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Abstract

Let G = (V,E) be a graph with p vertices and q edges. A graph
G is said to be skolem odd difference mean if there exists a function
f:V(G)—{0,1,2,3,...,p+3q—3} satisfying f is 1-1 and the induced
map f*: E(G) — {1,3,5,...,2g—1} defined by f*(e) = [W—‘ 18
a bijection. A graph that admits skolem odd difference mean labeling
is called skolem odd difference mean graph. We call a skolem odd
difference mean labeling as skolem even vertexr odd difference mean
labeling if all vertex labels are even. A graph that admits skolem even
vertex odd difference mean labeling is called skolem even vertex odd
difference mean graph.

In this paper we prove that graphs B(m,n) : Py, (PpnoS,), mP,,

mP, UtP; and mK; , UtK; s admit skolem odd difference mean la-
beling. If G(p,q) is a skolem odd differences mean graph then p > q.
Also, we prove that wheel, umbrella, B,, and L, are not skolem odd
difference mean graph.
Keywords : Skolem difference mean labeling, skolem odd difference
mean labeling, skolem odd difference mean graph, skolem even vertex
odd difference mean labeling, skolem even vertex odd difference mean
graph.
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1. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected
one. The vertex set and the edge set of a graph G are denoted V(G) and
E(G) respectively. Terms and notations not defined here are used in the
sense of Harary [1]. A graph labeling is an assignment of integers to the
vertices or edges or both, subject to certain conditions. There are several
types of labeling. An excellent survey of graph labeling is available in [2].
The concept of mean labeling was introduced by Somasundaram and Ponraj
[8]. A graph G(V, E) with p vertices and g edges is called a mean graph if
there is an injective function f that maps V(G) to {0,1,2,...,q} such that
for each uv, labeled with f—(“w if f(u)+ f(v) is even and Mﬂ if
f(u)+ f(v) is odd. Then the resulting edge labels are distinct. The notion
of odd mean labeling was due to Manickam and Marudai [3]. Let G(V, E)
be a graph with p vertices and ¢ edges. A graph G is said to be odd mean
graph if there exists a function f: V(G) — {0,1,2,3,...,2q — 1} satisfying
f is 1-1 and the induced map f*: E(G) — {1,3,5,...,2¢ — 1} defined by
£ () = w if f(u)+ f(v) is even
W if f(u)+ f(v) is odd
function f is called an odd mean labeling. In [3], they studied the mean
labeling of some standard graphs.

is a bijection. The

Murugan and Subramaniam [4] introduced the concept of skolem differ-
ence mean labeling and some standard results on skolem difference mean
labeling were proved in [5] and [6]. A graph G(V, E) with p vertices and
q edges is said to have skolem diffference mean labeling if it is possible to
label the vertices x € V with distinct elements f(x) from 1,2,3,....,p + ¢
in such a way that for each edge e = wv, let f*(e) = {M;f(v)q and the
resulting labels of the edges are distinct and are from 1,2, 3,...,q. A graph
that admits skolem difference mean labeling is called a skolem difference
mean graph. Motivated by the concept of skolem difference mean labeling
Ramya et al. [7] introduced the concept of skolem odd difference mean
labeling. A graph G is said to have skolem odd difference mean labeling
if there exists a function f : V(G) — {0,1,2,3,...,p + 3¢ — 3} satisfying
that f is 1-1 and the induced map f*: E(G) — {1,3,5,...,2¢q — 1} defined
by f*(e) = Pf—(“ww is a bijection. A graph that admits skolem odd
difference mean labeling is called skolem odd difference mean graph. This
is an extension work on skolem odd difference mean labeling. We use the
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following definitions in the subsequent section.

Definition 1.1. Let P, : v1,va,...,v, be a path. The graph B(m,n) : P,
is obtained by identifying the central vertices of the star graphs K ,, and
K1, with vy and v, respectively.

Definition 1.2. Let P,, be a path on m vertices. The graph (P,,06S,) is
obtained from P,, and m copies of K1, by joining the central vertex of ith
copy of K1, with it" vertex of Py, by an edge.

Definition 1.3. The graph mP, is the disjoint union of m copies of the
path P,,.

Definition 1.4. The wheel graph W, is a graph with n vertices (n > 4),
formed by connecting a single vertex to all vertices of a (n — 1) cycle.

Definition 1.5. A graph is obtained from a fan by joining a path of length
m, Py, to a middle vertex of a path P, in fan F,, is called an umbrella graph
and denoted by U(m,n).

