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Abstract

A subset D of vertices of a graph G is called a global neighbourhood
dominating set(gnd - set) if D is a dominating set for both G and GV,
where GV is the neighbourhood graph of G. The global neighbourhood
domination number(gnd - number) is the minimum cardinality of a
global neighbourhood dominating set of G and is denoted by vy4n(G).
In this paper sharp bounds for vg,, are supplied for graphs whose girth
is greater than three. Ezxact values of this number for paths and cycles
are presented as well. The characterization result for a subset of the
vertex set of G to be a global neighbourhood dominating set for G
is given and also characterized the graphs of order m having gnd -
numbers 1,2,n — 1,n — 2, n.

Subject Classification : 05C69.

Keywords : Global neighbourhood domination, global neighbour-
hood domination number, global domination, restrained domination,
connected domination.


rvidal
Máquina de escribir
DOI: 10.4067/S0716-09172014000100003

http://dx.doi.org/10.4067/S0716-09172014000100003

26 S. V. Siva Rama Raju and 1. H. Nagaraja Rao

1. Introduction & Preliminaries

Domination is an active subject in graph theory, and has numerous applica-
tions to distributed computing, the web graph and adhoc networks. For a
comprehensive introduction to theoretical and applied facets of domination
in graphs the reader is directed to the book [4].

A set D of vertices is called a dominating set of G if each vertex not
in D is joined to some vertex in D. The domination number ~(G) is the
minimum cardinality of the dominating set of G [4].

Many variants of the domination number have been studied. For in-
stance a dominating set S of a graph G is called a restrained dominating
set if every vertex in V' — D is adjacent to a vertex in D as well as another
vertex in V' —D. The restrained domination number of G, denoted by ~,(G)
is the smallest cardinality of the restrained dominating set of G [3]. A set
D is called a global dominating set of G if D is a dominating set of both G
and its complement G¢. The global domination number of GG, denoted by
7¢(G) is the smallest cardinality of the global dominating set of G [6]. A
dominating set D of connected graph G is called a connected dominating
setof G if the induced subgraph < D > is connected. The connected dom-
ination number of G, denoted by 7.(G) is the smallest cardinality of the
connected dominating set of G [7]. A dominating set D of connected graph
G is called an independent dominating set of G if the induced subgraph
< D > is a null graph [4].

G be a connected graph, then the Neighbourhood Graph of G is denoted
by N(G) (or) GV and it has the same vertex set as that of G' and edge set
being {uv/u,v € V(G),there is w € V(G) such that vw,wv € E(G)} [2].

Recently we have introduced a new type of graph known as semi com-
plete graph. Let G be a connected graph, then G is said to be semi complete
if any pair of vertices in G have a common neighbour. The necessary and
sufficient condition for a connected graph to be semi complete is any pair
of vertices lie on the same triangle or lie on two different triangles having
a common vertex [5].

In the present paper, we introduce a new graph parameter, the global
neighbourhood domination number, for a connected graph G. We call
D C V(G) a global neighbourhood dominating set (gnd - set) of G if D is
a dominating set for both G,G". The global neighbourhood domination
number is the minimum cardinality of a global neighbourhood dominating
set of G and is denoted by v4,(G).



Global neighbourhood domination 27

Example. Suppose G is a graph representing a network of roads linking
various locations. Some essential goods are being supplied to these loca-
tions from supplying stations. It may happen that these links(edges of
GG) may be broken for some reason or the other. So we have to think of
maintaining the supply of goods to various locations uninterrupted through
secret links(edges in the neighbourhood graph of ). As the neighbourhood
graph of G is a spanning subgraph of G° the construction (maintainance)
cost of secret links can be minimized, when compared with the complemen-
tary graph of G. The global neighbourhood domination number will be the
minimum number of supplying stations needed to accomplish the task of
supplying the goods uninterruptedly.

All graphs considered in this paper are simple, finite, undirected and
connected. For all graph theoretic terminology not defined here, the reader
is referred to [1].

In section [2], sharp bounds for v,, are supplied for the graphs whose
girth is greater than three. In section [3], we have given a characterization
result for a proper subset of the vertex set of G to be a gnd - set of G and
also characterized the graphs whose gnd - numbers are 1,2, n,n—1,n — 2.

2. Bounds for the global neighbourhood domination number

In this section, we obtain some bounds for the gnd - numbers of graphs
whose girth is greater than three.

Theorem 2.1. If G is a triangle free graph, then

26 209 < 40 (G) < — AG) + 1.

