonal central idempotents in R̂πG.

Let πl be any set of positive prime numbers. Assume that Rπl is the
localization of R at Lπl . Then we have

∞\
l=1

Rπl = R(1.8)

In the study of the Schur ringMn(R) of a commutative ring R the main
problem is to find a finite group G ≤ GLn(R) such that the R-span of G
coincides with the matrix ring Mn(R) of the n × n-matrices on K. The
more precise question, in general sense, which Azumaya algebras over R
are obtainable as an epimorphic image of the group-ring RG for some finite
group G.

1.1. Notations and Definitions.

Throughout the paper F denote an algebraic number field and R denote
the ring of algebraic integers of F . Moreover, Km is semi-simple ring of
characteristic m with maximal ideals Ki and residue fields ki = Km/Ki of
characteristic pi. For an maximal ideal I of R we denote by φ the I-adic
valuation on F . Here Rvp denote the valuation ring of vp and R̂vp denote
the complete valuation ring corresponding to the discrete valuation vp. Let
Mn(R) stand for the ring of (n×n)-matrices over R. We write GLn(R) for
the multiplicative group of the invertible elements of Mn(R). For a finite
subgroup G of GLn(R) we let hGiR be the R-span of G in Mn(R). Let π
be a set of natural primes. We denote the fields of rational and complex
numbers by Q and C, respectively.
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2. Preliminary Results.

Let R be a commutative ring and let G ≤ GLn(R) be a finite group. Then
the matrix ring Mn(R) is called Schur ring if hGiR =Mn(R).

Lemma 2.0.1. Let k be a field of characteristic p and let G ≤ GLn(k) be
a finite group. Assume that V is the kG-module corresponding to G. Then
G is absolutely simple if and only if hGik =Mn(k).

Proof. If G is absolutely simple then by Burnside’s theorem the as-
sertion follows. Conversely, let Ġ be a finite group with a representa-
tion ϕ : Ġ −→ GLn(k) such that ϕ(Ġ) = G. Consider the subjec-
tion of k-algebras ψ : kĠ −→ hGik, where ψ(Ġ) = ϕ(Ġ). Therefore
kĠ/ kerψ ∼= Mn(k). Since J(kĠ) ⊆ kerψ if follows that the matrix al-
gebra summand of kĠ/J(kĠ) corresponding to V is Mn(k), so the result
follows. 2
Let Km be a semi-simple ring of characteristic m and let G ≤ GLn(Km)
be a finite group. Assume that V is the KmG-module corresponding to G.
Then G is called π-quasi-simple if each direct summand V fi is an absolutely
simple kiG-module.

Lemma 2.0.2. Let Km be a semi-simple ring of characteristic m and let
G ≤ GLn(Km) be a finite group. Assume that V is the KmG-module
corresponding to G. Then hGiKm = Mn(Km) if and only if G is π-quasi-
simple.

Proof. We have
hGiKm = hGik1 ⊕ · · ·⊕ hGikt
=Mn(Km)
=Mn(k1)⊕ · · ·⊕Mn(kt)

Therefore hGiki = Mn(ki). Thus applying the last lemma the result
follows. Conversely, applying again the lemma (2.0.1) we deduce that

hGiki =Mn(ki)

for all i. Thus we may write

hGiKm = hGik1 ⊕ · · ·⊕ hGikt
= Mn(k1)⊕ · · ·⊕Mn(kt)
= Mn(Km)
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So we are done.

2

Proposition 2.0.3. Let G ≤ GLn(C) be a finite group. Assume that F is
a finite extension of Q such that G ≤ GLn(F ). If R is the ring of integers
of F then G ≤ GLn(Rπ), being Rπ a localization of R at Lπ.

