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Abstract

In this paper we characterize the boundedness, closed range, in-
vertibility of the multiplication operators acting on sequence spaces
wy(f) defined by a modulus function. We also make an efforts to
study some properties of composition operators on these spaces.
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1. Introduction and Preliminaries
A modulus function is a function f : [0, 00) — [0,00) such that
1. f(z) =0if and only if x = 0;
2. flx+y) < f(x)+ f(y) for all z > 0, y > 0;
3. f is increasing;
4. f is continuous from right at 0.

It follows that f must be continuous everywhere on [0,00). The mod-
ulus function may be bounded or unbounded. For example, if we take
f(z) = 55, then f(z) is bounded. If f(z) = 2P, 0 < p < 1, then the
modulus f(z) is unbounded. Subsequently, modulus function has been dis-
cussed in ([2], [7], [9]) and many others.

For any sequence z, write

1 m
A = dpmn () = m+ 1 an-f—i-
=0

G. G. Lorentz [6] proved that

¢ = {ZL‘ : lim dpp(z) exists uniformly in n}
m—0o0

Khan M. A. [3] extend the definition of dy,, to m = —1 by taking
d—1n = Zp—1, then write for m,n >0

tn = tmn(w) = dmn(x) - dmfl,n(x)-
A straight forward calculation then show that

1 m
t = — _ .
mn m(m T 1) UEZI U(il?nJrv Tn+ov 1)

If f is a modulus function and homogeneous of degree 1, then we define
a sequence space as

wp(f) = {@:sup 3o mP ™ f([tmn(@)?) < 00}
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The space wy(f) with the norm

lell = sup { 3 w2 Ftan(@P)} 7. p 21 for @€ wy(f)
n m=1

is a Banach space.

Let v: N — N and v : N — C be two mappings.
Then the bounded linear transformations

Tv : wp(f) - wp(f)
and
My = wy(f) — wp(f)

defined by (T,h)(z) = h(v(z)) and (Myh)(x) = u(z)h(x) are called compo-
sition and multiplication operators respectively. By B(wp(f)), we denote
the set of all bounded linear operators from w,(f) into itself and [z(u)]
denote, the set {n € N : u(n) = 0}. For more details about the study of
multiplication and composition operators see ([1], [4], [5], [8], [10], [11]).

In this paper we study multiplication and composition operators acting
on sequence spaces wy(f) defined by a modulus function.

2. Multiplication operators acting on sequence spaces defined
by a modulus function

In this section we characterize multiplication operators acting on wy(f).

Theorem 2.1. Let M, : wy(f) — wy(f) be a linear transformation.
Then M, is a bounded operator if and only if there exists M > 0 such that

£ (1)t (@)P) < M (ftmn(2)])”

for allm e N.
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Proof. Suppose that the condition of the theorem is true. For x €
wp(f), we have

s%p io: mpflf(|u(m)tmn(a:)|p) < Msup io: mpflf(|tmn(a:)|p) < 00.
m=1

m=1

Thus M,z € wy(f). Further,

My ()] = Sgp{ i mpflf(]u(m)tmn@ﬂp)}l/p

Msup { S f (@) }

m=1

MJz].

IN

IN

This proves the continuity of M, at the origin and hence everywhere in
view of linearity of M,,.

Conversely, if the condition of the theorem were false, then for every
integer k& > 0 there exists ny € N and y; = y € R™ such that

F ([t (w)”) > kf (Femn (2) )

Let gx = tmn(yk)X{nk}' Then

kllgrll = kHtmn Yk) X{ni}

— (Sup Z mP~1 (|tmn yk)|)p) e

< (sup Z mP~ 1f(|u(nk)tmn(yk)])p> 1

=1

= (sup Z mP~Lf| M, gk\p>

m=1

= || Mugel| -
This proves that M, is not bounded. Hence the condition must be true.
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Theorem 2.2. Let AM,, = M,A. Then A is a multiplication operator.

Proof. Let V = Ae. Then
Ae, =AM, e = M., Ae = M.,V =€,V = Ve, = Mye,.

We now prove that V' induces a multiplication operator. If V' does not
induce a bounded operator, then for every k € N, there exists ni € N such
that

F(IV () tmn () ) > mf (It ()l
Let gr = tmn(Yr)en,. Then

Fllgrll = Flltmn(yr)en |l
= k(sup > m”’lf(ltmn(yk)l)p)l/p
" m=1

< (sup 3w (VO tnan)l)”)

m=1

= (sup > mp_lf!Agk\p)l/p
" m=1
= [|Agkll,

which contradicts the continuity of A. Hence A must be a bounded opera-
tor and A = My .

Theorem 2.3. Let M, € B(w,(f)). Then M, is invertible if and only
if there exists € > 0 such that

f(|u(k)tmn(y)|p> > 6f(|tmn(y)|p), VpeN and y e R™.

Proof. We first assume that there exists € > 0 such that
(1)t )I) = ef (Jtma(®)P), Vp € N and y € RT.

Now
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[timn (y)IP w(k) P |tmn (y) [P
fagp) < Er T

= f(—tmn(y) |p) or

1 1
it @] < 1 (@), ¥peN.

This proves that My is a bounded operator, where V = % Clearly My
is inverse of M,,.

