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Abstract

In this paper we establish two common fized point theorems in fuzzy
2- metric spaces. These theorems are generalizations of the Banach
Contraction mapping principle and the Kannan’s fixed point theorem
respectively in fuzzy 2-metric spaces.
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1. Introduction

L. A. Zadeh introduced the notion of fuzzy sets in 1965. The importance
of the introduced notion of fuzzy set was realized and has successfully been
applied in almost all the branches of science and technology. Recently fuzzy
set theory has been applied in introducing different classes of sequences and
for investigating their different properties by Tripathy and Baruah [11], Tri-
pathy, Baruah, Et and Gungor [12], Tripathy and Borgohain [13], Tripathy
and Dutta [14], Tripathy and Sarma [16]. Fuzzy topological spaces has
been investigated by Tripathy and Debnath [14], Tripathy and Ray [17]
and many others.

Kramosil and Michlek [10] introduced the concept of fuzzy metric space
in 1975 and fixed point theorems for fuzzy metric space was first obtained
by Heipern [9]. Later George and Veeramani [7] modified the notion of
fuzzy metric space with the help of ¢-norm and defined the Hausdoff topol-
ogy of fuzzy metric spaces.

Gabhler ([5], [6]) investigated the properties of 2-metric space and then
authors investigated contraction mapping in 2-metric spaces. The idea of
fuzzy 2-metric space was used by Sharma [11] and obtained some fruitful
results.

Ciric [4] has introduced a generalization of the Banach Contracion map-
ping principle in fuzzy metric spaces. In one theorem we have extended the
result of Ciric [4] to coincidence point theorem of three mappings. In an-
other theorem we have proved a fixed point result for generalized Kannan

type mapping.

2. Preliminaries and definitions

Definition 2.1. An operation * : [0,1] x [0,1] x [0,1] — [0,1] is called
a continuous ¢t-norm if ([0,1], *) is an abelian topological monoid with the
unit 1 such that for all a,b,c,d, e, f € [0, 1]

axbxc<dxex f whenever a < d,b<e,c<f.

The following are some examples of ¢t-norm.
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Example 2.1. Minimum t-norm (xu7) : *p(x,y) = min{z, y}.
Example 2.2. Product t-norm (xp) : xp(z,y) = z.y.
Example 2.3. Lukasiewicz t-norm (xr,) : *1(x,y) = maz{z+y—1,0}.

Definition 2.2. The 3-tuple (X, M, *) is called a fuzzy 2-metric space
if X is an arbitrary set, * is a continuous t-norm and M is a fuzzy set in
X3 x [0,00) satisfying the following conditions for all z,y,z,u € X and
t1,to,t3 > 0.

(1) M(z,y,2,0)=0.

(2) M(z,y,z,t) =1 for all £ > 0 when at least two of the three points
are equal.

(3) M(z,y,z,t) = M(x,z,y,t) = M(y, z,x,t) (Symmetry about three
variables).

(4) M($> Y, 2,1 +t2+t3) > M(ZL‘, Yy, u, tl) *M(.’L‘, U, z, t?) * (M(uv Y, %, t3)'
(This corresponds to tetrahedron inequality in 2-metric spaces).

(5) M(z,y,z,.):[0,00) —[0,1] is left continuous.

(6) lim M(z,y,z,t) =1 for all z,y,z € X and ¢t > 0.

t—o0

Lemma 2.3. Let (X, M, %) be a fuzzy 2-metric space. Then M (z,y, z, .)
is non-decreasing function for all z,y, z € X.

Proof. Suppose M(z,y,z,t) > M(z,y,z,s) for same s,t > 0 with
s >1.

Then we have,

M(z,y, z,t)

> M(z,y, 2, 5)

> M(2,y,y,5+5)* M(2,y,2,t) « M(y,y,2,5 — 5)
> 1% M(z,y,2,t) %1
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= M(zx,y,z,t),
which is a contradiction.

Hence M (z,y, z,.) in non-decreasing.

Definition 2.4. A sequence {z,} in a fuzzy 2-metric space (X, M, *)
is said to converge to x in X if and only if nh_)mooM(xn,a:, a,t) = 1 for all

a€xandt>0.