Proof: Let D be a minimum gnd - set of G. By hypothesis every vertex
in V — D is non adjacent with atleast one vertex in D. Otherwise we get a
contradiction to that D is a gnd - set for G.

=e< MU [n 0 (G)]
=2 <@ =)

Suppose that dg(v) = A(G) for some v in V(G).
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Let v1,v2, ..., ua(g) be the neighbours of v in G. Then

[V —A{v1,v2, ., va@ HU{vi s @ is one of 1,2,..., A(G)} is a gnd - set
of G and its cardinality is n — A(G) + 1.

= Yn(G) <n—A(G)+1 — (2)
From (1) and (2)
Ze _nnd) <y (@) <n—AG)+1.

Furthermore the lower bound is attained in the case of C4 and upper
bound is attained in the case of P3. Hence the bounds are sharp.

Note: The upper bound holds good for any connected graph G.

1. vgn

=[5]+2; n=23m,3m+2

Here n > 4.

5. Ygn(Cn) = [3] ; n=3m

=[2]+1; n=3m+1,3m+2
6. ’}/gn(CnOKQ) = n.

G = P,(n > 4). Then there is an independent gnd - set for G iff
n=3m+1.

G = Cp(n > 3). Then there is an independent gnd - set for G iff
n = 3m.

G = P,(n > 3). Then v4n(G) =n —2iff n =4,5.

G = Cp(n > 3). Then v4,(G) =n —2iff n = 3,4,5.

If T is a tree of order n > 3, then v4,(G) = 2 iff T' is obtained from P3
or Py by adding zero or more leaves to the stems of the path.
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Theorem 2.2. G be a connected graph and D be a minimum dominating
set of G. If there is a vertex v in V — D such that v is adjacent to all the
vertices in D, then v4,(G) <1+ ~(G).

Proof: Assume that D C Ng(v) for some v € V. The proof follows from
the fact that DJ{v} is a gnd - set of G.

Theorem 2.3. D be a minimum dominating set of G. Then v4,(G) =
1+ ~v(G) iff there is a vertex v in V — D satisfying:

(i)N(v) C D, each of the vertices in N(v) is isolated in < D >.

(ii) v1 € V — D(v # vy) satisfies (i) then N(v) (N (v1) # ¢.

Proof: Assume that v,,(G) = 1+7(G). Then there is a vertex vin V — D
satisfying (i) and (ii), otherwise 4, (G) = v(G) which is a contradiction.

Assume that the converse holds. Then D J{v} is a gnd - set in G and
D is not a gnd - set in G. Thus D J{v} is a minimum gnd - set in G.

Hence 740(G) = [DU{v}] = 1(G) + L

Theorem 2.4. G be a connected graph, then v(G) < vgn(G) < 7.(G).

Proof: Clearly 7(G) < 7v4n(G). Since any connected dominating set for G
is a gnd - set for G,ygn(G) < 7.(G). Hence v(G) < vgn(G) < 7.(G).

Theorem 2.5. G' be a connected graph with g(G) > 3, then v4(G) <
Ygn(G)-

Proof: By hypothesis, every gnd - set is a global dominating set in G.
Hence v4(G) < vgn(G).

Note: Under the hypothesis given in the Theorem(2.10) and Theorem(2.9),
we have

Y(G) < 74(G) < vgn(G) < 7:(G).
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Theorem 2.6. G be a connected graph. Then G = GNV iff
(i) Each edge in G lies on C3 or Cs.

(ii) There is no path of length four between any pair of non adjacent
vertices in G.

Proof: Assume that G = GNV.

(i) Let v1,v2 be an arbitrary edge in G, then by our assumption v1vs is
an edge in GVV.

Suppose v1vz € GV, Since v1vy € E(G),v1v2 lies on a cycle C3 in G.

Suppose viva ¢ GV. Since vivg € GV there is a v3 in V(G) such that
< wiv3ve > is a path in GV. This implies viv3, v3vy € E(GY). So there is
a path of length four from v; to v in G. Thus P J{viv2} is a 5 - cycle in
G. Therefore vivg lies on Cs.

Hence each edge in G lies on Cs or Cs.

(ii) If there is a path of length four between any pair of non adjacent
vertices in G, then there is an edge in G™V which is not in G. Hence
G # GNN | which is a contradiction.

Assume that the converse holds.

Let v1v9 be an arbitrary edge in G. Then by (i) of our assumption vvs
lies on C3 or Cs. In either case vivy is an edge in GNY. Hence G C GNV,

Let vivg € E(GNVY). Suppose that vjvs ¢ E(G). In either case vivy €
E(GN) or vive ¢ E(GY) there is a path of length four from v; to vz in G,
which is a contradiction. Thus v1vy € E(G). Thus GNYN C G.

