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1. Introduction

The notion of probabilistic normed space (PN-space) is a generalization of
normed linear space. In an ordinary normed linear space norm of vectors
are represented by a positive number. But in a PN-space, the norm of
vectors are represented by probability distribution functions rather than a
positive number. The notion of PN-spaces was first introduced by Serstnev
[25] in 1963. For detailed history, development and applications in differ-
ent subjects of the notion of probabilistic normed spaces, one may refer to
Alotaibi [1], Alsina etal ([2], [3]), Constantin etal [5], Esi [6], Karakus [11],
Menger [18], Lafuerza etal ([14], [15]), Lafuerza etal [16], Schweizer and
Sklar ([23], [24]), Tripathy etal [34].

As a generalization of ordinary convergence for sequences of real num-
bers, the notion of statistical convergence was first introduced by Fast [9].
After then it was studied by many researchers like Connor [4], Fridy [10],
Karakus [11], Karakus and Demirci [12], Salat [20], Tripathy ([26], [27]),
Tripathy and Baruah [28], Tripathy etal [29], Tripathy and Dutta [32],
Tripathy and Sarma [33]. Statistical convergence has been studied in ab-
stract spaces such as the fuzzy number space by Esi ([6], [8]), Fast [9]),
locally convex spaces by Maddox [17]. Karakus [11] introduced the no-
tion of statistical convergence in PN-spaces and followed by Ideal conver-
gence by Tripathy etal [34], in normed linear spaces by Kolk [13]. Karakus
and Demirci [12], studied statistical convergence of double sequences in
PN-spaces. In recent times Esi and Ozdemir [7] introduced generalized
A™-gtatistical convergence in PN-spaces for single generalized difference
sequences. Also sequences of fuzzy numbers has been studied recently by
Tripathy and Borgohain [30] and Tripathy and Debnath [31].

The notion of double sequence was initiated by Priengsheim [19]. In this
paper we introduce the concept of statistical convergence of triple difference
sequence in probabilistic normed spaces and establish some basic properties
in PN-spaces.

2. Definitions and Preliminaries

Definition 2.1. A function f : R — R{ is called a distribution func-
tion if it is non-decreasing and left continuous with inficr f(¢) = 0 and
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sup;ep f(t) = 1.

Throughout D denotes the set of all distribution functions.

Definition 2.2. A triangular norm or t-norm is a binary operation on [0, 1]
which is continuous, commutative, associative, non-decreasing and has 1 as
neutral element, i.e., it is the continuous mapping * : [0, 1] x [0,1] — [0, 1]
such that for all a,b,c € [0, 1]

1)ax1l=a.

2) axb=bxa.

3)cxd>axbif c>aand d>b.

4) (axb)xc=ax*(bxc).

Example 2.1. Consider the * operation defined by a*b = max{a+b—1,0}.
Then * is a t-norm. Similarly one may consider a b = ab, a*b = min{a, b}
on [0,1] and verify that these are also t-norms.

Definition 2.3. A triplet (X, N,x) is called a probabilistic normed space
or a PN-space if X is a real vector space, N is a mapping from X into D
(for z € X the distribution function N(z) is denoted by N, and N(t) is
the value of N, at ¢t € R) and satisfies the following conditions:
(PN-1)N,(0) =0,

(PN-2) N.(t) =1 for all t > 0 if and only if z =0

(PN-3) Naz(t) = Nx(ﬁ) forala € R—0

(PN-4) Nyiy(s+1t) > Ny(s) x Ny(t) for all z,y € X and s,t € Rf .
Example 2.2. Let (X,||.||) be a normed linear space and ¢ € D with
1(0) = 0 and p # h, where

0, for all t <0;
h(t) = { 1, forallt>0.

Define
, for x = 0;
Na(t) = M(Hill)’ for z # 0,

where x € X,t € R. Then (X, N, ) is a PN-space. We define the functions
wand p' on R by




160 Binod Chandra Tripathy and Rupanjali Goswamsi

[0, for x < 0;
M(x){lf_x, for z > 0.
and
oy [0, for x < 0;
piz) = exp(%), for x > 0.

