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Abstract

It is known that commutative algebras satisfying the identity of
degree four ((yx)x)x+ γy((xx)x) = 0, with γ in the field and γ 6= −1
are locally nilpotent. In this paper we study the birrepresentations
of an algebra A that belongs to a variety V of locally nilpotent alge-
bras. We prove that if the split null extension of a birrepresentation
of an algebra A ∈ V by a vector space M is locally nilpotent, then
it is trivial or reducible. As corollaries we get that if A is finitely
generated, then every birrepresentation is trivial or reducible and that
every finite-dimensional birrepresentation is equivalent to a birrepre-
sentation consisting of strictly upper triangular matrices. We also
prove that the multiplicative universal envelope of a finitely generated
algebra in V is nilpotent, therefore it is finite-dimensional.
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1. Introduction

Let A be a commutative algebra over a field K, of characteristic 6= 2,
satisfying the identity of degree four

((yx)x)x+ γy((xx)x) = 0.(1.1)

Remark 1. It is immediate that every commutative algebra A satisfying
(1.1) with γ 6= −1, satisfies the identity

((xx)x)x = 0.(1.2)

A very important unsolved problem in non-associative algebra is the one
known as Albert’s problem. This problem consists in to find out whether
every finitely dimensional commutative power-associative algebra is solv-
able. The usual approaches to solve this problem consist in to consider
specific values of some parameters as the dimension or the nilindex of the
algebra. A different approach consists in to assume that the algebra satisfies
other additional identities.

With this aim and considering remark 1, Correa, Hentzel and Labra
[CHL] studied commutative algebras satisfying (1.1). In that paper they
proved that any finitely generated algebra satisfying (1.1) with γ ∈ {0, 1} is
nilpotent. Later Behn, Elduque and Labra in [BEL] generalized this result
by proving that if γ 6= −1, then any such algebra is locally nilpotent.

Example 1. Let A be a commutative real algebra with basis {x1, x2, x3, z}
with the following multiplication table:

x1 x2 x3 z

x1 x2 x3 0 0
x2 x3 x3 0 x3
x3 0 0 0 0
z 0 x3 0 x2 + x3

We observe that for every a, b, c, d ∈ A, we have that
ab ∈ Rx2 +Rx3, (ab)c ∈ Rx3 and ((ab)c)d = 0. As a consequence we have
that ((yx)x)x = y((xx)x) = 0. Then A satisfies (1.1) for every γ ∈ R.

2. Representations and birrepresentations

Let A be an algebra over a field K which belongs to a variety V. Let M be
a vector space over K. As in Eilenberg [Eil], we define a birrepresentation
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of A in M as a linear function (ρ, λ) : A −→ End(M)× End(M). We say
that the birrepresentation (ρ, λ) is a birrepresentation in the variety V if
the space S = A⊕M endowed with the multiplication given by

(x+m)(y + n) = xy + ρ(y)(m) + λ(x)(n)

for every x, y in A and m,n in M, is an algebra in the variety V. The
space M becomes a bimodule over A. The algebra S is called the split
null extension of A by the bimodule M given by (ρ, λ). If the variety V
is contained in the variety of commutative algebras, then in the definition
above ρ = λ, we call this map µ and we talk about µ instead of (ρ, λ). In
this case µ is called a representation and M becomes a module over A.

Lemma 1. Let A be a commutative algebra over a field K with charac-
teristic 6= 2, satisfying (1.1) andM be a linear space over K. Then, a linear
map µ : A → End(M) is a representation of A if and only if for every x
and y in A the following identities are satisfied:

µ((yx)x) + µ(x)µ(yx) + µ(x)2µ(y) + γ[µ(y)µ(x2) + 2µ(y)µ(x)2] = 0.

(2.1)

µ(x)3 + γµ(x3) = 0.(2.2)

Proof. For all x, y in A and m,n inM we have that S = A⊕M satisfies
identity (1.1), that is:

(((y + n)(x+m))(x+m))(x+m) + γ(y + n)(x+m)3 = 0

holds in S. Therefore, for every, x, y ∈ A,m, n ∈M we have:

((yx)x)x+ µ((xy)x)(m) + µ(x)µ(xy)(m) + µ(x)2µ(y)(m) + µ(x)3(n)

+γ[yx3 + [µ(y)µ(x2) + 2µ(y)µ(x)2](m) + µ(x3)(n)] = 0.

