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Abstract

In their recent investigation involving differential operators for the
generalized Lagrange polynomials, Chan et. al. [3] encountered and
proved a certain summation identity and several other results for the
Lagrange polynomials in several variables, which are popularly known
in the literature as the Chan-Chyan-Srivastava polynomials. These
multivariable polynomials have been studied systematically and exten-
sively in the literature ever since then (see, for example, [1], [4], [9],
[11], [12] and [13]). In the present paper, we investigate umbral calcu-
lus presentations of the Chan-Chyan-Srivastava polynomials and also
of their substantially more general form, the Erkuş-Srivastava poly-
nomials [9]. Some other closely-related results are also considered.
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Srivastava polynomials; Erkuş-Srivastava polynomials; Umbral calcu-
lus; Pochhammer symbol; Multinomial theorem and multinomial co-
efficients; Principle of monoumbrality; Monoumbral expansions.

rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172014000100006

http://dx.doi.org/10.4067/S0716-09172014000100006


78 H. M. Srivastava, K. S. Nisar and Mumtaz Ahmad Khan

1. Introduction, Definitions and Notations

The familiar (two-variable) polynomials g
(α,β)
n (x, y), which are generated by

(1− xz)−α (1− yz)−β =
∞X
n=0

g(α,β)n (x, y)zn

³
α, β ∈ C; |z| < min{|x|−1, |y|−1}

´
,(1.1)

are known as the Lagrange polynomials which occur in certain problems in
statistics (cf., e.g., Erdélyi et al. [8, p. 267]; see also [15, p. 441 et seq.]).

The (three-variable) Lagrange polynomials g
(α,β,γ)
n (x, y, z), which are

defined by means of the generating function:

(1− xt)−α(1− yt)−β(1− zt)−γ =
∞X
n=0

g(α,β,γ)n (x, y, z)
tn

n!
(1.2)

³
α, β, γ ∈ C; |t| < min{|x|−1, |y|−1, |z|−1}

´
,

were studied recently by Khan and Shukla [10]. Subsequently, Chan et al.
[3] introduced and investigated the multivariable extension of the classical

Lagrange polynomials g
(α,β)
n (x, y) generated by (1.1).

These multivariable Lagrange polynomials g
(α1,···,αr)
n (x1, · · · , xr), which

are popularly known in the literature as the Chan-Chyan-Srivastava poly-
nomials, are generated by (see, for details, [3]; see also [4], [12] and [13])

rY
j=1

{(1− xjz)
−αj} =

∞X
r=0

g(α1,···,αr)n (x1, · · · , xr)zn(1.3)

³
αj ∈ C (j = 1, · · · , r); |z| < min{|x1|−1, · · · , |xr|−1}

´
,

so that, upon comparison with the generating function (1.2), we have the
following relationship:

g(α,β,γ)n (x, y, z) = n! g(α,β,γ)n (x, y, z)

(n ∈ N0 :=N ∪ {0}; N := {1, 2, 3, · · ·})

with the (three-variable) Lagrange polynomials g
(α,β,γ)
n (x, y, z) studied by

Khan and Shukla [10].
Clearly, the defining generating function (1.3) yields the explicit repre-

sentation given by [3, p. 140, Eq. (6)]
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g
(α1,···,αr)
n (x1, · · · , xr) =

P
k1,···,kr∈N0

(k1+···+kr=n)

(α1)k1 · · · (αr)kr
x
k1
1
k1!
· · · x

kr
r
kr !

=

k1+···+kr−1<
=
nP

k1,···,kr−1=0

(α1)n−k1−···−kr−1(α2)k1 ···(αr)kr−1
(n−k1−···−kr−1)! k1!···kr−1!

· xn−k1−···−kr−11 xk12 · · ·xkr−1r(1.4)

or, equivalently, by [11, p. 522, Eq. (17)]

g
(α1,···,αr)
n (x1, · · · , xr) =

nP
nr−1=0

nr−1P
nr−2=0

· · ·
n2P

n1=0

(α1)n1 (α2)n2−n1 ···(αr)n−nr−1
n1!(n2−n1)!···(n−nr−1)!

