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Abstract

By using the standard Liapunov-Krasouvskii functional approach, in
this paper, new stability, boundedness and ultimately boundedness cri-
teria are established for a class of vector functional differential equa-
tions of third order with retarded argument.
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1. Introduction

Differential equations with retarded argument are used to describe many
phenomena of physical interest. While ordinary differential equations with-
out delay contain derivatives which depend on the solution at the present
value of the independent variable (‘time’, differential equations with re-
tarded argument contain in addition derivatives which depend on the so-
lution at previous times. Differential equations with retarded argument
arise in models throughout the sciences. Systems of differential equations
with retarded argument now occupy a place of central importance in all
areas of science and particularly in the biological sciences (e.g., population
dynamics and epidemiology). Interest in such systems often arises when
traditional point wise modeling assumptions are replaced by more realistic
distributed assumptions, for example, when the birth rate of predators is
affected by prior levels of predators or prey rather than by only the current
levels in a predator-prey model. The manner in which the properties of
systems of differential equations with retarded argument differ from those
of systems of ordinary differential equations has been and remains an active
area of research (see, e.g. Ahmad and Rama Mohana Rao [4], Burton [5],
Elsgol’ts and Norkin [11], Hale [15], Hara [16], Krasovskii [17], Rauch [24],
Smith [26] and references therein). On the other hand, differential equa-
tions of third order have been proved to be valuable tools in the modeling
of many phenomena in various fields of science and engineering.Indeed, we
can find some applications such as nonlinear oscillations (Afuwape et al.
[3], Fridedrichs [14]), prototypical examples of complex dynamical systems
in a high-dimensional phase space, displacement in a mechanical system,
velocity, acceleration (Chlouverakis and Sprott [6], Eichhorn et al. [10],
Linz [19]), the biological model and other models (Cronin- Scanlon [8]),
electronic theory (Rauch [24]), the boundedness of some minimal chaotic
attractors (Elhadj and Sprott [9]) and etc. Therefore, it is worth to investi-
gate the qualitative behavior of differential equations of third order. At the
same time, the theory of stability and boundedness of solutions are impor-
tant branches of the qualitative theory of differential equations. In the last
60 years, there has been increasing interest in obtaining the sufficient con-
ditions for the stability /instability /boundedness/ ultimately boundedness
etc. of solutions of different classes of differential equations of third order
such as linear and nonlinear ordinary, and functional differential equations;
for a comprehensive treatment of subject, we refer the reader to the book by
Reissig et al. [25] as a survey and the papers by Ademola and Arawomo [1],
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Afuwape and Castellanos [2], Afuwape et. al. [3], Chukwu [7], Ezeilo ([12],
[13]), Hara [16], Mehri and Shadman [20], Meng [21], Omeike and Afuwape
[22], Qian [23], Rauch [24], Smith [26], Swick [27], Tejumola [28], Tunc [29-
40], Tunc and Ates [41], Tunc and Ergéren [42], Wall and Moe [43], Zhang
and Yu [44] and references therein). It is well known that an important
tool in the study of stability /instability /boundedness/ ultimately bounded-
ness of solutions of the considerable number of ordinary/neutral/retarded
differential equations of higher order is the Liapunov function/Liapunov-
Krasovskii functional techniques. The Liapunov function technique goes
back for ordinary differential equations as far as the approximation meth-
ods of Liapunov (1857-1918) (see, also, Liapunov [18]), which he developed
in 1899, make it possible to define the stability of sets of ordinary differential
equations and he created the modern theory of the stability of a dynamic
system. Besides, in 1959, Krasovskii (1924-2012) carried out Liapunov-
Krasovskii functional technique for a treatment of global behavior of so-
lutions of a class of nonlinear differential equations with delay by suitable
Liapunov- Krasovskii functionals. In his work, Krasovskii indicated the
extension of Liapunov’s method to a class of general differential equations
with time delay in the literature. Especially, after the work of Krasovskii
[17], stability/instability /boundedness/ convergence/ existence of periodic
solutions, etc. of solutions of scalar neutral /retarded differential equations
of higher order were investigated quite extensively by many authors (see
the mentioned references and the references therein). It should be noted
that, today, the same topics are also being investigated intensely in the lit-
erature and many good results are being obtained by the researchers. We
would not like to give the details.

In 1968, Wall and Moe [43] considered the scalar differential equation
of third order without delay

2"+ (1 +x'2)$’+x’+$ =0.

The authors proved that the functional relationship to the original equa-
tions is evident by the direct way in which the desired Liapunov function
was obtained from the original differential equations, and they gave suffi-
cient conditions which quarantee globally asymptotic stability of this equa-
tion.