Conversely, suppose that M, is invertible with My, as its inverse. Clearly
V= % Hence by continuity of My , there exists M > 0 such that

F(IV ) tan@)P) < Mf(tun(®)P), Vk €N and y € R,

Or equivalently

ligigitmn @) < ME ()P,
Taking
tn ()] = [k tmn (9)],
we get
F(Iomn@)[7) < MF(Ju(k)tmn ()17
F (kY tmn )IP) = <= F([tmn ()?) Ve € N

Taking € = ﬁ, we get

F([utk)tmn@)P) = ef ([tmn(y)I7).

Hence the condition must be true.

Theorem 2.4. Let M, € B(wy(f)). Then M, is Fredholm if and only
if
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(i) [Z(u)] is a finite set
(i) there exists € > 0 such that

/

F([k)tan @)I) = ef ([tma(@)?) ¥ m € [Z(u)].

Proof. If [Z(u)] is a finite set, then kerM,, is finite dimensional. From
the condition (ii), M, has closed range.

Moreover dim(wy(f)/ranh,) is finite. This proves that M, is Fredholm.

The converse of the theorem is obvious.

Corollary 2.5. Let M, € B(wp(f)). Then M, has closed range if and
only if there exists § > 0 such that

F(lu®)tmn @) = 67 (Jtmn@)P), ¥k € [Z(w)] andy € R

Proof. Assume that the condition of the theorem is true. Let h € ranM,,.

Then there exists a sequence {h,, } such that M,h,, — h that is || M,h, —
Myh|| — 0 as n — co. Now {M,h,} is a Cauchy sequence. Therefore for
every € > 0 there exists ng € N such that

|| Mytmnhn — Mytpnhi|| < € Vn, k> ng.

Now

d sup Z mp_lf(|tmn(hn - hk)|p> < sup Z mp_lf(|u(m)tmn(hn - hk)|p)
nelZ(u)]’ m=1 nelZ(w) m=1

< € Vnk>ng(1)
Define

(k) _{ ha(k), if m € [Z(u)]

0, elsewhere.

Then from (1) it follows that {hy,} is a Cauchy sequence in wp(f). But
wy(f) is complete.
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Therefore there exists h € wp(f) such that B, — i~z.~ Hence by continuity
of M, we get Myhy, = Myh, — Myh. Hence h = M,h so that h € ranM,,.
Thus M, has closed range.

Conversely, if the condition of the theorem were false, then for every
positive integer k there exists ny € N and y; € R such that

£ (1)t @)?) < 1/ (Itamnyil?).

Let g, = tmnka{nk}

Then
| Mugk|| = sup{ Z mp_lf(|u-9k|p)}l/p
n m=1

= sup{ 30 Pt )}

n m=1
< Uksup { 3 m F(ltna())}

n m=1

= 1/k [lgrll-

This proves that M, is not bounded away from zero so that M, does
not have closed range.

3. Composition operators acting on sequence spaces defined
by a modulus function

In this section we study some properties of composition operators on wy(f).

Theorem 3.1. Let T, : wy(f) — wyp(f) be a linear transformation.
Then T, is a bounded operator if there exists M > 0 such that

S>> mP T (Jtwn(@) ) < Mo f ([t (@)]?)

kev—1(n)
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Proof. Suppose that the condition of the theorem is true. If € wy(f),
then

supz > o f(lt@)l) < Msupzmp L ([t (@))

m= 1k€v_1 (n) m=1

< oo,which shows that T« € w,(f). Further,
1/p
Tl = sup{ > ™ (fmnr o wlh R)

(ST (o))

m=1kev—1(n)

< Msup{ f: mp_lf(ltmn(év)lp)}l/p

n m=1
< M]Jal|1.(2)
The continuity of T, at origin follows from the inequality (2). Since T,
is linear, so it is continuous everywhere.

Theorem 3.2. Let T, € B(wy(f)). Then T, has closed range if there
exists 0 > 0 such that

Z mp 1f(|15 k(T )|p> > 5mp*1f(|tmn(x)|p> for every m € N.(3)

kev—1(

Proof. We assume that the condition (3) is true. We have to show that
T, has closed range. Let x € ranT; and let {z'} be a sequence in wy(f)
such that T,2™ — x. Then for every e > 0 there exists positive integer ng
such that
| Tpz! — Tyl || < e Yi,j > ng.

Equivalently,

e > sup{ > Y w0 ulk )—xjov(k))|p)}1/p

m=1gev—1(n)
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> 5sup{ i mpilf(’tmn(xi - mj)’p)}l/p
n m=1

= J|lz* — 27|, Vi,j > no(4)

from (4) it follows that {z'} is a Cauchy sequence in w,(f). In view of
completeness of wy(f), there exists y € wy(f) such that 2° — y. From the
continuity of T}, T,,a’ — T,y. Hence z = T,y so that « € ranT,. Hence
ran T, is closed.

Theorem 3.3. Let T;, € B(wy(f)). Then T, is an isometry if

> ([t @)7) = mP 7 f (o (2)7).

kev—1(n)

Proof. If the condition of the theorem is satisfied, then for every z €
wp(f), we have

1 Toz|| = sgp{i 3 mp_lf(!tmkx]p)}l/p

m=1kecv=1(m)

Hence T, is an isometry.

Theorem 3.4. Let T, € B(wy(f)). If T}, is an isometry, then

sup 30 K (Jtar(@)[P) = supm? L ([ ]?).

" kev1 (m)

Proof. The proof is trivial.
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