·xn11 xn2−n12 · · ·xn−nr−1r

=
nP

k1=0

k1P
k2=0

· · ·
kr−2P

kr−1=0

(α1)n−k1(α2)k2−k1 ···(αr)kr−1
(n−k1)!(k2−k1)!···kr−1!

· xn−k11 xk2−k12 · · ·xkr−1r ,(1.5)

where, as usual, (λ)n denotes the Pochhammer symbol given by

(λ)0 := 1 and (λ)n := λ(λ+ 1) · · · (λ+ n− 1) (n ∈N).

Altın and Erkuş [1] presented a multivariable extension of the so-
called Lagrange-Hermite polynomials generated by (see [1, p. 239, Eq.
(1.2)])

rY
j=1

{(1− xjz
j)−αj} =

∞X
n=0

h(α1,···,αr)n (x1, · · · , xr)zn(1.6)

Ã
αj ∈ C (j = 1, · · · , r); |z| < min

j∈{1,···,r}
{|xj |−1/j}

!
.

The case r = 2 of the polynomials given by (1.6) corresponds to the fa-
miliar (two-variable) Lagrange-Hermite polynomials considered by Dattoli
et al. [6].
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The multivariable (Erkuş-Srivastava) polynomials

U (α1,···,αr)n;c1,···,cr (x1, · · · , xr), which are defined by the following generating func-
tion [9, p. 268, Eq. (3)]:

rY
j=1

{(1− xjz
cj )−αj} =

∞X
n=0

U (α1,···,αr)n;c1,···,cr (x1, · · · , xr)z
n(1.7)

³
αj ∈ C (j = 1, · · · , r); cj ∈ N (j = 1, · · · , r);

|z| < min{|x1|−1/c1 , · · · , |xr|−1/cr}
´
,

are a unification (and generalization) of several known families of multivari-
able polynomials including (for example) the Chan-Chyan-Srivastava poly-

nomials g
(α1,···,αr)
n (x1, · · · , xr) defined by (1.3) (see, for details, [9]). Obvi-

ously, the Chan-Chyan-Srivastava polynomials g
(α1,···,αr)
n (x1, · · · , xr) follow

as the special case of the Erkuş-Srivastava polynomials U (α1,···,αr)n;c1,···,cr (x1, · · · , xr)
when cj = 1 (j = 1, · · · , r).

Moreover, the Lagrange-Hermite polynomials h
(α1,···,αr)
n (x1, · · · , xr) fol-

low as a special case of the Erkuş-Srivastava polynomials

U (α1,···,αr)n;c1,···,cr (x1, · · · , xr) when cj = j (j = 1, · · · , r).
The generating function (1.7) yields the following explicit representa-

tion [9, p. 268, Eq. (4)]:

U(α1,···,αr)n;c1,···,cr (x1, · · · , xr) =
X

k1,···,kr∈N0

(c1k1+···+crkr=n)

(α1)k1 · · · (αr)kr
xk11
k1!

· · · x
kr
r

kr!
,

(1.8)
which, in the special case when cj = 1 (j = 1, · · · , r), corresponds to the
first expression in (1.4).

Each of the above families of multivariable polynomials has been in-
vestigated systematically and extensively in the literature ever since the
publication of the work by Chan et al. [9] (see, for example, [1], [4],
[9], [11], [12] and [13]). The main objective of the present paper is to
derive umbral calculus presentations of the Chan-Chyan-Srivastava poly-

nomials g
(α1,···,αr)
n (x1, · · · , xr) generated by (1.3) and also of the substan-

tially more general Erkuş-Srivastava polynomials U (α1,···,αr)n;c1,···,cr (x1, · · · , xr) gen-
erated by (1.7). Upon suitable specialization, this last umbral calculus pre-
sentation is shown to yield the corresponding result for the polynomials

h
(α1,···,αr)
n (x1, · · · , xr) generated by (1.6).
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2. Umbral Calculus Presentations