Proof. Let R̂π be the completion of Rπ. It is well known that G ≤
GLn(R̂vpl

)(l = 1, . . . , t), where R̂vpl
is a complete valuation ring. Let Ûi be

the R̂vpl
G-module corresponding to G. From (1.5) we deduce that there

is an R̂πG-module minimal R̂π-free Û = Û1 ⊕ · · · ⊕ Ût, so G ≤ GLn(R̂π).
Since Û is a complete minimal R̂π- free module it follows that Û = R̂πU ,
being U an RπG-module, which is a Hausdorff space for its J(Rπ)-topology.
So we are done. 2

From (1.8) and the last proposition one can deduce an “Hasse Principle ”
for hGiR to coincide with Mn(R): this is the case if and only if hGiRπ =
Mn(Rπ) for every set of positive prime numbers π.

Let G ≤ GLn(C) be a finite group and let UC be the CG-module
corresponding to G. Then there exists a finite extension F of Q with FG-
module UF conjugate to UC. According to the proposition (2.0.3) there is
an RπG-module U which is also conjugate to UC. Let R̂π be the J(Rπ)-adic
completion of Rπ. We know that there exists an R̂πG-module Û which is
the completion of U . From (1.7) it follows that

Û = Û f̂1 ⊕ · · ·⊕ Û f̂t

where the Û f̂i are Rvpi
G-modules. The KmG-module UKm = Û/J(Rπ)Û

= Û f̂1/J(Rvp1
)Û f̂1 ⊕ · · ·⊕ Û f̂t/J(Rvpt

)Û f̂t
is called reduction of U modulo π.

The natural projection GLn(R̂π) → GLn(Km) induces the homomor-
phism τ : G → GLn(Km), where τ(G) = G. Furthermore the homomor-
phism GLn(R̂vpi

)→ GLn(ki) induces the homomorphism τi : G→ GLn(ki)

with τi(G) = Gi

Observe that if hGiRπl
=Mn(Rπl), where πl is the set of the positive prime

divisors of |G|, then hGiRπ = Mn(Rπ) for every set π of positive prime
numbers. We use Nakayama’s lemma to show that that hGiRπl

=Mn(Rπl)

is equivalent to hGiKm =Mn(Km).
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3. Main Results.

Let R be a ring of algebraic integers and let G ≤ GLn(R) be a finite group.
Assume that π is the set of the positive prime divisors of |G| and that U is
the RπG-module corresponding to G. If the reduction of U module π is a
π-quasi-simple KmG-module, then we say that G is a π-globally simple.

Lemma 3.0.4. Let R be a ring of algebraic integers with localization Rπ

and let G ≤ GLn(Rπ) be a finite group. Assume that π is a set of the
positive prime divisors of |G|. Then hGiRπ = Mn(Rπ) if and only if G is
π-globally simple.

Proof. From hGiRπ =Mn(Rπ) we deduce that hGiKm =Mn(Km), being
Km = Rπ/J(Rπ) a semi-simple ring. The result follows by lemma (2.0.2).
Conversely, applying again the lemma (2.0.2) we obtain hGiKm =Mn(Km),
so the assertion follows. 2

Theorem 3.0.5. Let R be a ring of algebraic integers and let G ≤ GLn(R)
be a finite group. Then hGiR =Mn(R) if and only if G is π-globally simple.

Proof. From hGiR = Mn(R) we deduce that hGiRπ = Mn(Rπ). Hence
we obtain hGiKm = Mn(Km). The result follows by lemma (2.0.2). Con-
versely, since

hGiRπ =Mn(Rπ)

by lemma (3.0.4) we deduce that for any set of prime numbers π we obtain

hGiRπ =Mn(Rπ).

So we are done. 2

Theorem 3.0.6. Let G ≤ GLn(C) be a finite group. Then G is π-globally
simple if and only if G/Opi(G) is absolutely simple.

Proof. Let F be a finite extension of Q such that G ≤ GLn(F ), and let
R be the ring of integers of F . Consider the homomorphism hi : G → Gi.
Since Gi is absolutely simple it follows that kerhi = Opi(G). Conversely,
since G/Opi(G) is absolutely simple for all i, we deduce that G is π-quasi-
simple, being π the set of positive prime divisors of the order of G. So we
are done. 2
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