Definition 2.5. Let (X, M, *) be a fuzzy 2-metric space. A sequence
{zn} in X is called Cauchy sequence, if and only if

lim M(xp4p,Tn,a,t) =1for alla € X and p > 0, > 0.

Definition 2.6. A fuzzy 2-metric space (X, M, x*) is said to be com-
plete if and only if every Cauchy sequence in X is convergence in X.

The following definition is given by Hadzic and Pap [7].

Definition 2.7. A ¢t-norm * is said to be Hadzic type t-norm if the fam-
ily {¥P},en of its iterates defined for each s €(0,1) by *%(s) = 1, P+ (s) =
*(%P(s), s) for all p > 0 is equi-continuous at s=1, that is, given A >0, there
exists n(A) €(0,1) such that 1 > s > n(\) = x(p)s) > 1 — A forallpe N.

Lemma 2.8. Let (X, M, ) be a fuzzy 2-metric space such that
M(z,y,a,t) — 1 as t — oo for all z,y € X, where * is a Hadzic type
t-norm. If the sequence {z,} in X is such that for all n € N,

(2.1) M(zy, Xpi1,a,t) > M(2p—1,2n,a,t/k),

where 0 < k < 1,¢ > 0, then the sequence {z,} is a Cauchy sequence.
Lemma 2.9. M is a continuous function on X3 x (0, c0).
Definition 2.10. Two mappings f,g : X — X, where X is a non-

empty set, are said to be weakly compatible if they commute at their coin-
cidence point, that is for any x € X, fx = gx implies that fgzr = gfx.
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Definition 2.11. (¥-function). A function #: [0,1] x [0,1] — [0,1] is
said to be a U-function if

(1) % is monotonic increasing and continuous.

(2) 9(t,t) >t for all 0< ¢ <1.

Example 2.4. Some examples of W-function are,
(@)(z,y) = /3T

(b)¥(x,y)=min {z,y}, where z,y €[0.1].

3. Main results

Theorem 3.1. Let (X, M, *) be a fuzzy 2-metric space such that

M(z,y,a,t) —1 ast — oo for all z,y € X, where * is a Hadzic type t-norm
and let A, B,g: X — X be three mappings such that,
(i) gX is closed.
(ii)) AX CgX and BX C gX.
(éii) M (Ax, By, a, kt) + q (1 - max ( M(gx,By,a,kt), M(gy,Ax, a, kt)))
> M(gz, gy, a,t),
(3.1)

where z,y € X, x #y, t >0 and 0< k <1.
Then mappings A, B and g have a coincidence point.

Proof. Let zp € X be an arbitrary point. A sequence {z,} € X is
constructed by gx1 = Axg, gxo = Bxy, grg = Axo for allm € N,

9Ton—1 = ATopn_2, gTon = Bxay_1.

This is possible by condition (i7) of the theorem. If x,, = x4 for some
n, then the proof of the theorem is trivial. So let x,, # x, 11 for all n € N.
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Now, putting = = xa,, and y = z2,41 in (3.1), for all ¢ >0,
We have,

M (Axay, Bxopi1,a, kt) + q(1 — maxM (gzxay, Brant1,a, kt),
M(gX2n+17 AxQTL? a, kt))

> M(gzan, gTan+1,a,t)
= M(922n+1, 9Tant2, a, kt) + q (1-maxM (gxon, gx2n+2, a, kt),

M(gX2n+1, 9gran+1, a, kt))
> M(gzan, gTan+1,a,t)

= M(gxant1, gTont2,a, kt) + q(1 — 1)
2 M(gxnv 9gTon+1, 4, t)

Hence, for all ¢ >0; n > 0, we have

(3.2) M(gzon+1, 9Tant2, a, kt) > M(gzon, 9Tont1,a,t).

On considering, = = x93, and y = x9,_1 in (3.1), for all ¢ >0, we have,

M(Af[fQTL? Bm?n—l; a, kt) + q(1 — maxM(ngm BxQn—l, a, kt)7
M(gnan—1, Azan, a, kt)).