The Chan-Chyan-Srivastava polynomials in (1.3) exhibits a structure which,
according to the prescription provided in [7], can be viewed as the umbral
image of ordinary monomials. Indeed, by using the generating function in
(1.3) and an elementary integral identity in the form [2] :

κ−ν =
1

Γ(ν)

Z ∞
0

e−κt tν−1dt
³
min{<(κ),<(ν)} > 0

´
,(2.1)

we can easily derive the following integral representation of the Chan-
Chyan-Srivastava polynomials:

g(α1,···,αr)n (x1, · · · , xr) =
1

Γ(α1) · · ·Γ(αr)

Z ∞
0
· · ·
Z ∞
0

e−(ξ1+···+ξr)

· ξα1−11 · · · ξαr−1r Pn(x1ξ1, · · · , xrξr) dξ1 · · · dξr,(2.2)

where

Pn(x1, · · · , xr) :=
(x1 + · · ·+ xr)

n

n!

=
1

n!

X
k1,···,kr∈N0

(k1+···+kr=n)

Ã
n

k1, ..., kr

!
xk11 · · ·xkrr(2.3)

in terms of the multinomial coefficients given byÃ
n

k1, · · · , kr

!
:=

n!

k1! · · · kr!
(n, k1, · · · , kr ∈ N0).

Alternatively, the multinomial theorem (see, for example, [15, p. 87,
Problem 5]) used in (2.3) can indeed be restated as follows:

Pn(x1, · · · , xr) =
1

n!

nX
k1=0

n−k1X
k2=0

· · ·
n−k1−···−kr−2X

kr−1=0

Ã
n

k1

!Ã
n− k1
k2

!

· · ·
Ã
n− k1 − · · ·− kr−2

kr−1

!

· xn−k1−···−kr−11 xk12 · · · xkr−1r .(2.4)
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It is immediately seen from the integral representation (2.2) that [see
Eq. (1.4)]

g(α1,···,αr)n (x1, · · · , xr) =
X

k1,···,kr∈N0

(k1+···+kr=n)

Ã
α1 + k1 − 1

k1

!
...

Ã
αr + kr − 1

kr

!
xk11 ...xkrr

=
nP

k1=0

n−k1P
k2=0

· · ·
n−k1−···−kr−2P

kr−1=0

(α1)n−k1−···−kr−1 (α2)k1 ···(αr)kr−1
(n−k1−···−kr−1)! k1!···kr−2!

· xn−k1−···−kr−11 xk12 · · ·xkr−1r ,(2.5)

which follows also from the second explicit expression in (1.4).

We now define the umbral quantities hα1x1i, · · · , hαrxri together with
their properties given by (see, for details, [5] ; see also [14])

hαjxjin = (αj)n xnj (j = 1, · · · , r; n ∈ N0)

and the pairs of operators X̂j and P̂xj (j = 1, · · · , r) such that

X̂j {hαjxjin} = hαjxjin+1 and P̂xj {hαjxjin} = n hαjxjin−1

(j = 1, · · · , r),

so that, obviously,

X̂jP̂xj {hαjxjin} = n hαjxjin and P̂xjX̂j {hαjxjin} = (n+ 1) hαjxjin

(j = 1, · · · , r).

We thus find that the Chan-Chyan-Srivastava polynomials

g
(α1,···,αr)
n (x1, · · · , xr) satisfy the following operational formula:³

X̂1P̂x1 + · · ·+ X̂rP̂xr

´n
g(α1,···,αr)n (x1, · · · , xr)

o
= ng(α1,···,αr)n (x1, · · · , xr),(2.6)
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which, in the special case when

r = 2, α1 = α, α2 = β, x1 = x and x2 = y,

would provide the corrected version of a result stated by Dattoli et al. [6,
p. 182, Eq. (10)].