Therefore, µ is a representation of A if and only if the identities (2.1)
and (2.2) hold.

2
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Example 2. Let us consider the algebra A of Example 1. Let M be a
three dimensional space over K and define µ : A −→ End(M) such that
the matrix of µ(x) in the a fixed basis is

µ(x) =

⎛⎜⎝ 0 α1 α4
0 0 α1
0 0 0

⎞⎟⎠
for every x = α1x1 + α2x2 + α3x3 + α4z ∈ A. We are going to prove that
µ is a representation of A.

If we consider x as above and y = β1x1 + β2x2 + β3x3 + β4z, we have
that

yx = (α1β1 + α4β4)x2 + (α1β2 + α2β1 + α2β2 + α2β4 + α4β2 + α4β4)x3

and

(yx)x = (α21β1 + α1β4α4 + α1β1α2 + α4β4α2 + α1β1α4 + α24β4)x3

Therefore, straightforward computations gives µ((yx)x) = 0, µ(yx) =
0, µ(x2) = 0, µ(x3) = 0,

µ(x)2 =

⎛⎜⎝ 0 0 α21
0 0 0
0 0 0

⎞⎟⎠ ,

and µ(x)3 = 0. Thus µ(x)3 + γµ(x3) = 0 for every x and

µ((yx)x) + µ(x)µ(yx) + µ(x)2µ(y) + γ[µ(y)µ(x2) + 2µ(y)µ(x)2] =⎛⎜⎝ 0 0 α21
0 0 0
0 0 0

⎞⎟⎠
⎛⎜⎝ 0 β1 β4
0 0 β1
0 0 0

⎞⎟⎠+ 2γ
⎛⎜⎝ 0 β1 β4
0 0 β1
0 0 0

⎞⎟⎠
⎛⎜⎝ 0 0 α21
0 0 0
0 0 0

⎞⎟⎠ = 0.
Hence Lemma 1 proves that µ is a representation of A.

3. Birrepresentations in an arbitrary locally nilpotent variety

Since it was proved in [BEL] that the variety of commutative algebras
satisfying (1.1) with γ 6= −1 is locally nilpotent, in order to study repre-
sentations of algebras in this particular family of varieties, we are going to
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give some general results for birrepresentatios of algebras in an arbitrary
locally nilpotent variety.

We say that a birrepresentation (ρ, λ) of A is irreducible if M 6= 0
and there is no proper non-zero subspace of M which is invariant under
all the transformations ρ(a), λ(a) ∈ End(M). Clearly, in Example 2, the
representation described is not irreducible.

Remark 2. In what follows we have some results for finitely generated
algebras in a locally nilpotent variety. Nevertheless, it is important to say
that, if an algebra A is nilpotent and finitely generated, it has to be finite-
dimensional. Let G be a set of generators of A and V is the vector space
spanned by G. We have that A =

P∞
n=1 V

n hence, when A is nilpotent the
sum is finite and when G is finite V n has finite dimension for every n, and
the result follows.

Lemma 2. Let A be a finitely generated algebra. Let M 6= {0} be a K-
vector space and (ρ, λ) is an birrepresentation of A. We have that if M is
irreducible or finitely generated, then the split null extension S = A ⊕M
is finitely generated.

Proof. Let be B = hρ(a), λ(a) | a ∈ Ai the subalgebra of End(M) gen-
erated by {ρ(a), λ(a) | a ∈ A}. Let be x1, . . . , xn be a set of generators of A.
SupposeM irreducible. Letm be a non zero element ofM . We are going to
prove that S = hx1, . . . , xn,mi. It is obvious that the subspace Bm of M
is a submodule of M . Since M is irreducible Bm = {0} ∨ Bm = M .
If Bm = {0}, then M = Km and S = A ⊕ Km = hx1, . . . , xn,mi.
Suppose now that Bm = M . For every x ∈ S we have x = a + n
with a ∈ A ⊆ hx1, . . . , xn,mi and n ∈ Bm. This implies that n is a
sum of products of m by elements in A, so n ∈ hx1, . . . , xn,mi. Finally
we get that S = hx1, . . . , xn,mi. If M is finitely generated there are
m1, . . .mk ∈ M such that every element n ∈ M is a sum of products
of mi by elements of A, thus n ∈ hx1, . . . xn,m1, . . . ,mki. Finally we get
that S = hx1, . . . , xn,m1, . . . ,mki. 2

Corollary 1. Let A be an algebra in V. Let (ρ, λ) be the birrepresentation
of A into the vector space M , such that the split null extension S = A⊕M
is finitely generated. Then B = hλ(a), ρ(a) | a ∈ Ai is a nilpotent algebra.