Definition 1.6. The book graph B, is defined as the cartesian product
graph Sp,+1 X P, where Sy, is a star graph and P» is the path graph on
two vetices.

Definition 1.7. The cartesian product of two paths is known as grid graph
P, x P,. In particular the graph L,, = P,, X Py is known as ladder graph.

2. Skolem Odd Difference Mean Graphs

In this section we prove that graphs B(m,n) : Py, (Pn0Sn), mP,, mP,UtP;s
and mK , UtK; ¢ admit skolem odd difference mean labeling. If G(p, q)
is a skolem odd differences mean graph then p > ¢. Also, we prove that
wheel, umbrella, B,, and L,, are not skolem odd difference mean graph.

Theorem 2.1. The graph B(m,n) : P, is a skolem odd difference mean
graph.
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Proof. Let V(B(m,n) : Py) = {u;,vj,t : 1 <i<m,1<j<n1l<
kE < w} and E(B(m,n) : Py) = {tiu, twvj, titpyr 01 < <m,1 <5 <
n,1 < k < w-—1} be the set of vertices and edges of the graph B(m,n) : P,,.
Define f: V(B(m,n) : Py) —{0,1,2,3,...,p+3¢—3=4(m+n+w) — 6}
as follows:

f(tgi_l) :4(i— 1) for 1 < 7 < (%L
f(t2¢)24(n+w—i)—2 fOflSiSL%J,
fluj)) =4(m+n+w—1i) —2 for 1 <i<m,
f(vi) =2w+4(i — 1) for 1 <i<n.

Let e; = titit1 forl1<i<w-1.

For each vertex label, the induced edge label f* is defined as follows:

fe) =2n+w—1)—1 for 1 <i<w-—1,
fftiw) =2(m+n+w—1)—1 for 1 <i <m,
FH(twvi) =2(n—14) +1 for 1 <i<n.

It can be verified that f is a skolem odd difference mean labeling of
B(m,n) : Py,. The skolem odd difference mean labeling of B(3,4) : Ps is
shown in Figure 1.
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Figure 1 : Skolem odd difference mean labeling of B(3,4) : Ps
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Theorem 2.2. The graph (P,,0S,) is a skolem odd difference mean graph.

Proof. Let wj,.uj,vg(l <7 <m,1<1i<n) be the vertices of (P,,,65).
ijj,ukukH,wjvf 1< <m1<k<m-—1,1<i<n be the edges of
(PndSh).
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Define f : V({P,0S,)) — {0,1,2,3,...,p+3q — 3 = 4mn + 8m — 6} as
follows:

flugi—1) =4n +4(n+2)(i — 1) for 1 < < [3],

fluzi)) =4(n+2)(m—i+1)—-10 for 1 <i < |2,

fwaj1) =4(n+2)(m —j+1) -6 for 1< j < [m],

flwzg) =4(n+1) +4(n+2)(j — 1) for 1< j < [Z],

fol]) =2(n+2)(j — 1) +4(i — 1) for1<i<mn, 1<j<
and j is odd,

f(v]) =2(n+2)(2m +2 - j) — 2(2i + 5) for1<i<n,1<j<m

and j is even.
Leteg:wjvgfor1§i§n,1§j§mandej:wjujfor1§j§m.

For each vertex labeling, the induced edge label f* is defined as follows.

ffujujp1) =2(n+2)(m—j+1)—2n—-5 for 1 <j<m-—1,

fej) =2(n+2)(m—j+1)—2n—-3 for 1 < j <m and j is odd,
frej)=2n+2)(m—j+2)—2n-7 for 1 <j <m and j is even,
f€)=2n+2)(m—-j+1)—2i—1 for1<i<n,1<j<mand
J is odd,

) =2n+2)(m—-j+2)—2(n+i)—7 for1 <i<n,1<j<mand
7 is even.

It can be verified that f is a skolem odd difference mean labeling of
(Py0Sy,). The skolem odd difference mean labeling of (P46S3) is shown in
Figure 2.

12 7 32 50
’ » * ’
74 16 36
. .
0 4 5 66 62 53 46 42 38

Figure 2: Skolem odd difference mean labeling of {F655)
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Theorem 2.3. The graph mP, is a skolem odd difference mean graph.

Proof. Let v{,v],...,v} and v?,v3, ..., v2 upto v*, v, ...,v™ be the ver-
tices of the graph mP,. '

Let V(mP,) = {v] :1<i<n,1<j<m}and E(mP,) = {vJv] ,:1<
i<n—1,1<j<m}.