Hence GVN = G.

If G is a graph satisfying conditions (i) and (ii) of Theorem(2.12), then

j/JQF—W§’79n§7+7

Proof: Under the given hypothesis by Theorem(2.12), vgn = ¥y,

We have v < vgn, 7 < Vgn, = Ygn
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= 7+ < 29
= I <y — (1)

Clearly,

From (1) and (2),

Here Y= 'Y(G),’an = 'an(G)77 = ’an(GN)

3. Characterization and Other Relevant Results.

In this section we have given the characterization for a proper subset of the
vertex set of a graph to be a gnd - set.

Theorem 3.1. (Characterization Result) G be a connected graph. D C 'V
is a gnd - set of G iff each vertex in V — D lies on an edge whose end points
are totally dominated by the vertices in D.

Proof: Assume that D is a gnd - set for G. Let v1 € V — D.

Since D is a dominating set for G there is a v9 € D such that vive €
E(G).

Since D is a dominating set for GV there is a v3 € D such that
< vivqvg > is a path in G for some vy € V(G).

If v4 # v9, then vy lies on the edge vivy4, where vy is dominated by ve
and vy is dominated by vs(ve,vs € D).

If v4 = v9, then vy lies on the edge vive, where vy is dominated by vs
and vy is dominated by wvs(ve,vs € D).

So in either case v lies on the edge whose end points are totally domi-
nated by the vertices in D.
Assume that the converse holds.
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Let v1 € V—D. Then by our assumption there is a vy € V(G),v3,v4 € D
such that vivs, vovy € E(G).

case: (i) Suppose vg = vs.
Then < vivevg > is a path in G
= vivy € BE(GN),v4 € D.
case:(ii) Suppose vy # v3.
Then < vsvivovy > is a path in G
= vvy € BE(GN),v4 € D.
Therefore v; is dominated by v in G and by vy in GV.
Since vy is arbitrary, D is a gnd - set of G.

Theorem 3.2. G be a connected graph. Then GV is complete iff G is
semi-complete.

Proof: Assume that GV is complete.

Let v1,ve € V(G). Since GV is complete, vivg € E(G™). Then there is
a v in V(G) — {v1,v2} such that < vjvzvy > is a path in G.

Hence G is semi complete.

Assume that the converse holds.

Let vvy € V(G). By our assumption, there is a vs in G such that
< vyvgvg > is a path in G

= vz € B(GY).

Hence G is complete. G be a connected graph. Then 7,,(G) = 1 iff
G is semi-complete and v(G) = 1.

Proof: Assume that v4,(G) = 1.
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= 7G) = 1,7 (G) = 1.

Then there is a v9 € V such that D = {vg} is a dominating set for
G,GN.

Now we show that G is semi complete.
Let vy,v2 € V(G).

case:(i) Suppose v1 # vg # va.
subcase:(a) Suppose viv2 € E(G).

Clearly < vjvgvg > is a path in G. Thus < vivgve > J{viva} is a
triangle in G.
Hence v1v5 lie on the same triangle in G.

subcase:(b) Suppose vivs ¢ E(G).

Clearly < vjvgvg > is a path in G. Since v1vg € E(G) and {vg} is a
dominating set of GV there is a v3 € V — {vg,v1} such that < vjvsvgvy >
is a triangle in G.

Similarly for vove in E(G), there is vg in V' — {vg,v2} such that <
VolU4V2 > 18 a triangle in G.

Hence v, v2 lie on triangles < vivsvguy >,< vovgv4ve > respectively
and vg is the common vertex.

case:(ii) One of vy, vy is v.

Without loss of generality assume that v; = vg. Since {vp} is a dom-
inating set for G,ugvy € E(G). Then < wovavsvg > is a triangle in G for
some v3 in V' — {vg,va}. Thus vg, vy lie on the same triangle in G.

Therefore from case(1) and case(2), any two vertices in G lie on the
same triangle or they lie on different triangles having a common vertex.

Hence by the characterization theorem for semi complete graphs, G is
semi complete.

Assume that the converse holds.
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Since G is semi complete, by Theorem(3.2) G is complete.

= y(GN) = 1.
Hence 74, (G) = 1. G be a semi complete graph. Then 74, (G) = 1 iff
(G is a union of triangles having a common vertex.

Proof: Assume that v4,(G) =1

= YG) = 1,9n(G) = 1. Let D = {vg} is a dominating set for G, GV
for some {vp} in V.