Then we obtain the following well known * norms

h(t),  for z = 0;
£ for z # 0.

and

h(t) for x = 0;
/ _ ) )
Na(t) = {exp(%), for z # 0.

We recall the concepts of convergence and Cauchy sequences for single
sequences in a probabilistic normed space.

Definition 2.4. Let (X, N, ) be a PN-space. Then a sequence

x =< xp > is said to be convergent to L € X with respect to the prob-
abilistic norm N if for every ¢ > 0 and A € (0,1), there exists a positive
integer ko such that N, _r(e) > 1 — A, whenever k > kg. It is denoted by

N—limxk:LorxkﬁLask;%oo.

Definition 2.5. Let (X, N, %) be a PN-space. Then a sequences

x =< xp, > is said to be Cauchy sequence with respect to the probabilistic
norm N if for every ¢ > 0 and A € (0, 1), there exists a positive integer ko
such that Ny, 4, (¢) > 1 — A, whenever k,l > ko.

Definition 2.6. Let (X, N, %) be a PN-space. Then a sequences

r =< x > is said to be bounded in X if there is »r € R such that
N, (r) > 1—X where A € (0,1), we denote by £ the spaces of all bounded
sequences in PN-space.

Definition 2.7. A triple sequence £ =< x, > has Pringsheim limit L
(denoted by P —limz = L) provided that given ¢ > 0 there exists ng € N
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such that |z,;x — L| < &€ whenever n,l, k > ny.
Now we introduce the following notions.

Definition 2.8. A subset K € N x N x N is said to have triple asymptotic
. n 1 k
density d5(K) if d3(K) = nlllgiooﬁz > > xk(i1,42,13) exists,

11=1ia=1iz3=1

where Y is the characteristic function of K.

Definition 2.9. A real triple sequence x =< x,; > is said to be A-
statistically convergent to L, provided that for each € > 0. There exists
m = m(e),p = p(e)andq = q(¢)suchthatds({(n,l,k) € N3 :n < m,l <
P,k < q,|Azp — Armpg| > €}) = 0.

Definition 2.10. A real triple sequence © =< . > is said to be A-
statistically Cauchy, provided that for each € > 0. There exists m =
m(e),p = p(e)andq=q(e) such that d3({(n,l,k) € N3 :n < m,l < p,k <
q, ‘A$nlk — A:vmpq\ > 5}) =0.

Definition 2.11 Let (X, N, %) be a PN-space. Then a triple sequences
T =< Ty > is said to be A-convergent to L € X with respect to the
probabilistic norm N provided that for every € > 0 and A € (0, 1), there is
a positive integer ko such that Nag, . —r(¢) > 1 — X\ whenever n > ko,1 >
ko, k > ko. In this case we write Nao — limx,, = L, where Az, = Tk —
T, l+1,k — Tn,lk+1 T Tn l4+1,k+1 — Tn+1,lk T Tnt1,l+1,k T Tnt1,0,k+1 — Tnt1,l4+1,k+1
and A%, =< T >.

Definition 2.12. Let (X, N, *) be a probabilistic normed space. A triple
sequence r =< I,k > is said to be A-Cauchy in X with respect to the
probabilistic norm N if for every € > 0 and A € (0, 1), there exists positive
integer ko, k1, k2 such that Nag,, — Az, (€) > 1 — A\, whenever n,p > ko,
l,q Z /Cl, /C,T’ Z kg.

Definition 2.13. Let (X, N, *) be a probabilistic normed space. A triple
sequence xr =< Ty > is said to be A-statistically convergent to L in X
with respect to the probabilistic norm N if for every ¢ > 0 and A € (0,1),
63({(n,l,k) € N® : Nag,,—r(e) < 1 —A}) = 0. In this case we write
stya — limx,, = L.
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Definition 2.14. Let (X, N, *) be a probabilistic normed space. A triple
sequence r =< I,k > is said to be A-statistically Cauchy in X with respect
to the probabilistic norm N if for every ¢ > 0 and A € (0, 1), there exist pos-
itive integers N, M and P such that d3({(n,l,k) € N : Nag,—Azpe (€) <
1-A})=0foraln,p>N,l,g>M,k,r>N.

