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Abstract
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and integral transforms.
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1. Introduction

Differential operators plays important role in study of various kind of gen-
eralized Rodrigues formulae, generating relations, Finite summation for-
mulae. In this paper, operators considered as follows

(1.1) 0 =2%s+xD) and 0 = z(1 + zD),

d

where a and s are arbitrary and D = e
T

Shukla and Prajapati [6] studied some properties of a class of polynomi-

als suggested by Mittal. A sequence of functions {Vna’ﬂ ’5)(

0,1,2,...} introduced by Prajapati and Ajudia [4] as,

zya,k,s); n=

A2V (a3, 5) = —a W (0,65 pi())6" {21 (0,55 —pi(a))}

where W (a, d0; z) is Wright function defined as

n

W(a,d;2) = ZO AT (anTs)
n=
Some noteworthy operational techniques required as follows

k
(1‘3) 0”{1‘a+k} —a" <S + z + ) xa-&-k—&-na?

where k is an integer, n a non-negative integer and « is arbitrary.
" (n
(1.4) 0" {zuwv} ==z Z (k) 0% 07 Fy
k=0
where n is non negative integer.
(1.5) 0" {x f(x)} = 2%(0 + ax)"{f ()}

2. Generating Relations

Following generating relations (2.1) to (2.3) of equation (1.2) obtained by
Prajapati and Ajudia [4] as

(2.1) Z 2=V OB (g ke, s)E =

n=0
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B+s

(1—at)" (5

W (0,6 pi(2)) W (o, 6 —pifr(1 — at) "7 })
with |t| < |a|™Y;a #0

o
(2.2) Z g y(eBmand) (g kst =

n=0

B+ts
a

(1+at) = W (0,6 pp(@)) W (@, 6 —pr{a(1 + at) < })

with |t| < |a|™Y;a #0

For n € N,
— m+n (@,8,9) —am4m
(2.3) >, Vagm (@3 a,k, s)z™"™
m=0 m
= (1—at)" (5 Wi 3 pi()) V@B (1 — at)";a, k, s}

W (a6 pr{(1 — at)75})

with [t| < |a|7t;a # 0.
In similar pattern, one can prove the following generating relation:

For n € N,

> n + m —am (a,ﬁ—an,é) . m
24) > (") ko
R e A CILIC))

W (@, 8 prfa(l + at)})

with |t| < |a|™';a # 0.

V@B (z(1 + at)7; a, k, 5)

The following theorem plays an important role to get several generating
relations.

Theorem 2.1 (Srivastava’s Theorem [8]). If the functions A(z), B;(z)
and 271Cj(z) are analytic about the origin such that

(2.5) A(0), B;(0),C;(0) £0,i =1,2,...,rj =1,2,...,1
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(p1,p2;-- ,pr)(

and if the sequence of function {gn, x1,T9,...,2) 0%, defined by

n

T l 00
A(z) [ [{[Bi(2)]P'} exp (Z inCj(Z)) =" gPrpze) (g as, wz)%

i=1 j=1 n=0
(2.6)
then, for arbitrary p;, \;,x; and y;(i = 1,2,...,r;5 = 1,2,...,1) indepen-
dent of z,

n

(2.7) Z g, (PrAan,prtArn) (x1 +ny1,..., 21+ nyl)m =

A(w) [T{[B;(w >1p1}exp{z:rj S >}

—w |50 () + e

where

l
(2.8) w —tH{ }eXP{ZyJCj(w)}

By considering @ = 0,6 = 1 and pi(x) in generating relation

(2.1) reduces into the form

I
!
S

[e.e]
> e VO @sa ks, p)t" = (1 - at)" () explpat(1 - (1 at) ™)}

n=0

(2.9)

@

The above generating relation (2.9) is equivalently of the type (2.6), if
we consider r = 2,1 = 1, A(z) =1, Bi(z) = (1 —at)"« = Ba(z), 21 = p,
Cu(z) = (1 = (1 = at)~¢) and g (p) = V"™ (;.0, %, 5,p).