> M (gxon, gron—1,a,t).

= M(gzan+1,9%on, a, kt) + q(1 — max M (gxan, gxon, a, kt),
M(gx2n—1,9Ton+1, a, kt)).

> M(gxan, gTon—1,a,t).

= M(gron+1,9%on, a, kt) + q (1-1) > M(gzon, gTon—1,a,t).

Thus, for all £ >0,n € N, we have,
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(33) M(g$2n+1, gTon, a, kt) > M(glﬁna gTon-1,4a, t)
From, (3.2) and (3.3), for all n >0 and ¢t >0, we have

M(g:rn, gTn+1, a, kt) > M(gxnfla gZn, 4, t)

Then, from Lemma 2.8, we conclude that gz, is a Cauchy sequence.
Since,g X is closed, there exists n € X Such that,

T
(3.4) m gTp = gT.
n — 0o

From (3.4) and the fact that x,, # x,4+1 for all n € N, without loss of
generality, we assume that x, # x for all n € N, otherwise there exists a
subsequence with this property.

Putting © = x9, and y = z in (3.1), for all ¢ >0 and n € N, we
have M (Axay,, Bz, a, kt) + q(1-maxM (gxaoy, Bz, a, kt), M (gx, gron+1, a, kt)
> M(ngHagx)aﬂt)'

Taking n — oo on both sides of the above inequality, by Lemma 2.9
and using (3.4), we have

I
(3.5) 1m M(Axoy,, Bz, a, kt) = 1.
n — oo
Now, for all ¢ >0 and n € N, we have
M (gzx, Bz, a,t)
> M(gx, gron+1, a,t—kt)x(M (gx, Bx, grop+1, kt/2)*M (gxon+1, Bx, a, kt/2)
= M(gz, gron+1,a,t—kt)x M (gz, Bx, Ax2n, kt/2)* M (Axa,, Bz, a, kt).
Taking n — oo in the above inequality from (3.4) and (3.5), we have

for all t >0, M (gz, Bx,a,t)= 1, which implies that

(3.6) Bz = gz.
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Putting © = = and y = x2,—1 in (3.1), for all ¢ >0, we have
M(Az, Bxop_1,a, kt)+q(1—maxM (gz, gxon, a, kt), M (gxon—1, Az, a, kt))
2 M(g:r, gron—1,a, t)

On taking n — oo both sides of the above inequalities, by Lemma 2.9
and using (3.4) we have,

.
(3.7) ™ M(Az, Bron_1,a, kt) = 1.

n — oo

Now, for all ¢ >0 and n € N, we have,

Mgz, Az, a,t)

> M(gx, grop, a,t — kt) * M (gzay, Az, a, %) x M (gx, Az, gxan, %)

= M(gz, gzon,t(1 — k)) * M(Bzo,—1, Az, a, %) « M (gx, Az, Bxoy_1, %)
Taking n — oo in the above inequality, using (3.4) and (3.7), we have

for all t >0, M(gz, Az, a,t) = 1, which implies that

(3.8) Ax = gx.
From (3.6) and (3.8) we conclude that

Az = Bx = gx, that is, = is a coincidence point of the mappings A, B
and g.

Theorem 3.2. Let (X, M, *) be a complete fuzzy 2-metric space such
that M(z,y,a,t) is strictly increasing in the variable ¢t and M (z,y,a,t) —
1 ast — oo for all x,y € X, where * is a Hadzic type t-norm. let
A,g: X — X be two self mapping on X, such that the following con-
ditions are satisfied:

(i) gX is closed.

(i) AX C gX.



Banach’s and Kannan’s fized point results in fuzzy 2-metric spaces 367

(id1) M (Az, Ay, a, kt) + q(1-maxM (g, Ay, a, kt), M (gy, Az, a, kt))

(3.9) > (M (gx, Ax,a,t), M(gy, Ay, a,t)) for all z,y € X,
where ¢ = q(z,y,a,t) > 0,t > 0,0 < k < 1 and ¢ is a ¥-function.