Definition 2.15 Let (X, N, %) be a probabilistic normed space. For z € X,

t > 0 and 0 < r < 1, the ball centered at = with radius r is defined by
B(z,r,t) ={y € X : Np—y(t) >1—r}.

3. Main results

Theorem 3.1. Let (X, N,x) be a PN-space, then for every ¢ > 0 and
A € (0,1), the following statements are equivalent.

(i)StNA - hm$nlk = L.

(id) 03({(n,l,k) € N3: Nag,,.—1(s) <1—A})=0.

(i4i)d3({(n, 1, k) € N* : Nag,,—1(e) >1—A}) =1.

(iv) sX — lim N, () = 1.
Proof. (i) = (i7) Suppose stya—lim z,,;; = L. Then by definition we have,
for every ¢ > 0 and \ € (0,1), we have d3({(n,l,k) € N3 : Nag,,.—1(¢) <
1—A}) =0.

(17) = (i4i) Let € > 0 and X € (0, 1), then we have

83({(n,l,k) € N3: Nag,,,—1(s) > 1—A})
=1- 63({(n>la k) € N3 : NAfEnlk*L(e) <1- A})
= 1 by (di).

(791) = (iv) Let € > 0 and A € (0,1), then we have

{(n,l,k) € N3: |Nag,,—1(e) = 1] > A} {(n,1,k) € N3 : Nay, . —1.(e) <
I >\} U {(n7 l7 k:) < N3 : NAxnlk_L(g) 2 1 + )\}
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Therefore we have from the finite additivity property of density
33({(n,1,k) € N*: |[Nag,—r(€) = 1] = A})
= 63({(n,l,k) € N3 : Nag,o—1(e) < 1 —=A}) + 63({(n,l,k) € N3 .
NA&EnLk*L(‘?) >1+ )\})

Since, 83({(n,l,k) € N3 : Nas,,.—(¢) <1—=A}) =0 and 65({(n,,k) €
N?: NACCnlk—L(g) >1+2A})=0.

Hence 63({(n,l,k) € N3 : INaz,—(6) =1 > A}) =0 = 53A —
limNAmnlk,L(e) =1.

(tv) = (i) By hypothesis for a given ¢ > 0 and A € (0,1), we have
63({(n,l,k) € N3 : |Nas,,,—1(c) — 1| > A}) = 0 ie., 635({(n,l,k) € N3 :
Nas-£(€) 1= +85({(n, L k) € N*: NG 1 +1}) = 0.

= 03({(n,1,k) € N3: Nay,,—r(€) <1—A}) =0, since 53({(n,,k) € N3:
NAxnlk_L(g) 2 1+ )\}) =0.

The following result is on the uniqueness of the limit, if it exists.

Theorem 3.2. Let (X, N,x) be a PN-space. If a sequence x =< x,, >
is A-statistically convergent with respect to the probabilistic norm, then
stya — lim x,,;; is unique.

Proof. Let stya — limx,, = Li and stya — limz,, = Lo, where
x =< Tp > is a triple sequence. For a given A > 0 we choose v € (0,1)
such that (1 — )+ (1 —+) > 1 — A. Then for any € > 0, we define the
following sets.

Kni(y.e) ={(n,l,k) € N® : Nag,—1,(€) < 1=},

Kna(v,e) = {(n,l,k) € N3 : Nag, . —1,(g) <1—~}.

Since stya —limx,; = L1, 03({Kn1(7,€)}) =0, for all e > 0.