Define f : V(mP,) — {0,1,2,...,4mn — 3(m + 1)} as follows:

When n is odd and m is either odd or even,
Fhiy) = (m — 1) + 2n(j — 1) + 4(i — 1) for 1 < i < [4],
1<j<m,
f(v);) = dmn—3(m~+1)—2(n—2)(j—1)—4(i—1)for 1 <i < [§],1 < j <m.

When n is even and m is either odd or even,
F(Why) = (m = 1) +2(n — 1)(j — 1) + 40 — 1) for 1< i < [4],
1<j<m,
f(w);) = 4mn—3(m~+1)—2(n—1)(j—1)—4(i—1) for 1 <i < [}],1 < j < m.

For each vertex labeling, the induced edge label f* is defined as follows:
f*(fl )—2(n—1)(m—j+1)—2i—|—1 for1 <i<mn-1,
l<j<m

It can be verified that f is a skolem odd difference mean labeling of
mb,.

The skolem odd difference mean labeling of 3P, is shown in Figure 3.

|

Theorem 2.4. The graph mP, Ut P; is a skolem odd difference mean graph
itm,n,t,s > 1.

Proof. Let v%,v%,v%,...,v}l and v%,v%,v%,...,vfl upto v, vy*, V5", ..., v
and ui,ud,ud, ..., ul and u?, w3, u3, ..., u2, upto ul, ub, uf, ..‘.,‘ug be the ver-
tices of the graph mP, UtP;. Let E(mP, UtP;) = {UZJUZH 11 <1 <
n—l,lgjgmandugugﬂ:1§i§s—1,1§j§t}.
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Figure 3 : Skolem odd difference mean labeling of 3P,

Define f : V(mP, UtP;) — {0,1,2,...,4(mn + ts) —3(m +t+ 1)} as
follows:

fWh ) =242(n—-1)G—-1)+4(i—1) for 1 <j<m,
1§i§%andniseven,
f(w))=4mn—4m —2(n—1)(j — 1) —4(: — 1) for 1 <j<m,
1§i§%andniseven,
flug 1) =1+2(s=1)(j —1)+4(i —1) for 1 <j <t,

1§i§§andsiseven,
fud)=4amn—-1)+4t(s—1)—-1—-2(s—1)(j — 1) +4(i— 1)
for1 <5<t 1 <<

[NS] VY

and s is even,

f(U%ifl) =2+2n(j—1)+4(i—1) for 1 <j<m,
1§i§"7+1andnisodd,
flvg;) = 4mn —dm —2(n —2)(j — 1) —4(i — 1) for 1 <j <m,
1§i§”771andnisodd,
fludi) =1+2s(j —1) +4(i — 1) for 1 <j<t,

1§i§%andsisodd,
fud)=4amn—1)+4t(s—1)—1—-2(s—2)(j — 1) +4(i — 1)
forlgjgt,lgigs;landsis

2
odd.

For each vertex labeling, the induced edge label f* is defined as follows:
fY(EmP,UtPs)) =2m(n —1)+2t(s—1) —1-2G—-1) : 1 < i <
m(n—1) +t(s—1).

It can be verified that f is a skolem odd difference mean labeling of
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mP, UtPs. O

Theorem 2.5. The graph mK; , UtK, s is a skolem odd difference mean
graph if m,n,t,s > 1.

Proof. Let vi, v, vi,....vl and v? 03, v2, ..., v2 upto v}, vk, v, ..., v} and
ui,ud,ud, ... ul and w? u3, uj, ..., w2, upto uft, uft, ul, ..., u™ be the vertices

of the graph mK , UtK ;.

. Let E(mKy, UtK;,) = {u]lujlﬂ 1 <1 < nl1 < j < mand
viv],; 11 <i<s,1<5 <t}

Define f : V(mKi, UtK:s) — {0,1,2,...,4(mn + ts) + m +t — 3} as
follows:
flu) =2(j - 1) for 1 <j<m,
fuly,) =4mn+4ts —2—-4(i—1) -2 —1)(2n—1) for 1<j<m
and 1 <1 <n,

fol)=(2j-1) for 1 <j<t,
f(U{+Z-):4t8—1—4(i—1)—2(j—1)(25—1) for1<j<t
and 1 <7 <s.

For each vertex labeling, the induced edge label f* is defined as follows:
[H(E(mK1,UtKy ) = (2i—1) for 1 <i < (mn+ts).