By employing theorem (2.1) on (2.9) gives

(2.10) STy 0A D (g0 a0k, s + Agn, p + ny)t" =
n=0
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(1—aw)7( I‘s)exp{ F[1—2(1 — aw)™a }
1 —w(l—aw)! {)\1 + Ao — ykak(1 - aw)_s}
where,

A1+
w:t(l—aw)f( o

a

) exp {y:pk[l - (1- aw)_g]} ;a#£0
replacing aw by w in the generating relation (2.10), we get

o0
(2.11)

Z Vn( ’B'H‘m’l)(:n; a,k, s+ Xan,p + ny)
n=0

(1-— w)_( ) exp {p:vk[l —z(1-— w)fi]}
1—wia(l —w)}= { M + A — yhak(1 —w) % |
where,

A1+
w:at(l—w)% o

a

) exp {y:pk[l - (1- w)_g]} ;a # 0

On setting w by w(l 4+ w)~
get

in the generating relation (2.11), one can

(2.12) Sy 0ER D (300, k, s + Agn, p + ny)
n=0
(1+ w)( ) exp {pxk[l —z(1+ w)%]}
1-w {/\1 TP —ykxk(1+w)’“}
where,
A1+
w=at(1+w) T exp {yat[1 - (1 + w)e]bra £ 0
In particular, A\;

reduces as

—a — A2 and y = 0, then generating relation (2.12)
o

(2.13) Z V,go’ﬁ (a+Az)n, 1)(x a,k,s+ Xan,p + ny)
n=0

(1+ at)(%fl) exp {pxk

[1 - (1 +at)7]}
with [t| < |a|71;a # 0 and if Ay = 0 gives
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e}
S VA @iy, p o ng)t = (14 at) 57 exp {pat{L - a(1 4 at) ]

n=0

(2.14)

with |t| < |a|~t;a # 0.

3. Bilateral Generating Functions

A class of function {S,(z),n =0,1,2,...} is generated by

[e.9]

(3.1) AmnSmint” = f(x, 0){g(z,1)} " S (h(x, 1))

n=0

where m is non negative integer, the coefficient A, ,, are arbitrary constant
and f, g, h are suitable functions of x and t. Equation (3.1) is well-known
in the literature as the Singhal-Srivastava generating function[7].

Theorem 3.1 (Singhal-Srivastava Theorem [12, 7]). For the sequence
{Sn(z)} generated by (3.1), let

(3.2) F(z,t) = i an Sy (z)t"

n=0
where a, # 0 are arbitrary constants, then
33) S0P sl D))= 3 S (@)
where oy,(y) is a polynomial (of degree n in y) defined by
(3.4) 7ul) = 3 A

k=0

Theorem 3.1 play an important role to obtain a bilateral generating
relation from (2.3).
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Considering Sp(x) = A 5)(x;a,k: ), Amn = ("), g(z,t) = (1 —

n

at), h(z,t) = z(1 —at)"« and f(z,t) = (1 —at)~ = Wadipe@) __ g
W(a,é;pk{x(l—at)75}>

above theorem, produces

(3.5) STV (250, k, 5) on (y)t" =
n=0

_ ) (E2) W (e, 6; pi()) l z yt 1
e w (a,é;pk{x(l - at)fl}> " (1- at)% "(1—at)

where F(z,t) = % apSp ()"
n=0

In 1962, Buchholz [1] given identity as

(e o]

(3.6) S DM @) 5 = e W+ 1),

n=0

Theorem 3.2 (Hubble and Srivastava [2]). For the sequence {Sy(z)}
generated by (3.1), let

(3.7) (z,y,t) Z Sy ()T (), (a # 0)

where p is an arbitrary(real or complex) parameter.
Suppose that

min{m,n} (_ 1),1

G (U, v,x) = Z Tam,TAm,nn,rum_Tv”_T mtn—2r ()
r=0
(3.8)
Then
Z Gmon(u, v, ) “+n)( W = et f(z,v)PN h(x,v),y+t,u—t
el 9(z,v)

(3.9)

provided that each member exists.



424 Naresh K. Ajudia and Jyotindra C. Prajapati

Following corollaries followed by theorem (3.2)

Corollary 3.3. If

(3.10) (2,9,1) Zan (@59 (20, k, 5) (Y™ (W)L, (an # 0)

where p is an arbitrary(real or complex) parameter
and

¢m,n (’LL, v, $) =

min{m,n} ( 1)r m

— +n—2r m—r, n—ry,(a,5,8

(311) Z 7l ( n—1r )am—ru v 7£L+ﬁ )27' (x; a,k,s)
r=0 :

then
(3.12) Z G (U, v, ) “Jrn)(y)t

m,n=0
= et (1 - av) (%) W (a, 8 pi(x))
W (a6 prfe(l — av) 73 })