Furthermore using stya — limaz,;, = Lo we get d3({Kn2(v,€)}) =
0, for all ¢ > 0. Now let Kn(v,e) = Kni(7,e) N Kn2(7v,¢). Then

53({Kn(v,€)}) = 0, which implies that d3({N3 — Kn(v,¢)}) = 1. If
(nvlvk) € {N3_KN(77E)}7 then NLl—L2(€) > NAJ?nlk—Ll(%)*NAInlk—Lz(%) >



164 Binod Chandra Tripathy and Rupanjali Goswamsi

(I—=7)*(1—=7)>1—A\. Since A > 0 is arbitrary we get Np,_r,(¢) = 1 for
all € > 0, which yields L; = Lo. Therefore we conclude that stya — limit
of triple sequence is unique.

Theorem 3.3. Let (X, N, *) be a PN-space. If Nao — limx,;;, = L, then
stya — lim x,,;;, = L, but not necessarily conversely.

proof. By hypothesis z =< x,; >, A-converges to L with respect to the
probabilistic norm N. Therefore for every A > 0 and ¢ > 0 there exists a
positive integer ko such that Nag ,—r(¢) > 1 — X for all n > ko, | > ko,
k > ko. Thus the set {(n,l,k) € N> : Nag,,,—r(¢) < 1 — A} has finitely
many terms. Since every finite subset of N3 has density zero, we see that
63({(n,l,k) € N®: Nag,,.—1(c) <1—2A})=0.

Theorem 3.4. Let (X, N,*) be a PN-space and © =< x,;; > be a triple
sequence. Then stya — limx,r = L if and only if there exists a sub-

set K = {(n,l,k) :n,l,k =1,2,3,4,..} C N3 such that d3(K) = 1 and
Na — (n,zl,llg)leK Tk = L.

n,l,k— oo

Proof. Suppose stya — limx,;, = L. Now for every € > 0 and r € N, let

(3.1) K(r,e) = {(n,0,k) € N%: Nag . _1(c) < 1— %}.
M(r,e) = {(n,l,k) € N3: Nag,,,—(c) >1 -1}

Then d3{K(r,e)} = 0 and

(3.2) M(l,e) D M(2,e) DM(3,e) D.... D M(i,e) D M(i+1,e) D ...

(3.3) 03{M(r,e)} =1forr=1,2,3,....

Now we have to show that for (n,l,k) € M(r,e) the sequence z = i
is Na-convergent to L.

Suppose * =< x, > be not Na-convergent to L. Therefore there
exists v > 0 such that the set {(n,l,k) € N3 : Nag,,.—1(6) < 1—~} has
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infinitely many terms.

Let M(v,e) = {(n,l,k) € N3 : Nag,—1(e) > 1 =7}, v > 1, (r =
1,2,3,...)

Then 03{M (~,¢)} = 0 and by (3.2) we have M (r,e) C M(~,e). Hence
M (r,e) = 0 which contradicts (3.3).

Therefore x =< x, > is Na-convergent to L.

Conversely suppose that there exists a subset K = {(n,l,k) : n,l,k =
1,2,3,4,...} € N3 such that d3(K) =1 and Na — (n.,ll,llg)leK Toik = L.

n,l,k—oo

Then there exists kg € N, such that for every v € (0,1) and ¢ > 0,
NAInlk_L(E) > 1 _f)/ fOI' n Z k07 l 2 kO; k Z kO'

Now, M(7>€) = {(n7l7k) € N3 NAmnlk—L(E) <1- ’Y}
C N3 - {(nk0+17 lk0+17 kk0+1)7 (nk0+27 lk0+27 kk0+2)7 (nk0+37 lk0+37 kk0+3)7 }

Therefore d3(M(7y,¢)) >1—-1=0.
Hence stya — limx,; = L. This completes the proof.

Theorem 3.5. Let (X,N,*) be a PN-space and © =< x, > be a
sequence whose terms are in the vector space X . Then the following con-
ditions are equivalent.

(a) x is A-statistically Cauchy sequence with respect to the probabilis-
tic norm N.