Proof. Since V is locally nilpotent and S is finitely generated, we have
that S it is nilpotent. A simple induction proves that BkM ⊆ Sk+1 for
every natural k, therefore B is nilpotent. 2
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Theorem 1. Let A be an arbitrary algebra and let (ρ, λ) a birrepresenta-
tion of A by a vector spaceM such that the split null extension S = A⊕M
is locally nilpotent. Therefore M is trivial or reducible.

Proof. Let B the subalgebra of End(M) generated by {λ(a), ρ(a) | a ∈
A}. SupposeM is non trivial. That means that there is an element m ∈M
such that the submodule Bm is not {0}.

If Bm = M , then there exists b ∈ B, such that m = bm. Since b ∈ B,
there is a finite set F ⊆ A such that b is a sum of products of endomorphisms
ξ(a) with ξ ∈ {ρ, λ} and a ∈ F .

Let T be the subalgebra of S generated by the finite set F ∪{m}. Since
S is locally nilpotent, we have that T is nilpotent. Since m = bm a simple
induction proves that bkm = m for every natural k. On the other hand,
since bm ∈ T 2 a simple induction proves bkm ∈ T k+1 for every natural k.
We conclude that m = 0 which contradicts the fact that Bm =M and M
is not trivial. We conclude that Bm /∈ {M, {0}}, so M is reducible. 2

The three corollaries below are valid for every variety V of locally nilpo-
tent non necessarily commutative algebras. In particular are valid for the
variety of commutative algebras satisfying (1.1) with γ 6= −1.

Corollary 2. Let A be a finitely generated algebra in V. Then every
birrepresentation of A, is trivial or reducible.

Proof. Let (ρ, λ) be the birrepresentation of A into the vector space
M and suppose it is irreducible. By Lemma 2 the split null extension S is
finitely generated, so Theorem 1 implies that M is trivial. 2

Corollary 3. Let A be a finitely generated algebra in V and let (ρ, λ) be
a birrepresentation of A into a vector space M which is finitely generated
as an A-module. Therefore there exists a basis of M such that the matrix
of ρ(x) and λ(x) in that basis is strictly upper triangular for every x ∈ A.

Proof. Since A is finitely generated andM is finitely generated, Lemma
2 implies that S is finitely generated and by remark 2 S has finite dimension,
so M has finite dimension. At this point Corollary 1 lead us to conclude
that B = hλ(a), ρ(a) | a ∈ Ai is a nilpotent associative algebra. The
result follows form the fact that M is a finitely dimensional module in the
associative sense over the nilpotent associative algebra B. 2
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4. The multiplicative universal envelope

Let V be a variety of algebra and let A be an algebra in V. The mul-
tiplicative universal envelope of A is the unique associative algebra (up
to isomorphism) M(A), endowed with a linear function (R,L) : A −→
M(A) ×M(A), such that for every birrepresentation (ρ, λ) in V from A
into End(M)×End(M) for a vector space M , there is a unique homomor-
phism φ :M(A) −→ End(M) of associative algebras such that φ ◦ R = ρ
and φ ◦ L = λ.

Let K{X} and ASS{X} respectively be the free algebra and the as-
sociative free algebra generated by a set of symbols X = {xi}∞i=1. Let be
f(x1, . . . , xn) ∈ K{X} one of the defining identities of a variety V. There
are some elements (fi)

n
i=1 of K{X} such that for every A ∈ V and every A-

module M we have that f(a1+m1, . . . , an+mn) =
Pk

i=1 fi(a1, . . . , an,mi)
in A ⊕M for every a1, . . . an ∈ A,m1, . . . ,mn ∈ M . Note that for every
element h ∈ K{X} if we evaluate h(b1, . . . , br) where at least two of those
elements are in M the result is always zero.