_1 ut
Dy [m(l — av) tlz,y—i—t, a —av)}

Corollary 3.4. If

Uy (z,y,t) Za y(@f=and) (z.q k. s) (”+n)(y)t”,(an #0)
n=0

(3.13)

where y is an arbitrary(real or complex) parameter

and

Y (v, ) =

mfmir:n?n} (_1)7" (’I’)’L +n— 27“) a,mfrum_r’Un_T (a,8—a(m+n—2r),5) (J,‘ a. k S)

n—r m+n—2r
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Then
S m,n\U, U, T (utn) " =7t (1 + av 7(615) W(Oé,(s;pk($)) .
m,;ow nlt )y ( : W (0,8 pr{z(l + av) "}
(3.15)

ut
\IIN 113(1 + G/U)ii,y -+ t, m]

Srivastava and Lavoie have generalized McBride’s theorem [3] in 1975 as
follows

Theorem 3.5 (Srivastava and Lavoie [11, 12]). If sequence {(,(z) :
wis a complex number} is generated by

(3.16) 3 ApnCuin(@)” = (o, ){gle, O} P Culh(e,)
n=0

where A,,,, arbitrary constants, and f, g, h are arbitrary functions of x and
t.
Let

(3.17) Dy (z, t) = Z av,ncu-&-qn(gv)tna (avn #0),

n=0

where q is positive integer and v is an arbitrary complex parameter.

Then
Y Curn(@)PL ()" = f(x,t){g(w, 1)} Py [h(x,t), yt*{g(x, )} 7],
n=0

(3.13)

where P{ ,(y) is a polynomial of degree {%} in y, which is defined as,

(4]
Pg,y(y) = Z Au+qr,nfqr Ay.n y"
r=0
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In the generating relation (2.3), consider
m+n o,B,0
,U:m,A,u,n: ( v ) Cn( ) = ( - )(x;a,k,s),

Fla,t) = (1—at)” “(are) W (o (o) — g(a,t) = 1, h(z, t)
W(a,é;pk{x(lfat)fa})

=z(1-— at)_%. Then

(3.19) Z W (wra, k. 5)PL (y)t"

(k2 W (a, §; pr())
W (oa, &; pr{a(l - at)_%})

D, [1:(1 — at)_%,ytq]

(3.20) @y, (x,t) Z ayn m#gné (x;a,k, s)t", witha,,,, # 0,

&l )
a’nd P’(rll,ll(y) = =0 (n—qr) a’Vﬂ’L y
is a polynomial of degree [ﬂ in y, q is positive integer and v is an arbitrary
complex number.

Theorem 3.6. (Srivastava [9]) For the function (,(x) defined by (3.16),
let

oo
9532[377 Y1y .-y yl)t] = Z Cﬁ7l/<ﬂ+qn(x)gl/+pn(yla ceey yl)tnv C#W 7é 07
n=0

(3.21)

where p and v are arbitrary complex numbers, p and q are positive integers,
and ,(y1,...,y;) is non-vanishing function of | variables yi,...,y;, | > 1.
Then

(3.22) Zc)gu+n(x)Qﬁ”’;7u(y1, e Yy 2) "

e gte. 0} 0x it 0o { 1],
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where Q0% (y1,...,y1;2) is a polynomial of degree {%] in z (with coeffi-
cient’s dependent on ¥y, ...,y;) defined by

L]
(3.23) ﬁ’f;,”(yl, Yl Z) = Z A/H—qr,n—qr C#’VQ,,_Fpr(yl, ceey yl) z
r=0

On considering
1
Ogml Y1,y t] = Zcm ”Vn(ﬁgn)(fv a,k, 8)Qpn (Y1, oy Y )™, CITY £ 0,
n=>0

(3.24)

where v is arbitrary complex number, p and q are positive integers and
Q,(y1, ..., y1) is non-vanishing function of | variables yi,...,y;, | > 1.