(b) There exists an increasing index sequence K = {(k1, k2, k3)} of N3
such that d3(K) = 1 and the subsequence {(Zk; kyks} (k1 ko ks)ek 18 @ A-
Cauchy sequence with respect to the probabilistic norm N.

Theorem 3.6. Let (X, N, %) be a PN-space. Then
(3) If stya—limxy,, = € and stya—lim y,, = 1, then stya —lim(z,,+
ynlk) = 5 + 1.
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(i) If stya — limx,y, = € and « € R, then stya — lim ax,, = of.

(@ii) If stya — limay, = € and stya — limy,, = 7, then stya —
lim (i, — Ynik) = € — 0

Proof. (i) Let stya — limz,, = € and stya — limy,, = 1. For a given
e >0and A € (0,1) we choose v € (0,1) such that (1 —~)* (1 —7) >
1 — A. Then we define the following sets. Kn1(v,¢) = {(n,l,k) € N3 :
NAmnlk*5<€) <1- '7}7 KN,2(77€) - {(nvlvk) € N?: NAﬂﬁnlk—ﬁ(g) <1- 7}'
Since stya — limxy, =€, I3{Kn1(7,€)} =0, for all € > 0.

Further using stya — limz,, = £ we get d3{Kn2(7,€)} = 0, for all
e > 0.

Let Kn(v,€) = Kn1(v,€) N Kna(v,€).

Then we observe that d3{Ky(v,c)} = 0, which implies that J3{N3 —
Kn(v,6)} = 1. If (n,1,k) € {N3 — Kn(v,¢)}, then we have

£

N(Awnlk*§)+(Aynm*n)(€) > NAmnlkfﬁ(%) * NAymk—n(2)
>S(1—y)*(1—=7v)>1-A\

This shows that d3{(n,l,k) € N3 : Nag, - +(Byni—m) (E) ST =A=0.
Hence stya — Uim(xp + Yoix) = € + 1.

(i) Let stya —limzy, =n, A € (0,1) and € > 0. First we consider the
case of a = 0. In this case, Noag,,,—0¢(e) = No(e) =1>1— A

So we have No — limOx,; = 0. Then from Theorem 3.2 we have
stya — lim Oz, = 0.

Let « € R(a # 0). Since stya —lim x5, = &, we define the following set

Kn(v,e) = {(n,l,k) € N3 : Nay,,,—¢(¢) < 1—~}, then we can say
63{Kn(7,e)} = 0 for all ¢ > 0. In this case J3{N3 — Kn(v,¢)} = 1. If
(n,l,k) € N3 — Ky(v,¢), then

NaAInlk*af(g) = NAInlk*E(\%)
> NACank—E(E) * N0(|%| - 5)
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= NAmnzk*E@) * 1
= Npg,—c(€) >1 =X o€ R(a#0)
This shows that d3{(n,l,k) € N> : Noaz,—ac(e) <1—A} =0

Hence stya — lim azy = af.

(éi1) From (i) and (7) by putting a = —1, one can get ().

4. Statistical limit point and statistical cluster point of the class
of difference triple sequences with respect to the probabilistic
norm

Definition 4.1. Let (X, N, *) be a PN-space. A subset Y of X is said to be
bounded if for every r € (0, 1), there exists tg > 0 such that N, (tg) > 1 —1r
forallz €Y.

Definition 4.2. Let (X, N,x) be a PN-space, then L € X is called a
A-limit point of the triple sequence x =< x,;; > with respect to the prob-
abilistic norm N provided that there is a subsequence of x that A-converges
to L with respect to the probabilistic norm N. Let Qxa(x) denote the set
of all limit points of the sequence x. Let {(Zy(i;)i(i0)k(i5)) } b€ a subsequence
of ¥ =< x> and K = {(n(i1),l(i2), k(i3)) € N3,i1,ia,i3 € N}, then
we abbreviate { (2, )i(i,)k(is))} PY {2} K, which in case d3(K) = 0, {z}x
is called a subsequence of density zero or thin subsequence. On the other
hand {z}k is a non-thin subsequence of z if K does not have density zero.