For every index i and every list (a1 . . . an) of elements of A, the function
m −→ fi(a1, . . . , an,m) is an element Pi of End(M).

It is possible to find elements gi ofASS{X} such that the map (a1, . . . , an)
−→ Pi has the form

Pi = gi(ρ(y1), . . . , ρ(yr), λ(y1), . . . , λ(yr)),(4.1)

where for every j, the element yj is obtained by evaluating a polynomial
identity of K{X} in the tuple (a1, . . . , an).

Therefore for every A in V and every birrepresentation (ρ, λ) is a birrep-
resentation in V if and only if we have that gi(ρ(y1), . . . , ρ(yr), λ(y1), . . . , λ(yr))
= 0 for every i and for every n-tuple (a1, . . . , an) of elements of A.

Of course all this can be generalized to a variety defined by more that
one identity, we only get a larger set of elements gi in ASS(X). We call
these identities the birrepresentation defining identities of the variety V.

As an example, we can see that if A is an associative algebra and
(ρ, λ) is a birrepresentation, it is an associative birrepresentation if and
only if ρ(x)ρ(y) = ρ(xy) and λ(x)λ(y) = λ(xy). So, if we define the
associative polynomials in five variables g1(a, b, c, d, e, f) = ab − c and
g2(a, b, c, d, e, f) = d − ef , we have that (ρ, λ) is an associative birrepre-
sentation if and only if

gi(ρ(x), ρ(y), ρ(xy), λ(x), λ(y), λ(xy)) = 0,
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for i ∈ {1, 2}. Therefore the set of birrepresentation defining identities is
{g1, g2}.

It is immediate that we can avoid the terms that do not appear in the
expression and write g1(a, b, c) = ab− c and g2(d, e, f) = d− ef for short.

In the variety defined by the commutativity and identity (1.1), since
we have the identities (2.1) and (2.2), the birrepresentation defining identi-
ties are g1(ρ(x), λ(x)) = 0, g2(ρ(x), ρ(y), ρ(x

2), ρ(yx), ρ((yx)x)) = 0, and
g3(ρ(x), ρ(x

3)) = 0 where

g1(a, b) = a− b(4.2)

g2(a, b, c, d, e) = e+ ad+ a2b+ γ[bc+ 2ba2](4.3)

g3(a, b) = a3 + γb(4.4)

Now we proceed to build the multiplicative universal envelope of A as in
[Um]. Let R(A) and L(A) be two copies of A as a vector space. LetM(A)
be the free associative algebra generated by the vector space L(A)⊕R(A)
with the relations gi(Ra1 , . . . , Rar , La1 , . . . , Lar) = 0, where the gi are the
birrepresentation defining identities of the variety V. Then M(A) is a
multiplicative universal envelope for A. In the case of our example the
relations are:

Rx − Lx = 0(4.5)

R(yx)x +RxRyx +R2xRy + γ[RyRx2 + 2RyR
2
x] = 0(4.6)

R3x + γRx3 = 0.(4.7)

So, our goal is to prove that this algebraM(A) is nilpotent and therefore
finite-dimensional when ever A is finitely generated. In other words we want
to prove the following

Theorem 2. Let V be a locally nilpotent variety of algebras and let A be a
finitely generated algebra in V. Then the multiplicative universal envelope
M(A) is nilpotent and dim(M(A)) <∞.
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Proof. As every associative algebra, the multiplicative envelopeM(A)
acts faithfully in M =M(A) ⊕K1, where 1 is a unit element. Therefore,
the function (R,L) : A −→M(A)×M(A) ⊆ End(M)×End(M) becomes
a birrepresentation of A in the vector space M . Since M is generated
as an A-bimodule by the set {Ra, La | a ∈ A} ∪ {1} and A is finitely
generated lemma 2 implies that the split null extension S = A ⊕ M is
finitely generated. Since R and L satisfies the defining identities gi we have
that S belogs to the variety V. We conclude that S is nilpotent. Since
M(A) = B = hRx, Lx | x ∈ Ai, corollary 1 implies thatM(A) is nilpotent.
Finally we deduce from remark 2 thatM(A) is finite-dimensional. 2
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