It can be verified that f is a skolem odd difference mean labeling of
mKLn U tKl,s- O

Theorem 2.6. IfG(p, q) is a skolem odd difference mean graph thenp > q.

Proof.  Suppose that G is a skolem odd difference mean graph with p
vertices and ¢ edges and p < ¢q. Let f: V(G) — {0,1,2,3,...,p + 3¢ — 3}
be skolem odd difference mean labeling of G.

The induced edge labels are {1,3,5,...,2¢ — 1}.

Let uv be an edge of G with f*(uv) = 2¢—1. Take f(u) = a and f(v) = b.
Without loss of generality assume that a > b. Then 0 < a,b < p+ 3¢ — 3.
Now we consider the following two cases.

Case(i). a — b is odd.
Then |f(u)_g(”)‘+l = ‘kg*l = 2¢q—1. Hence, a = 4¢g+b—3. As, a < p+3q—3
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we have ¢ + b < p. Since p < ¢, then ¢ + b < g which implies that b < 0
which is a contradiction to b > 0.

Case(ii). a — b is even.

Then w =2g—1. Hence, a = 4q — 2+ b < p+ 3¢ — 3 which implies
that b+ ¢ < p — 1. Since p < ¢, then b < —1. This is a contradiction to
b>0.

O

Theorem 2.7. The wheel graph W, n > 2 is not a skolem odd difference
mean graph.

Proof. The wheel graph W,,, n > 2 has n 4 1 vertices and 2n edges.
Suppose that f is a skolem odd difference mean labeling of W,,. Hence
the induced edge labels are {1,3,...,4n — 1}. Let uv be an edge with
f*(uww) = 4n — 1. Let f(u) = a and f(v) = b. Without loss of generality
assume that a >b. Then 0 <b<a <7n— 2.

If'ﬂu)i;f(v)| = 4n — 1 then anb = 4n — 1 which implies a = b+ 8n — 2 >
8n—2>Tn—2.

If W);W = 4n—1 then ‘FTI’H = 4n —1 which implies a = b+8n—3 >
8 —3>8n—2>Tn—2.

This is a contradiction to a,b < Tn — 2. Hence the wheel graph W,,, n > 2
is not a skolem odd difference mean graph. O

Theorem 2.8. The umbrella graph Uy, ,,, n > 2 and m > 1 is not a skolem
odd difference mean graph.

Proof. The umbrella graph Uy, ,,, n > 2 and m > 1, has m + n vertices
and m + 2(n — 1) edges. Suppose that f is a skolem odd difference mean
labeling of G. Hence the induced edges are {1, 3, ...,2m + 4n — 5}.

Let uv be an edge with f*(uv) = 2m +4n —5. Let f(u) = a and f(v) = b.
Without loss of generality assume that ¢ > b. Then 0 < b < a < 4m+Tn—9.
If Mﬂ = 2m + 4n — 5 then “T_b = 2m + 4n — 5 this implies that
a=b+4dm+8n—-10>4m+8n—-10>4m +8n -9 >4m + T — 9.

1f LSO — 95 4 4n — 5 then 2=+l = 4n — 1 this implics that
a=b+4dm+8n —-11>4dm+8n—-11>4m+8n—9>4m+ 7n — 9.
This is a contradiction to a,b < 4m + 7n — 9. Hence the umbrella graph
Un,m, n > 2 and m > 1 is not a skolem odd difference mean graph. O

Theorem 2.9. The graph B, is not a skolem odd difference mean graph
ifn > 2.
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Proof. If n = 1 then B; is a cycle graph that admits skolem odd
difference mean graph in [7]. If n > 2, the number of edges in B, graph is
q = 3n + 1. Therefore p+ 3¢ — 3 = 11n + 2.

To get 2¢ — 1 = 6n + 1 as edge label, the minimum vertex label is 12n + 1.
But 11n + 2 < 12n + 1 for all n > 2. Therefore 2¢ — 1 cannot occur as an
edge label of B, for n > 2. Hence B, is not a skolem odd difference mean
graph if n > 2. O

Theorem 2.10. The graph L,, is not a skolem odd difference mean graph
ifn > 3.

Proof. If n = 2 then Ls is a cycle graph that admits skolem odd
difference mean graph in [7]. The graph L,(n > 3) has 2n vertices and
3n — 2 edges.

Forn>3,p+3¢—3=11n-9.

That is the maximum possible vertex label of L,, is 11n — 9.

Therefore, it is not possible to get an edge with label 2g — 1 = 6n — 5.
Hence L,, (n > 3) is not a skolem odd diference mean graph. O
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