Definition 4.3. Let (X, N, ) be a PN-space.Then £ € X is called a A-
statistical limit point of the triple sequence x =< x,;; > with respect to
the probabilistic norm N provided that there is a non-thin subsequence of
x that A-converges to £ € X with respect to the probabilistic norm. In this
case we say & is an st ya-limit point of sequence x =< x5 >. Throughout
Ana(x) denotes the set of all stya-limit points of the sequence .

Definition 4.4. Let (X, N,*) be a PN-space. Then v € X is called
a A-statistical cluster point of the sequence z =< z,;; > with respect
to the probabilistic norm N provided that for ¢ > 0 and A € (0,1),
lim —sup d3({(n,l,k) € N3 : Nag,,.—~(€) > 1 —A}) > 0. In this case
we say that v € X is an stya-cluster point of the sequence x =< z,, >.
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Throughout I'ya(z) denote the set of all stya-cluster points of the se-
quence .

Definition 4.5. A probabilistic normed space (X, N, %) is said to be A-
complete if every A-Cauchy sequence is A-convergent in X with respect to
the probabilistic norm N.

Theorem 4.1. Let (X, N, *) be a PN-space, then for any sequence z =<
Tnig >€ X, Ana(z) C Ina(®).

Proof. Let £ € Axa(x), then there is a non-thin subsequence
(Tr(ir)i(in)k(is)) Of T =< Tpik > that A-converges to { with respect to the
probabilistic norm NV, i.e.

63{(n(i1),l(z'2), k‘(l3)) € N3: NAv’ﬂn(il)l(Q)k(z‘g)*f(E) >1-— /\} =d>0.

Since
{(n,l,k) € N* : Nag—¢(e) > 1 =X} D {(n(ir),l(i2), k(i3)) € N? :
Nz, )ip)ny —£(E) > 1= AL

For every ¢ > 0, we have {(n,l,k) € N3 : Nag,,—¢(e) > 1 — A}
D {(n(i1),1(i2), k(i3)) € N3 : i1,49,i3 € N}— {(n(i1),1(i2), k(i3)) € N3 :
Nz, )iig)np —£(E) < T = AL

Since (i, )i(in)k(is)) 18 A-convergent to & with respect to the proba-
bilistic norm N, the set {(n(i1), [(i2), k(i3)) € N* : Naz, ;110 004)~€(€) <
1 — A} is finite, for any € > 0, therefore

limsup 63({(n,l, k) € N3 : Nag,,,—e(€) > 1 —A})
> limsup 3{(n(41), 1(i2), k(i3)) € N® : i1, iz, i3 € N}

- limsup 63{(n(i1), (4i2), k(i3)) € N® : Nay (e) <1-AL

n(ip)l(ig)k(iz) —¢

Hence limsupd3({(n,l,k) € N3 : Nag,,—¢(¢) > 1 —A}) > 0, which
implies £ € I'ya(z).

Thus Aya(z) C I'ya(x).
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Theorem 4.2. Let (X, N,x) be a PN-space. Then for any sequence
T =< Xpr >€ X, FNA(LE) C QNA(:E).

Proof. Let v € Tya(z), then d3({(n,l,k) € N3 : Nag,,,—(€) > 1—A}) >
0 for every ¢ > 0 and A € (0,1). Let {z}x be a non-thin subsequence of
x such that K = {(n(i1),1(i2), k(i3)) € N3 : Nz i 1yriin) —7(E) > 1 — A}
for every € > 0 and d3(K) # 0. Since there are infinitely many elements in
K~ e QNA(x).

Thus I'ya(z) C Qya(z).

Theorem 4.3. Let (X, N, ) be a PN-space, then for any sequence z =<
Tk >€ X, stya — limxy,, = L, implies Aya(x) = Tya(z) = {L}.

