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Abstract

In this paper, we investigate the instability of solutions to a cer-
tain class of nonlinear vector functional differential equations of the
eighth order with n-deviating arguments. We employ the Lyapunov-
Krasovskii functional approach and base on the Krasovskii criteria to
prove two new theorems on the topic. Our results improve certain
results in the literature from scalar functional differential equations to
their vectorial forms.

Subjclass[2010] : 34K20.

Keywords :  Instability, Lyapunov functional, vector functional
differential equation, eighth order, multiple deviating arguments.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172013000300004

http://dx.doi.org/10.4067/S0716-09172013000300004

246 Cemil Tuncg

1. Introduction

The instability analysis of differential equations of the eighth order has
received considerable attention in the last two decades. In the literature,
the Lyapunov technique has been utilized to study the instability of the
solutions of differential equations of the eighth order (Bereketoglu [2], Iyase
[4], Tung [6, 7, 8, 9, 10] and C. Tung and E. Tung [11]). Some respective
contributions on the topic can be summarized as the following:

First, in 1991, using the Lyapunov technique, Bereketoglu [2] estab-
lished certain conditions to the instability of the zero solution of the eighth
order scalar differential equation without delay

2® 4+ 0320 + a320) + agz® + fy(z, 2, ..., (D)2
+fo(z)z" + fr(x, 2, ....,x)z’ + fa(x) = 0.

Later, in 1996, using the same method, Iyase [4] proved a theorem on
the nonexistence of nontrivial periodic solutions to the nonlinear scalar
differential equation of the eighth order without delay:

7® +a120 +a320 +a35® + a2 +asx” + fo(2')a" + fr(x)2’ + fs(z) = 0.

Recently, Tung [8, 9, 10] discussed the instability of the zero solution of
the eighth order scalar nonlinear differential equations with delay

2®) + ay2©) + a32®) + agz® + f5(z,2(t — 1), 2, ..., 2Dt — 7))
+fo(2a" + fr(x, x(t —7r), 2, .y, 2Dt — )2’ + fa(z(t —r)) =0,
2® + a1 + a2 + a320) + ag2® + as2” + fo(a)z"
+fr(x)a! + fa(z, x(t —7r), 2, ..., 2Dt —7r)) =0

and
® + a9z + a320) 4 agzx® + fs(z, ..zt — 1), 0, 2D 2Dt — 7))

+fe(x )" + fr(z, ., x(t — 1), ny M 2™ (t —7n))x’
+ > hi(l‘(t — 7’1)) =0,
i=1

(1.1)
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z® 4+ a2 4+ a2 4 a320) + agz® + asz” + gg(2))2”
+g7(x,y .y x(t — ), 2y o, 2 (E— 1))
+gs(zy .oy x(t — ), -on, 2z 2 (t—mn)) =0,

(1.2)

respectively.
In this paper, we consider the eighth order nonlinear functional vector
differential equations with n-deviating arguments, 7;, (i =1, 2,...,n) :

XG4 A X©) 4 A3 XG4 A X @
+E5(X, X(t—71), ey X (=70, ooy XD XDt — 1)) X
+F6(X/)X//
+F (X, X(t—70)s oy X(E—10)s oy XD XD (= 7,)) X!

+ éHi(X(t — ) =0

(1.3)
and
X® 4+ A XD 4 A XO) 4 A3 XO) 4 A X 4 A5 X" + G(X) X"
+ G X, X(t—=T1)y s X(E—=T0), o0y X'y, X (E— 7))
+ G(X, X(t—71), 0 X(t—70), ... XD, . XDt —7,)) =0,
(1.4)
respectively.