Let {v1,v2 € E(G)}.
Case:1. Suppose v; # vg # Vs.

Then < vivgvevy > is a triangle in G.
Case:2. One of vy, vs is vg.

Without loss of generality assume that v; = vg. since vgvs is an edge
in G and G is semi complete there is a v3 € G such that < vguauzvg > is a
triangle in G.

Since vivg is an arbitrary edge, each edge lies on a triangle having vg
as the common vertex.

Assume that the converse holds.

By our assumption 7(G) = 1. Then by Theorem(3.3) v4,(G) = 1.

Theorem 3.3. G be a connected graph and H be a spanning subgraph of
G, then vgn(G) < ygn(H).

Theorem 3.4. G be a connected graph, then v4,(G) = n iff G = Ks.

Proof: Assume that v4,(G) = n.

Suppose that diam(G) > 2. Let < viva...vp—1vr > (k > 3) be the
diammetral path in G. Then V — {v;} or V — {v;} is a gnd - set in G,
which is a contradiction to our assumption. So,diam(G) = 1. This implies
G =Kp(n>2).
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By Corollary.3.3. n =2 (i.e) G = Ka. The converse part is clear.

Theorem 3.5. G be a connected graph, then vg,(G) =n — 1 iff G = Ps.

Proof: Assume that v4,(G) =n — 1.

Suppose that diam(G) > 3. Let < viva...vp—1vx > (k > 4) be the
diammetral path in G. Then V — {v1, v} is a gnd - set in G, which is
a contradiction to our assumption. Hence diam(G) < 2. By the above
Theorem and by our assumption diam(G) # 1. So diam(G) = 2.

If G = P3, then v4,(G) =n — 1.

Suppose G # P3. Form a spanning tree G of G. Clearly diam(G/) > 3.
This implies 74, (G) < n—1,a contradiction. Hence our supposition is false.
The converse part is clear.

Theorem 3.6. G be a connected graph of order n > 4, then 4, (G) = n—2
if G=C,3<n<5)orG=P,(n=4,5) or G= S5 or G is isomorphic
to

Proof: Assume that v4,(G) =n — 2.

Suppose diam(G) > 5. Form a spanning tree G' of G. Clearly diam/(G') >
5.

IfG' has more than two pendant vertices, then by Theorem.3.5. V(G')—
{pendant vertices in G'} is a gnd - set of G of cardinality less than n — 2.
Hence a contradiction to our assumption.
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If G’ has exactly two pendant vertices, then G = < vivg..vp_1, v >
(k > 6). By Theorem 3.5. V — {vy,v4,vk_3,v;} is a gnd - set of G of
cardinality less than n — 2, a contradiction.

Hence diam(G) < 4.
Suppose diam(G) = 4. Let Ps =< vjvavsv4vs > be a diammetral path in G.

Case:1. V(G) = V(D).

We have two possibilities G = Ps or G # Ps. If G = Ps, then v4,(G) =
n—2.

Suppose G # Ps.

If g(G) = 3, then 74, (G) = 2 < n — 2 which is a contradiction.

If g(G) = 4, then G is isomorphic to

In either case v4n(G) =2 <n— 2.
If g(G) = 5, then G = Cs. This implies v4,(G) =n — 2.
Case:2. V(Q) # V(D).
Form a spanning tree G of G. Clearly diam(G') > 4 and G’ has atleast
three pendant vertices,which implies vg,(G) < n — 2, a contradiction.
Suppose diam(G) = 3.

Let Py = < vivovgvg > be a diammetral path in G.
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Case:1. V(GQ) =V (Py).

We have two possibilities G = Py or G # Py. If G = Py, then vy, (G) =
n—2.
Suppose G # Py. Clearly g(G) < 4.

If g(G) = 3, then G is a union of triangles having a common ver-
tex or GG is isomorphic to H. In the former case, by Corollary.3.4. we get
Ygn(G) =1 < n—2 a contradiction. In the later case we have v4,(G) = n—2.

If g(G) = 4,then 74, (G) =n — 2 and G = C4.

Case:2. V(Q) # V(Py).
Then as in the case:2 of diam(G) = 4 we get a contradiction.

Suppose diam(G) = 2.
Let P3 =< vivovg > be a diammetral path in G.
Case:1. V(G) =V (P).

We have two possibilities G = P3 or G # P3. If G = P3, then v, (G) >
n — 2 a contradiction. If G # P3, then G = C3.Thus v4,(G) = n — 2.