Proof. First we prove that Axya(z) = {L}. Suppose that Aya(z) =
{L,M} be such that L # M. In this case, there exist non-thin sub-
sequences {xn(l1)l(%2)k(%3)} and {*xp(il)q(iz)r(zg)} of z =< Tnlk > those A-
converge to L and M respectively with respect to the probabilistic norm N.
Since {mp(il)q(iQ)T(ig)} is A-convergent to M with respect to the probabilistic
norm N, so for every ¢ > 0 and A € (0,1), K = {(p(i1), q(i2),7(i3)) € N3 :
NAzy i yatiyriin)—M (€) < 1= A} is a finite set and so d3(K) = 0.
Then {(p(il),q(ig), T(ig)) € N3 : 11,12,13 € N}

= {(p(i1), q(i2),7(i3)) € N* : Naw, ooy —M(E) > 1= A}

U{(p(i1), q(ia), 7(i3)) € N* : Nag Mm(e) <1 -7}

p(i1)q(ig)r(ig) —

Which implies

(4.1)  83{(p(ir), qlia),7(i3)) € N : Nay

Since stya — lim z,, = L.

),M(é‘) >1-— /\} 75 0.

p(i1)q(ig)r(ig

(4.2)  63{(n,1,k) € N*>: Ny, () <1—A} =0, for every e > 0.
Therefore we can write d3{(n,l,k) € N3: Nag, . —1(¢) > 1 — A} # 0.
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For every L # M, we have
{<p(i1)7q(i2)7r(i3)) € N*: NAxp(il)q(iQ)r(i3)_M(E) >1- >‘}
N{(n,l,k) € N3: Nag,,,—r(e) > 1A} =0,

Hence {(p(i1),q(i2),7(i3)) € N3 : NAzy i gty —M(E) > 1= A} C
{(n,l,k) € N3: Nag,,,—r(g) <1—A}.

Therefore

lim sup 03{(p(i1), 4(32),7(13)) € N? : Naw,(; sy —M () > 1= A}
<limsupds{(n,l,k) € N3: Nag,,.—(c) <1— A} =0.

This contradicts (4.1).

Hence Aya(z) = {L}.

Next we show that I'ya(z) = {L}. Suppose that I'na(z) = {L,Q}
such that L # Q. Then

(4.3) limsup d3{(n,1,k) € N®: Nag,,.—o(e) > 1 — A} #0.

Since
{(n,1,k) € N3: Nag,,,—r(e) > 1= AN
{(n,l,k) € N3: Nag,,,—q() > 1— A} =0 for every L # @Q, so {(n,l,k) €
N3: Nag,—rn(e) <1 =2} D {(n,l,k) € N3: Nag,,,—q(e) > 1— A}.

Therefore

(4.4) limsup 63({(n,1,k) € N®: Nag,,—1(¢) <1—A})

> limsup 83({(n,1,k) € N®: Nag,,.—o(e) > 1 —A}).

From (4.3), the right hand side of (4.4) is greater than zero and from
(4.2) the left hand side of (4.4) equals zero. This leads to a contradiction.
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Hence I'ya(xz) = {L}.

Theorem 4.4. Let (X, N,*) be a PN-space. Then the set I'ya is closed
in X for each x =< x,; > of elements of X.

Proof. Let y € I'ya(z). Let 0 < r < 1 and t > 0, there exists
v € I'nva(z) N B(y,r,t) such that B(y,r,t) ={x € X : Ny_,(t) > 1 —r}.

Choose n > 0 such that B(vy,n,t) C B(y,r,t), then we have

(b e N3 i Nyna > 1=} 5 {1 k) € N3 Ny ppp(t) >
1 —nj}.

Since v € Iya(z) so limsup d3{(n,l, k) € N3 : Ny_ag, . (t) >1—n} >
0.

Hence limsup d3{(n,,k) € N®: Ny_az,, (t) >1—7} > 0.

Thus y € I'ya(z).This completes the proof.
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