Let X = X1, X' = Xy, ..., X(" = Xg. We can write Eq. (1.3) and Eq.
(1.4) in the system form
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X=X, (i=1, 2,..,7),

Xé = —A2X7 — A3X6 — A4X5

CF5(X1, ey X1(E = )y ey Xy ooy Xs(t — 7)) Xa

—FG(XQ)Xg —F7(X1,...,Xl(t—Tn),...,Xg,...,Xg(t—Tn))XQ

_ é Hi(X1) + 3. T T (X1(5) Xa(s)ds

1=1t—m7;

X! = X, (i=1,2,..7),

Xé = —Ang — A2X7 — A3X6 — A4X5 — A5X4 — G6(X2)X3
—G7( X1, o, Xa(t — 1), Xoy ooy, Xo(t — 1))

—Gs( X1, .0, Xi(t — ), oey X8y ooy Xg(t — )5

(1.6)

respectively, where 7; are certain positive constants, the fixed delays,
t—1; >0, A1,..., A5 are constant n X n— symmetric matrices, the primes
in Eq. (1.3) and Eq. (1.4) denote differentiation with respect to t, ¢t €
Ry, Ry = [0,00); F5, Fg, F7 and Gg are continuous n X n— symmetric
matrix functions for the arguments displayed explicitly, H; : £ — R,
G7 : §R2n(n+1) — §Rn, Gg : §R8n(n+1) — %n’ G7(X1, ...,Xl(t - Tn),O,XQ(t —
7'1), ceey Xg(t - Tn)) == 0, Gg(o, Xl(t - 7'1), ceuy Xg(t - Tn)) =0 and HZ(O) = 0,
H;, G7 and Gg are continuous for all of their respective arguments. The
Jacobian matrices of H;(X) are given by

JHl(X) = (81’1 ) PRRES) JHn(X) = (W) ('L, J= 17 25 -"7n)7
J J

where (21, ...,x,) and (h1;), ..., (hn;) are the components of X and H;, re-
spectively. It is also assumed that the Jacobian matrices Jg, (X) exist and
are continuous. The existence and uniqueness of the solutions of Eq. (1.3)
and Eq. (1.4) are assumed (see E I'sgol’ts ([3], pp.14, 15). Throughout
what follows X(t),..., Xg(t) are abbreviated as Xj, ..., X, respectively.
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Consider the linear constant coefficient differential equation of the eighth
order

"

2 + a2 + a2 + 4320 + a4z + a5a” + aga” + aze’ + agzr =0

(1.7)

and its auxiliary equation
(1.8) PN =X+ a N+ .+ agh +ag = 0.

If 8 is an arbitrary real number, then the real part of ¥ (i) is given by
¢(B) = B® — azB® + asB* — asB? + as.

It is also known that if as <0, ag >0, ag <0, ag >0
in which case ¢(/3) > 0, then the auxiliary equation cannot have any purely
imaginary root whatever. It therefore follows from general theory that
Eq. (1.7) does not has a periodic solution except x = 0. An analogous
consideration of the imaginary part of (i) also leads to conditions on a1,
as, as and a7 for the nonexistence of any periodic solution of Eq. (1.7)
other than = = 0.

Besides, if a3 =0 ag # 0,
then the sum of the roots of (1.8) equals zero and each of them is different
from zero, respectively. Furthermore, a necessary and sufficient condition
for (1.8), with a; = 0, to have a purely imaginary root A = i3 (8 real) is
that the following two equations

(1.9) azf* —asB? + a7y =0

and

B — a2 + asBt — agB? +ag =0

are simultaneously satisfied. If a3 # 0, the left hand side of Eq. (1.9) can
be rewritten in the form

9 @ 2 a2
E%3(5 —ﬁg) +ar— 2.

Therefore, if
2
(1.10) asz # 0, <a7 — %;) sgnag > 0,

then the estimate (1.9) cannot be satisfied, and Eq. (1.8) would not have
any purely imaginary root whatever. Hence, Eq. (1.8) has at the least one
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root Ao = o + o, (ap, Po real) with g > 0 provided that a; =0, ag # 0
and (1.10) hold.