It is also clear that the umbral image of the generating function (1.3)
is given by

e[hα1x1i+···+hαrxri]z =
∞X
n=0

g(α1,···,αr)n (x1, · · · , xr)zn.(2.7)

In our next section (Section 3), we will show that the above notion and
formalism of monoumbrality (that is, monomiality together with umbrality)
can be extended to a large family of polynomials as well as of functions
and that this principle of monoumbrality will provide a powerful tool for
simplifying calculations (see also [5], [6] and [7]).

3. Applications of the Principle of Monoumbrality

In the preceding section, we have noted that the umbral image of the gen-
erating function (1.3) of the Chan-Chyan-Srivastava polynomials

g
(α1,···,αr)
n (x1, · · · , xr) is, in fact, of the exponential type given by (2.7).
Here, in this section, we begin by recalling the following easily understand-
able decomposition rules for the umbral algebra (see [5], [6] and [7]):

ehα1x1i+···+hαrxri = ehα1x1i · · · ehαrxri,(3.1)

and
e[hα(x1+···+xr)i] 6= ehαx1i · · · ehαxri,(3.2)

that is, more explicitly,

e[hα(x1+···+xr)i] 6=

⎛⎝ ∞X
k1=0

(α)k1
xk11
k1!

⎞⎠ · · ·
⎛⎝ ∞X
kr=0

(α)kr
xkrr
kr!

⎞⎠ .(3.3)

We also note that

ehα1x1iz = ehα1x1iz+···+hαrxriz · eh−α2x2iz · · · eh−αrxriz

= e[hα1x1i+···+hαrxri]z · e[h−α2x2i+···+h−αrxri]z.(3.4)
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By applying this last umbral relationship (3.4) in conjunction with
(2.5) and (2.7), we find that

∞X
n=0

(α1)n
(x1z)

n

n!
=

Ã ∞X
n=0

g(α1,···,αr)n (x1, · · · , xr)zn
!

Ã ∞X
n=0

g(−α2,···,−αr)n (x2, · · · , xr)zn
!

=
∞X
n=0

zn
nX

k=0

g
(α1,···,αr)
k (x1, · · · , xr)g(−α2,···,−αr)n−k (x2, · · · , xr),(3.5)

so that, upon equating the coefficients of zn from both sides in (3.5), we
finally obtain

xn1 =
1

(α1)n

nX
k1=0

n−k1X
k2=0

· · ·
n−k1−···−kr−2X

kr−1=0

k1!

Ã
n

k1

!Ã
n− k1
k2

!

· · ·
Ã
n− k1 − · · ·− kr−2

kr−1

!

·g(α1,···,αr)k1
(x1, · · · , xr) h−α2x2in−k1−···−kr−1 h−α3x3ik2 · · · h−αrxrikr−1 ,

(3.6)
where, just as in the preceding section,

h−α2x2in−k1−···−kr−1 =
Γ(−α2 + n− k1 − · · ·− kr−1)

Γ(−α2)
x
n−k1−···−kr−1
2

= (−α2)n−k1−···−kr−1 x
n−k1−···−kr−1
2(3.7)

and

h−αjxjikj−1 =
Γ(−αj + kj−1)

Γ(−αj)
x
kj−1
j = (−αj)kj−1 x

kj−1
j (j = 3, · · · , r).

(3.8)
Formula (3.6) provides the expansion of an ordinary monomial xn1 in

terms of the Chan-Chyan-Srivastava polynomials

g(α1,···,αr)n (x1, · · · , xr)

involving such umbral quantities as those specified in (3.7) and (3.8).
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Next, for Erkuş-Srivastava polynomials U(α1,···,αr)n;c1,···,cr (x1, · · · , xr) gener-
ated by (1.7), it is easily seen that

U(α1+β1,···,αr+βr)n;c1,···,cr (x1, · · · , xr)