ThenA and g have a coincidence point. Further if (A, g) is a weekly
compatible pair, then A and g have an unique common fixed point.

Proof. Let g € X be any point. We construct a sequence {z,} as
follows:

y1 = gxr1 = Axg, Y2 = gro = Axy and in general y, = gx, = Ax,_1 for
alln € N.

This is possible by condition (ii) of the theorem.

Further we assume that y, # y,+1, for all n € N, otherwise g and A
have a coincidence point.

Thus, for all ¢ >0, n € N, we have

(3.10) 0 < M(Yyn,Yn+t1,a,t) < 1.
Putting = z,, and y = x,,—1 in (3.9) for all ¢ >0, we have

M(Axy, Axp—1,a, kt)+q(1—max M (gxy, Axpn_1,a,kt), M(gxn—1, Axp,a, kt))

2 w(M(g'xna Amna a, t)? M(gxn—la Amn—la a, t))

= M(g$n+1, gTn, a, kt)+Q(1_mamM(g$n7 gTn, a, kt)u M(gflfn_l, gTn+1,Q, kt))

2 Ilb(M(gmnu 9Tn+1, a, t)7 M(gl’n_l, gTn, a, t))
= M(9Tn+1,9%n, a, kt) + q(1 — 1)
> w(M(glUm 9Tn+1, Q, t)> M(gwn*h 9T, a, t)

= M(ynJrlvynva? kt) > (M(ynayn+laa’7t)7M(yn71ayna a, t)
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If M(yn—1,Yn,a,s) > M(yn,Yn+1,a,s) for some s > 0, from the above
inequality, using properties of y and (3.10), we obtain

M(ynJrlv Yn, G, k‘S) > w(M(ym Yn+1, @, 3)7 M(yn+1v Yn, Q, 5)
2 (M@m Yn+1, Q, S)
Hence a contradiction

Thus, for all n € N and ¢ >0, we have,

(3.11) M (Yn, Yn+1, a, kt) > M (Yn—1,Yn,a,t).

Then from Lemma 2.8 we conclude that {y,} is a Cauchy sequence.

Since X is complete, then there exists z € X. such that
lim

Therefore,
li li lim
(3.12) m Yn = m 9Ty = Axy, = 2.
n — oo n — 00 n — 00

Since gX is closed, there exists u € X such that

(3.13) gu = z.

Putting x = u and y = x,—1 in (3.9), for all ¢ >0, we have
M(Au, Axy—1, a, kt)+q(1—max M (gu, Axy—_1, a, kt), M(gx,—1, Au, a, kt))
> (M (gu, Au, a,t), M(gxn—1, ATn_1,a,t).

Taking n — oo on both sides of the above inequality, for all ¢ > 0, we
have,

M(Au, z,a,kt) + (1 — maxzM (gu, z, a, kt), M(z, Au, a, kt))

2 /IJZ}(M(Z7 Au’ a7 t)? M(z7 Z? a7 t)'
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= M(Au, z,a,kt) + ql — 1) > (M (z, Au,a,t), M(z, z,a,t)).
Thus, for all ¢t >0, using the properties of W-function, we have
M(Au, z,a, kt) > (M (z, Au,a,t), M(z, z,a,t)

> (M(Au, z,a,t), M(Au, z,a,t)

> M(Au, z,a,t).
The above inequality implies that Au = z

Hence from (3.13), we have

(3.14) Au = gu = z.

Therefore, u is a coincidence point of A and g.

Next let (A, g) be a weekly compatible pair of mapping. Then from
(3.14), we have gAu = Agu, that is

(3.15) gz = Az.

On putting z = 2,y = x,—1 in (3.9), for all ¢ >0 we have
M(Az, z,a,kt) + q(1 — mazM (gz, z,a,kt), M(z, Az, a, kt))
>(M(gz, Az, a,t), M(z,z,a,t)).

= M(Az, z,a,kt) + q(1 — maxM (Az, z,a,kt), M(z, Az, a, kt)) > (1 —
1) =1.

by (3.15), that is, M (Az, z,a,kt) + q(1 — M(Az, z,a,kt)) > 1.
Thus, for all ¢t >0, M(Az, z,a,kt) = 1.