The aim of this paper is to give the extensions of these results to Eq.
(1.3) and Eq. (1.4). We extend the results obtained in the scalar cases for
Eq. (1.1) and Eq. (1.2) to vector delay differential equations, Eq. (1.3)
and Eq. (1.4).

Let 7 > 0 be given, and let C = C([—r,0], R") with

o]l = max [o(s)

—r<s<0

, ¢ €C.

For H > 0 define Cy C C by
Cn={oeC:|¢| <H}

Ifz:[—r, A)— R"is continuous, 0 < A < oo, then, for each ¢ in [0, A),
z¢ in C is defined by

z(s) =x(t+s), —r<s<0,t>0.

Let G be an open subset of C' and consider the general autonomous
differential system with finite delay

$:F(.’L’t), F(O):O, $t:$(t+9), —TSQSO,tZO,

where F' : G — R" is continuous and maps closed and bounded sets into
bounded sets. It follows from these conditions on F' that each initial value
problem

t=F(xt), vo=0¢p € G

has a unique solution defined on some interval [0, A4), 0 < A < oo. This
solution will be denoted by z(¢)(.) so that zo(¢) = ¢.

Definition 1.1. The zero solution, x = 0, of & = F'(z) is stable if for each
e > 0 there exists 6 = d(¢) > 0 such that ||¢|| < 0 implies that |x(¢)(t)| < e
for all t > 0. The zero solution is said to be unstable if it is not stable.
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2. Main results

We need the following lemma.

Lemma 2.1. (Bellman [1]) Let A be a real symmetric n X n— matrix and
a>XN(A)>a>0, (i=1,2,..,n),

where ' and a are constants, and \;(A) are the eigenvalues of the matrix
A. Then
d (X, X) > (AX, X) > a(X, X)

and

PUX,X) > (AX, AX) > o (X, X).

The first main result is the following theorem.
Let 7 =max7;, (i=1,2,...,n).

Theorem 2.1. Let all the assumptions imposed to As, As, Ay, F5, Fg, F%
and H; and

H;(0) =0, H;y(X1) # 0, (X1 # 0), [Ai(Jm; (X1))| < 04,6; > 0, Ai(A3(.))) > a3

and
)\i(F7(X1, ...,Xg(t—Tn)))Sgnag 4|a |>\ (F5(X1, Xg(t—Tn)))2 > 0>0
hold for arbitrary X1, ..., Xs(t — 1), where az(# 0), §; and ¢ are constants.
Ifr < m, then the zero solution of Eq. (1.3) is unstable.

Proof. Let the function V(.) = V(Xy, ..., Xg) be defined by

V() = <1X27X8> (A2 X9, X6) — <1A3X2,X5> (AgXo, X4)
— [ (Hi(0X),X)do — .. ({< X), X)do
<X3,X7> <A2X3,X5> <A3X3,X4> — <X4,X6>

0
+3 <A4X3, X3) — 3 (A2 Xy, Xu) + 5 (X5, X5)
1

f XQ,X2> dO’

0



252 Cemil Tuncg
We define a Lyapunov functional Vi (.) = V3 (X1, ..., Xst) by

" 0ot
Vi() = Vsgnas — 3"\ / / 1X2(0) 1% dods,
=1 —T; t+s

0t
where s is a real variable such that the integrals [ [ || X2(0)|* d0ds are

—71; t+s
non-negative, and \; are certain positive constants to be determined later

in the proof.
It follows that

11(0,0,0,0,0,0,0,0) = 0.
Let

E= (0, 0, (631, ...,53n)sgna3,0,0, 0, (1 + |a4|)(671, ...,67n),0).

V1(07 07 (5317 ceey 83n)sgna3, Oa Oa 07 (1 + |a4|)(5715 ceey E?n)v O)

Hence =
> (1 + |ag] + %a4sgna3) €)% >0

for all £ (# 0) so that every neighborhood of the origin in the (X7, ..., Xg)—
space contains the points (1, ..., &g) such that Vi (&1, ..., &) > 0.

Let ...