Taking App = ("), Cu(@) = V%) (210, k, 5), f(z, 1)

—(1—at)" (%) W(a ZV;a{iﬁ(plﬂzz)[l} Lz, t) = 1, h(z,t) = 2(1 — at) "%
,0;Pk - a

in above theorem, and generating relation (2.3) yields bilateral generating
relation as

[ee)
(3.25) mﬁi‘s (30, k, 8)QEY (Y1, ooy 5 )"
— (1_at)—(615) W (@, 6 pi(@)) Cro {a:(l — at)*%;yl, ...,yl;th}

w (a 0;pr{x(1 —at)™ })

where Q0 (Y1, ..., Y15 2) is a polynomial of degree [%} in z (with coeffi-
cient’s dependent on y1, ...,y;) defined by

m4+n
(3 26) nqm(y17 YR Z (TL _ qr> VQVerT(ylv "'7yl) 2"
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4. Generating Functions involving Stirling Number

Riordan [5], defined Stirling number of second kind as
L& m—j [T :n
(1) Stn,m) = =3 (1) ( .>J
ot J
so that

The following theorem is useful to get some generating relation for

Vi (32 a, k. 5);

Theorem 4.1 (Srivastava [10]). Let the sequence {(,(x)}5%, be gener-
ated by

(ENDS (” ‘;m> G (@)™ = f ({9, 0} "Cah(,)
m=0

where f,g and h are suitable function of x and t.

Then the following family of generating function

> m bz, —2))2"{g(z, —2)} 7" = {f(z,—2)} 71 Y mlS(n,m)Gn (@)™
m=0 m=0

(13)
holds true provided that each member of (4.3) exists.

The generating functions (2.3) and (2.4) related to the family given by
(4.2).

By comparing (2.3) and (4.2); (n(z) = Vy(na’ﬂ’(;) (r;a,k,s), f(z,t)

_ (ks W (a.65p1()) B A -
1—azot)~ (%) Pk Jh(z,t) = x(1—ax) @, and g(x,t) =
( ) W(a,&pk{ff(l*azat)*%}) (1) ( ) g(z,t)
(1 — az“t), we get

(4.4) Z m"V, (@50 (1 + axaz)’% sask,s)(1+azxz)" ™2™

m=0
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W (@, 0; {x(1+am“z)_%})
(14 amte)(Z2) (85
(1+a2%2) W, 5 pe(@)

Z m!S(n, m)V, &P (z;a, k, s)2™
m=0

Replacing x%z by = and = by ﬁl— above equation gives
—az)a

S m"VeP (@ a,k, 5)2™ = (1 - az)(=%%) Wia, 0 pr(x)) :
ot W (a6 pif{w(1 - az)75})

(4.5)

Zn: mlS (n, m)V,(®5:) (m(l - az)*%; a,k,s) ( & )m

o 1—oaz

with |t| < |a|~Ya # 0.

Similarly, theorem 4.1, applied to generating relation (??) gives gener-
ating relation as

(4.6) Z mV,(@A=amd) (41 — amaz)%;a, k,s)(1 —ax®z)""z™
m=0

1= gy (a2 W (2Ol a2
W(O(, 5; pk(ﬂ?))

Z mlS (n, m)V,@B=amd) (yq k. 5)z™

m=0

Replacing x*z by 17 and = by a L . above equation gives
“+az)a
o0
s 5
Z mnvrga,ﬁ—am,é)(w;a7k,’ S)Zm _ (1+GZ)(B: )71 W(Ola 7pk3(513)) .
m=0 W (o 8 prfe(l +az)v})
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n 1 z m
Z m!S(n,m)V,%O"B_“m"s) (x(l +az)a; a,kz,s) ( )
o 14+ az

with |t| < |a|~%a # 0.

5. Finite Summation Formulae

Finite summation formulae for (1.2) obtained as follows,

n a m
(5.1) V(@9 (3 a, k, 5) Z <a> (aw“)mVn(f;ﬁ’é)(:L‘; a,k,s —f3)

m)!

(5.2) V(@B (1 gk, ) Z <M+ 1) V(a’%(s)(w;a, k,s)

| n—m
m=0 m. a

Proof. From (1.2) and (1.5) it follows that,
1
Vit (w; 0, b, 5) = — W (0,8 pr())(0 + B2)" {W (00,6 —p())}
replacing s by s — (3, above equation can be written as

n!
(5.3) 0" {W (e, 05 —pr(z))} = Wvéa’ﬁ’é)(iﬁ; a,k,s —3)

employing (1.4) in (1.2) gives

(5.4) V(@m0 (10, k, s) =
x_; Wi(a, 8 pi(z)) Zn: (TZ) 07 {1 AW (o, §; —pr(2))}
’ m=0

Using (5.3), simplification of (5.4) reduces to (7). O

Proof.  Using (1.2), equation (1.4) can be written as

(5.5) VB tito) (5, k, 5)
:I;_(B""N)