Which implies that



370  Binod Chandra Tripathy, Sudipta Paul and Nanda Ram Das

(3.16) Az = z.
From (3.15) and (3.16) we have

Az =gz = z. So, z is a fixed point of A and g.

To prove the uniqueness, Let z; and 29 be two distinct fixed point, that
is,

Az = gz1 = z1 and Azo = gzo = 2o.

Putting x = 21 and y = 23 in (3.9), for all ¢ >0, we have

M(Az, Aza, a, kt) + q(1 — maxM (gz1, Aze, a, kt), M (gza, Az1, a, kt))

> (M (gz1, Az1, a,t), M(gz2, Az, a,t))

> M(z1, 22, a, kt)+q(1—M (21, 22, a, kt)) > (M (21, 22, a,t), M (22, 22, a, t)).
= M (z1,22,a,kt) + q(1 — M(z1, 22, a, kt)).

>1(1,1) = 1.

= M(z1, 22,a,kt)(1 —q) > (1 —q).

Therefore, for all t >0, we get

M (z1, 22,a,kt) = 1.

= 21 = 2.

Hence the common fixed point is unique.

This establishes the Theorem.

Corollary 3.3. Let (X, M, *) be a complete fuzzy 2-metric space such

that M (x,y,a,t) is strictly increasing in the variable t and M (z,y, a,t) —1
as t — oo for all z,y € X, where * is Hadzic type ¢-norm.
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Let A: X — X be a self mapping on X which satisfies the following
conditions for all z,y € X:

M(Azx, Ay, a, kt) + q(1 — max M (x, Ay, a, kt), M (y, Az, a, kt)).

(3.17) > P(M(x, Az, a,t)M(y, Ay, a,1)),

where ¢ = q(z,y,a,t) > 0,t > 0,0 < k < 1 and 1 is a ¥-function. Then A
has a unique fixed point.

Proof. on considering gz = z for all x € X we can proof this by The-
orem 3.2.

Corollary 3.4. Let (X, M, ) be a complete fuzzy 2-metric space such
thatM (z,y, a,t) is strictly increasing in the variable t and M (x,y,a,t) — 1
as t — oo for all z,y € X.

Where * is a Hadzic type t-norm.

Let A: X — X be self mapping on X.

Which satisfies the following inequality for all z,y € X

(3.18)  M(Az, Ay,a,kt) > $(M(x, Az,a,t), M(y, Ay,a,t)).

Where t > 0,0 < k < 1 and % is a W-function, then A has a unique
fixed point.

Proof. Taking ¢=0 and gz = z for all z € X in Theorem 3.2 we can
proof this result.

Corollary 3.5. Let (X, d) be a complete metric space and A: X — X
be a mapping which satisfies the following inequality:

(3.19) d(Az, Ay) < g[d(:n, Az) + d(y, Ay)),

where 0< k <1, z,y € X. Then A has a unique fixed point.



372  Binod Chandra Tripathy, Sudipta Paul and Nanda Ram Das

Proof. Consider the corresponding fuzzy 2-metric space (X, M,x),
where

M(z,y,a,t) = m and ¢ * d = minc, d.

We prove that the inequality (3.19) implies the inequality (3.18) with

P(x,y) = min{z,y}.

Assume the contrary, then from (3.19) for some ¢,

W < mind gty Trav A )
that is, t + +d(Az, Ay) > t + d(z, Az)
and t + td(Az, Ay) > t + d(y, A)
That is, d(Az, Ay) > £[d(z, Az) + d(y, Ay)),
Hence a contradiction.
This completes the proof.
=yl

Example 3.1. Let X= [0,1] and let M (z,y,a,t) =e 7

Let * be a Hadzic type t-norm, then (X, M, %) is a complete fuzzy 2-
metric space Let A,g: X — X be defined as follows:

Ax=1

and
gr=(2+x)/3,

where x €[0,1] and ¥ (z,y) = zy. Then all the conditions of Theorem 3.2
are satisfied and 1 is the unique common fixed point.
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