=
nX

k=0

U (α1,···,αr)n−k;c1,···,cr(x1, · · · , xr) U
(β1,···,βr)
k;c1,···,cr (x1, · · · , xr),(3.9)

which, for cj = 1 (j = 1, · · · , r), was given by Chan et al. [3, p. 147, Eq.
(35)]. Moreover, the generating function (1.7) together with the integral
formula (2.1) would yield the following analogue of the integral representa-
tion (2.2):

U (α1+β1,···,αr+βr)n;c1,···,cr (x1, · · · , xr) =
1

Γ(α1) · · ·Γ(αr)

Z ∞
0
· · ·
Z ∞
0

e−(ξ1+···+ξr)

· ξα1−11 · · · ξαr−1r Qn(x1ξ1, · · · , xrξr) dξ1 · · · dξr,(3.10)

where the polynomials Qn(x1, · · · , xr) are essentially the same as the mul-
tivariable Hermite-Kampé de Fériet polynomials given by

Qn(x1, · · · , xr) :=
1

n!

X
k1,···,kr∈N0

(c1k1+···+crkr=n)

Ã
n

k1, · · · , kr

!
xk11 · · ·xkrr(3.11)

in terms of the multinomial coefficients involved also in (2.3).
If we now make use of the principle of monoumbrality as detailed

above, we can show similarly that

xn1 =
n!

(α1)n

c1nX
k1=0

X
k2,···,kr∈N0

(c2k2+···+crkr=c1n−k1)

U (α1,···,αr)k1;c1,···,cr (x1, · · · , xr)

· h−α2x2i
k2

k2!
· · · h−αrxri

kr

kr!
,(3.12)
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which, in the special case when cj = 1 (j = 1, · · · , r), the monoumbral
expansion given by (3.6). Moreover, if we simply assume that cr = 1, we
can easily rewrite the monoumbral expansion (3.12) as follows:

xn1 =
n!

(α1)n

c1nX
k1=0

h
c1n−k1

c2

i
X
k2=0

· · ·

h
c1n−k1−c2k2−···−cr−2kr−2

cr−1

i
X

kr−1=0

· U (α1,···,αr)k1;c1,···,cr−1,1(x1, · · · , xr)(3.13)

· h−α2x2ic1n−k1−c2k2−···−cr−1kr−1
(c1n− k1 − c2k2 − · · ·− cr−1kr−1)!

h−α3x3ik2
k2!

· · · h−αrxri
kr−1

kr−1!

or, equivalently,

xn1 =
n!

(α1)n

c1nX
k1=0

h
c1n−k1

c2

i
X
k2=0

· · ·

h
c1n−k1−c2k2−···−cr−2kr−2

cr−1

i
X

kr−1=0

·U (α1,···,αr)k1;c1,···,cr−1,1(x1, · · · , xr)

·k1!(c2k2)! · · · (cr−1kr−1)!
k2! · · · kr−1!

Ã
c1n

k1

!Ã
c1n− k1
c2k2

!

· · ·
Ã
c1n− k1 − c2k2 − · · ·− cr−2kr−2

cr−1kr−1

!
· h−α2x2ic1n−k1−c2k2−···−cr−1kr−1 h−α3x3ik2 · · · h−αrxrikr−1(3.14)

in terms of the notations and conventions given by (3.7) and (3.8). Indeed,
when we further set cj = 1 (j = 1, · · · , r − 1), this last result (3.14) would
correspond precisely to the monoumbral expansion (3.6).

Finally, upon setting cj = j (j = 1, · · · , r) in our general result
(3.12), we are led at once to the following monoumbral expansion for the

multivariable Lagrange-Hermite polynomials h
(α1,···,αr)
n (x1, · · · , xr) in (1.6),

which were studied by (for example) Altın and Erkuş [1] :

xn1 =
n!