(X1,..., Xg) = (X1(t), ..., X5(¢))

be an arbitrary solution of (1.5).

The time derivative of the Lyapunov functional V;(.) with respect to
(1.5) results in
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Vi)

{(A3Xy, Xy) + <f5(-)X2,X4> + (Fr7(.) X2, X2) }sgnas
— < sgnazXa, [ Jg,(X1(s))Xa(s)ds >

t—71

t
—..— < sgnazXa, [ Ju,(X1(s))Xa(s)ds >

t—Tn

(>\171X2,X2) - (AnTnX27X2>
+A1 f 1X2(0)]1 dO + ... + Ay f 1X2(0)]1* do
t—71 t—Tn

> |as] )X4 +2-1 ‘agl‘ F5(.)nggna3H
+ (sgnagFr() Xa, Xz) — < 471 ‘agl‘ Fs()Xa, F5() X2 >
t

— < sgnazXa, [ Jm,(X1(s))X2(s)ds >

t—71

t
—..— < sgnazXa, [ Ju,(X1(s))Xa(s)ds >
t—Tn

()\171X2,X2) (Ao2T2 X9, Xo) — ... — (A7 X2, X2)
+M1 f 1X2(0)[1” dO + ... + A f 1X2(0)] df.

t—71 t—Tn

253

Using the assumptions of Theorem 2.1 and the Schwartz inequality, we

have

¢
— < sgnasXo, [ Jm, (X1(s))X2(s)ds >

> (X1(s))X2(s)ds
> —/ndy || Xz H J Xa(s)|ds
> —/nby || Xs| f | X2(s)]| ds

t—71

> —L/movm | Xo|? - Lvns f 1 X2(s)|| ds,

t—71
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t
— < sgnagXa, f JHZ(Xl(S))XQ(S)dS >

t—12
t
> —|[Xall || J JHa(Xa(s))Xa(s)ds
t—7o
t
> —/nds || Xzl H J Xa(s)| ds
t—72
t
> —/ndz ||X2||t J 1 Xa(s)|l ds

—To

t
> —3/ndom | Xa|? — 3v/nbe ||| Xa(s)| ds, .,
t

S
t

— < sgnazXa, [ Jug,(X1(s))Xa(s)ds >
t—Tn

> — |1 Xs) Hf T, (X1(5)) Xa(s)ds

—Tn

ft Xg(s) ds

t—Tn

t
> —Vnon | Xall S (1 Xa(s)ll ds

—Tn

> _\/ﬁ(;n ”X2”

t
> by |X]? — Sv/b, [ 1| Xa(s)|?ds
t

—Tn

so that

Vi() > las) HX4+2_1 ’a§1’F5(~)X289na3

I
+ (Sgna3F7(.)X2, X2> — <47t ‘agl‘ F5(.)X2, F5(.)X2 >

—(\1+ 3T Xl — = (A + 3V/80) T || X
t
+ (M =3V [ [ Xa(s)Pds+ .+ (A — $/05,)
t—T
t 9 '
1) ds.

Let \; = %\/ﬁdz and 7 = max7;, (i=1,2,...,n). Hence, we obtain

Vi() > (sgnasFr()Xs, Xa) — < 471 ]a;] F5() X2, F5() X2 >

—/ndim | Xo|* — .. = Vb, || X[
> {6 — /061 + ...+ 0,)7} | X2
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5 .-
Ifr< N CTEE L then, for some positive constant k, we have

Vi) > k|| X2 > 0.

Finally, Vl() = 0 for all t > 0 necessarily implies that X5 = 0. Hence,
it follows that

X1 = & (constant vector), Xy =X'=0,..,Xg=X" =0

for all £ > 0 so that

t

/ i (X1(5)) Xa(s)ds

t—71

> — [| Xzl

Therefore, the estimates V;(.) = 0 and (1.5) imply X; = X = ... =
Xg = 0, since H;(&1) = 0 if and only if & = 0. It now follows that func-
tional V] thus has all the requisite Krasovskii [5] properties subject to the
conditions of Theorem 2.1. By this discussion, we can conclude that the
zero solution of Eq. (1.3) is unstable.