= Wia, 8 p(e) 3 (j;) o7 {a}0m {aPW (@, 6; —pr()) }
m=0

n!
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this leads to
(5.6) VS @BTItL0) (o K, )

n 1 a
=> (MJF > %’%’(fﬂ;a,k&)m
m=0 m

m)!
O

6. Explicit representation of V(%9 (z;a, k, s)

Now consider py,(x) = z* in (1.1), reduces as
Vyga’ﬁ’(;)(x;a, k,s) = %x_ﬁ W(a, 6; z)om {x5W(a,5; —xk)]

this can be written as

V(a’66 (x;a,k,s) = nW(a 8; k) io T!IS(_O}T);&) (SJ“B;“’W)TLJ:’“HG"
(6.1)

Further simplification of above expression leads to

o 55 S (5)
VP (x;ya,k, s) = Z Zmlrlf‘(am+5) (ar+6)x

kr+km+an

Using, Series Mampulatlon technique, we get

— (-1 ()
V(aﬁ,é) . ax a n km
n (z30,k,5) = ol mz::m;) (m —r)lr'lT(am — ar 4+ 6)T'(ar + 5)x

This can be expressed as

n an 00
(@.8,9) a,B,6,k,a,s)
(6.2) Voo z;a,k, s) Z C’mj m!
m=0

where
(6.3) C(a,ﬁ,&,k,a,s)

i (s + 5+ k:r) 1

— a n I'(am —ar 4+ 6)'(ar + 0)

Equation (6.1) and (6.2) are explicit representation of y; (@A) (z;a,k,s).
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6.1. Particular cases:

Setting particular values o = 0,0 = 1, Wright function reduces to expo-
nential function
and

(05 Lkas) _ S (_qymr (m) (228 wkn)

—0 T a

which is m'" difference of a polynomial of degree n, which vanishes when-
ever m exceeds n.

Consider Ay, is forward difference with common difference k in argument
define as

(6.4) Apf(z) = fz+ k) = f(2)

hence

(6.5) AP () = S (1 (m> f(z+ kr)

r=0
and equation (6.2) can be written as

n! m! F

n.an N km
(66) Vn (za a, 73) Z a "

m=0
7. Integral Transforms on the sequence of functions

Equation (6.2) follows that

¢
(7.1) /a:pfl(t—m)qflvn(a’ﬁ"s)(a:;a,k,s)dx
0
an & Clepakes) km-+an-+p—1 -1
:—'ZT/xm WPt — )1 N
m=0 3
Therefore,

t
(7.2) /:Ep_l(t — ) V(@B (1 a k, s)dx
0
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n o (avﬁzévkvars)
a mn k +p+q—1
= — > T ——B(km+an + p, g)ttmren e
m:

|
n: m—0

Beta (Euler) Transform
Setting t = 1 in (7.2) gives Beta(Euler) transform of Vn(a”g’&) (r;a,k,s)
oo (a7ﬁ767k7a7s)

" an +p)km
B V(aﬁ,é) ; 7k7 D, = 5 a (p) mn (CLTZ
( n (x a 5) p q) B(p q>n!(p+g)an Z m!(an+p+Q)km

m=0

(7.3)

The following integral transforms follows from equation (6.2).

Finite Laplace Transform

n o (047,8,6,]6,(1,8)

b6 ' B a_ mon "}/(CLTL + km + 1,pT)
Lt {Vn( )(37, a, k, 3)} I Z m! pkm+an+1

m=0

(7.4)

Laplace Transform

a" & C;ﬁf’é’k’a’s) (an + 1)gm(a)nTa
Z m! pkm+an+1

m=0

(7.5) L{Véa’ﬁ"s)(x;a,k,s)} =

nl
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Laguerre Transform

(7.6) L {Véo"ﬁ"s) (z;a,k, s)}

n & CSRYD) D(km 4 an + p+ 1)T(r — km — an)

)

Q

S

b= m! r!Il(—km — an)

provided each gamma function exist.

Generalized Stieltjes Transform

(7.7) Sy { Vi@ (w50, k, 5)}
n an+lfp o0 (avﬁvévkva‘ﬂs)
_— S'F(p) Z Cm’nm' L(km 4+ an+ 1)T(p — km — an — 1)z*™
! = !

where Re(km +an + 1) > 0, |arg(z)| < 7.

Acknowledgment: Authors are thankful to reviewers for their valu-
able suggestions for the betterment of paper.
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