(α1)n

nX
k1=0

X
k2,···,kr∈N0

(2k2+···+rkr=n−k1)

h
(α1,···,αr)
k1

(x1, · · · , xr)
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· h−α2x2i
k2

k2!
· · · h−αrxri

kr

kr!
.(3.15)

4. Concluding Remarks and Observations

In this work, we have investigated the umbral calculus presentations of

the Chan-Chyan-Srivastava polynomials g
(α1,···,αr)
n (x1, · · · , xr) generated by

(1.3) and also of the substantially more general Erkuş-Srivastava polynomi-

als U (α1,···,αr)n;c1,···,cr (x1, · · · , xr) generated by (1.7). One of our main monoumbral
expansions asserted by (3.12) has been shown to yield the corresponding
monoumbral expansion (3.15) for the multivariable Lagrange-Hermite poly-

nomials h
(α1,···,αr)
n (x1, · · · , xr) in (1.6), which were studied by (for example)

Altın and Erkuş [1].
We need hardly emphasize upon the fact that the notion and formalism

of monoumbrality can be extended to a large family of polynomials as well
as of functions and that the underlying principle of monoumbrality would
provide a powerful tool for simplifying calculations.

We conclude our present investigation by remarking further that, in
the special case when c1 = 1, we find from (1.8) that

U (α1,···,αr)n;1,c2,···,cr(x1, · · · , xr) =
X

k1,···,kr∈N0

(k1+c2k2+···+crkr=n)

hα1x1ik1
k1!

· · · hαrxri
kr

kr!

=

l2k2+...+lrkr<
=
nX

k2,...,kr=0

hα1x1in−c2k2−···−crkr
(n− c2k2 − · · ·− crkr)!

hα2x2ik2
k2!

· · · hαrxri
kr

kr!

=

h
n
c2

i
X
k1=0

h
n−c2k1

c3

i
X
k2=0

· · ·

h
n−c2k1−···−cr−1kr−2

cr

i
X

kr−1=0

· hα1x1in−c2k1−···−crkr−1
(n− c2k1 − · · ·− crkr−1)!

hα2x2ik1
k1!

· · · hαrxri
kr−1

kr−1!
,(4.1)

which readily yields the following generalization of the operational formula

(2.6): ³
X̂1P̂x1 + c2X̂2P̂x2 + · · ·+ crX̂rP̂xr

´n
U(α1,···,αr)n;1,c2,···,cr(x1, · · · , xr)

o
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= nU (α1,···,αr)n;1,c2,···,cr(x1, · · · , xr).(4.2)

In particular, if we set cj = j (j = 2, · · · , r) in this last result (4.2), we
immediately obtain

³
X̂1P̂x1 + 2X̂2P̂x2 + · · ·+ rX̂rP̂xr

´n
h(α1,···,αr)n (x1, · · · , xr)

o
= nh(α1,···,αr)n (x1, · · · , xr)(4.3)

for the multivariable Lagrange-Hermite polynomials h
(α1,···,αr)
n (x1, · · · , xr)

in (1.6), which were studied by (for example) Altın and Erkuş [1]. Indeed,
in its further special case when

r = 2, α1 = α, α2 = β, x1 = x and x2 = y,

the operational formula (4.3) would provide the corrected version of another
result stated by Dattoli et al. [6, p. 184, Eq. (22)].
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[9] E. Erkuş and H. M. Srivastava, A unified presentation of some families
of multivariable polynomials, Integral Transforms Spec. Funct. 17, pp.
267—273, (2006).

[10] M. A. Khan and A. K. Shukla, On Lagrange’s polynomials of three
variables, Proyecciones J. Math. 17, pp. 227—235, (1998).

[11] S.-J. Liu, Bilateral generating functions for the Lagrange polynomials
and the Lauricella functions, Integral Transforms Spec. Funct. 20, pp.
519—527, (2009).

[12] S.-J. Liu, C.-J. Chyan, H.-C. Lu and H. M. Srivastava, Bilateral gen-
erating functions for the Chan-Chyan-Srivastava polynomials and the
generalized Lauricella functions, Integral Transforms Spec. Funct. 23,
pp. 539—549, (2012).

[13] S.-J. Liu, S.-D. Lin, H. M. Srivastava and M.-M. Wong, Bilateral gen-
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