The proof of Theorem 2.1 is completed. O

The second main result of this paper is given by the following theorem.

Theorem 2.2. Let all the assumptions imposed to Aq, ..., As, Gg, G7 and
G's and the conditions

Ai(A1) > a1 > 0,0(A2) <ag <0, )\Z‘(A4) > a4 >0,
Ai(Gg(X2)) < 0,(G7(Xq, ..., Xo(t — 7)), X1) >0

and

<G8<X1,...,X8(t — Tn)),X1> > 0, (X1 7'é 0),

hold for arbitrary X1, Xi(t — 1), ..., Xs(t — 7,), where aj, az and a4 are
certain constants.
Then, the zero solution of Eq. (1.4) is unstable.
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Proof. Let the Lyapunov function Va(.) = Vo(X7, ..., Xg) be defined by

V() = (X1, Xg) — (A1X1, X7) — (A2X1, X6) — (A3 X1, X5)

(Ag X1, Xyq) — (A5 X7, X3) + (X2, X7) + (A1 X2, X6)

+ (A2 X2, X5) 4+ (A3X2, Xu) + (A1 X2, X3) + 3 (A5 X2, Xo)
(
(

— (X3, X6) — (A1X3, X5) — (A2 X3, X4) — 3 (A3X3, X3)
1

+ (X4, X5) + 5 (A1 X4, Xu) — < X1, [ Gg(0X2) Xodo > .
0

It follows that
V5(0,0,0,0,0,0,0,0) = 0.
Let
Ex = (541, ...,€4n).
Then
5(0,0,0,¢%,0,0,0,0) = %al lex||> >0

for ex (# 0) so that every neighborhood of the origin in the (X7, Xo, ..., Xg)—
space contains points (p1, p2, ..., ps) such that Va(p1, p2, ..., ps) > 0.
Let
(X1, Xg) = (Xa(t), ..., X5(t))
be an arbitrary solution of (1.6).

By an elementary calculation along the solutions of (1.6), the time
derivative of the function V5 results in

Vo) = (X5, X5) — (A2Xy, X4) + (A4 X3, X3)
+ <G7(X1, ceey Xg(t - Tn)), X1>
+ (Gg(Xl, e Xg(t — Tn)), X1>

1
—< Xg,fGﬁ(O’XQ)XQdO’ > .
0
Using the assumptions of Theorem 2.2, \;(A2) < as < 0, A\j(A4) > aq >
0, Xi(Gg(z2)) <0, X1G7(.) > 0 and X1Gs(.) > 0, (X1 # 0), it follows that

Va() > 1 X5)7 = ao | Xal? + aq | X352
+ <G7(X17“'7X8(t - T))7X1> >
+<G8(X1,...,X8(t—7‘)),X1>

1
- < XQ,fG6(O'X2)X2dU > 0.
0

Thus, if the assumptions of Theorem 2.2 hold, then Va(.) is positive
semi definite.
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On the other hand, Vo = 0 for all ¢ > 0 necessarily implies that X; =0
and therefore also that

X1 =X=0,Xo=X=0,...Xs=XD =0
for all £ > 0 so that
X1 =Xo=..=Xg=0,(t>0).

On the other hand, noting Va(.) = 0 and (1.6), we obtain X; = Xy =
... = Xg = 0 since Gs(p1, ..., ps(t — 7)) = 0 and G7(p1, ..., p2(t — 7)) = 0,
if and only if p; = ps = 0. It now follows that the Lyapunov function
Va(.) thus satisfies all the requisite Krasovskii [5] properties subject to the
conditions of Theorem 2. By the above discussion, we conclude that the
zero solution of Eq. (1.6) is unstable.
The proof of Theorem 2 is completed. O
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