Case:2. V(Q) # V(Ps).
Form a spanning tree G' of G. Clearly diam(G') > 2.

If G’ has more than one internal vertex then,V (G)—{pendant vertices of G'}
is a gnd - set of G'. Hence a gnd - set of G of cardinality less than n — 2 a
contradiction.

If G’ has exactly one internal vertex ((i.e)vz), then G = Sy,(n > 2). If
n > 4, then v4,(G) < n — 2 a contradiction. If G = S, again we get a
contradiction. So G' = Ss. This implies G = S5 or G is a union of triangles
having a common vertex or G is isomorphic to H. If G is a union of trian-
gles having a common vertex then by Corollary.3.4. we get a contradiction
to Ygn(G) = n — 2. In the remaining cases the equality holds good.
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Suppose diam(G) = 2. Hence G = Kp(n > 2). If n = 3 we have
Ygn(G) = n — 2, otherwise we get a contradiction.

The converse part is clear.

Theorem 3.7. G be a connected graph with g(G) # 3. Then vy, (G) = 2
iff there is an edge wv in G with N(u)|JN(v) =V.

Proof: Assume that v4,(G) = 2. Then there is a D = {u,v}, a gnd - set
of G. Clearly uwv € E(QG)(if not there is a w € V which is not dominated
by either u or v in GV, a contradiction). Also since D is a dominating set

for G N(u) JN(v) =V.

Assume that the converse holds. Let D = {u,v}. By our assumption
D is a dominating set of G. Since g(G) # 3,D is a dominating set of G'V.
So D is a gnd - set for G. Since g(G) # 3, G cannot be semi complete.
Then by the Corollary.3.3., D is a gnd - set of minimum cardinality. Hence

Yon(G) = 2.

Theorem 3.8. G be a semi complete graph and D C V. Then D is a
dominating set for G iff D is a gnd - set for G.

Proof: Suppose that D is a dominating set for G. Let v1 € V — D. Then
there is a vo € D such that vive is an edge in G. Since G is semi com-
plete there is v3 € D — {v1,v2} such that vivevsvy is a triangle in G. Thus
v1V3, U3U9 are edges in G

= V1V € E(G),UQ eD
Hence D is a gnd - set for G. The converse part is clear.

Theorem 3.9. G be a connected graph and D C V is independent. Then
D is a gnd - set for G iff D is a restrained dominating set for G.

Proof: Assume that D is a restrained dominating set for G.
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Let v1 € V — D. By our assumption there is vo in V — D,v3 in D such
that vive,v1vs are in E(G). Since v € V. — D and D is a dominating set
for G there is a v4 in D such that vavy € E(G).

If vivg Is in G, then < vivouavy > is a path in G = viv4 € E(GN).

If viv4 is not in G, since v is a common neighbour to vy, v4 = v1v4 €
E(GM).

D is a gnd - set of G.

Conversely assume that D is a gnd - set for G.

Let v1 € V — D, by our assumption there is a vs in D such that vive
is in G. Since D is a dominating set for GV there is a v in V — D such
that vivs is an edge in G. Otherwise we get a contradiction to that D is
independent.

Since v1 € V — D is arbitrary, D is a restrained dominating set for G.

If G # K,,,, and G is bipartite, then none of the partite sets of G can
form a gnd - set for G.

Proof: Let V1, Vs be the partite sets for GG.

Assume that Vi is a gnd - set for G.

Let v1 € V — Vi(= v € Vi). Since Vj is a gnd - set for G, by the
characterization theorem for gnd - set there is a vy in G and vs,vq in V
such that < vgvivevy > Is a path in G.

case:(i) Suppose vy = vs.

Then < vivsvy > is a path in G, where vs,v4 € V4 which is a contra-
diction to that G is bipartite.

case:(ii) Suppose vy # v3.

Then vy € Vi (or) Vo we get a contradiction to that G is bipartite.
Hence V; is not a gnd - set for G.

Similarly Vs is not a dominating set for G.
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G = C,OKs. If D C V is a minimum gnd - set of GG, then D is
independent iff D = {v € V(G) : dg(v) = 1}.

Proof: Assume that D is independent.

Suppose that v1 € D and dg(v) # 1. Since D is a minimum independent
gnd - set for G there is a vo9 € V — D such that vive is an edge in G and
dg(ve) = 1.

Also there is an edge in G such that vivs is an edge in G. Hence a
contradiction. Thus v1 € D,then dg(vy) = 1.

Hence D = {v € V(G) : dg(v) = 1}.

The converse part is clear.
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