Later, in 2009, the result of Wall and Moe [43] was improved and ex-
tended by Tunc [35] for the stability and boundedness of the following
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vector differential equation of third order without delay:
X"+ U(X)X" + BX' +cX = P(t),

when P(t) =0 and P(t) = 0, respectively.

After that, in 2010, Omeike and Afuwape [22] studied the ultimate
boundedness of solutions of Eq. (3). By this work, they did a good contribu-
tion to the topic. To the best of our knowledge from the literature, by now,
no attention was given to the investigation of the stability /boundedness/ ul-
timately boundedness of solutions of the vector functional differential equa-
tions of third order with retardation. The basic reason for the absence of
any work on this topic may be the difficulty of the construction or definition
of appropriate Liapunov- Krasovskii functionals for differential equations of
third order with retardation. Further,until now, construction or definition
of suitable Liapunov functions/Liapunov- Krasovskii functionals for higher
order nonlinear differential equations without and with retardation remains
an as open problem in the literature. Therefore, it is worthwhile to do the
discussion of the mentioned properties for those equations.

In this paper, we are concerned with the stability, boundedness and
ultimately boundedness properties of the following type vector functional
differential equations of third order with retarded argument, 71 > 0 :

(1.1) X" 4+ U(XNX" 4+ BX'(t — 1) +cX(t — 1) = P(t),

where 7 is the retarded argument; c is a positive constant; B is n X n-
an constant symmetric matrix;¥ is an n X n— continuous differentiable
symmetric matrix function such that the Jacobian matrix J(¥(X") X’ | X”)
exists and is symmetric and continuous, that is,

JWOOX' | X) = 5873 disa's)

! n OV 1 .
:,(b(X ) + kzl ax}fx ks (27] = 1a2a -.-,TZ),

exists and is symmetric and continuous, where (z'1,2's,...,2",) and ()
are components of X’ and ¥, respectively; P : RT — R" is a continuous
function, Rt = [0, 00) and the primes in Eq.(1) indicate differentiation with
respect to t, t >ty > 0. For the third order functional differential equation
with the retarded argument, let X = X;, X’ = X5, X” = X3, then Eq.
(1) can be written in the form

X'y = Xo,
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XIQ = X37

t
XI3 = —‘P(XQ)Xg - BX2 + / BXg(S)dS
t

—T1

t
(1.2) Xt / Xa(s)ds + P(1).
t

-7

Throughout this paper, we assume that the existence and the unique-
ness of the solutions of Eq. (1) hold (El'sgol’ts and Norkin [11]. The mo-
tivation of this paper comes from the results established in Wall and Moe
[43], Tung [35], Omeike and Afuwape [22] and mentioned papers. The main
purpose of this paper is to get some new stability /boundedness/ ultimately
boundedness results of Eq. (1) by using the Liapunov- Krasovskii func-
tional approach. This paper is the first attempt in the literature to obtain
sufficient conditions which guarantee the stability /boundedness/ultimately
boundedness of vector functional differential equations of third order with
retarded argument, and it has a new contribution the topic in the litera-
ture. This case shows the novelty of this work. It should also be noted that
the results to be established here may be useful for researchers working on
the qualitative behaviors of solutions.

One tool to be used here is LaSalle’s invariance principle. If we consider
delay differential system

t=F(x), ;g =x(t+0), —r<0<0,¢t>0,

we take C' = C([—r,0],R") to be the space of continuous function from
[-7,0] into R and ask that F' : C — R" be continuous. We say that
V : C — R is a Liapunov function on a set G C C relative to F' if V is
continuous on G, the closure of G,V is defined on G, and V < 0 on G.
The following form of LaSalle’s invariance principle can be found in
Smith [26, Theorem 5.17]. Here, w denotes the omega limit set of a solution.

Theorem A. If V is a Liapunov function on G and z¢(¢) is a bounded
solution such that x¢(¢) € G for t > 0, then w(¢) # 0 is contained in the
largest invariant subset of E = {1 € G : V(¢) = 0}.
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2. Main results

Before we state our main results, we give an algebraic result which will be
required in the proofs.

Lemma. Let A be a real symmetric n X n -matrix. Then for any X; € R"

Sal | X1 | < (AX7, X1) < A X33

where J, and A, are, respectively, the least and greatest eigenvalues of the
matrix A (see [22]).

Let P(t) = 0. The first main result of this paper is the following theo-
rem.

Theorem 1. In addition to the basic assumptions imposed on ¥(X3),
B and ¢, we assume that P(t) = 0 and there exist positive constants
Q, €, ag,a1,bp and ¢ such that the following conditions hold:

n X n- symmetric matrices B and ¥ commute with each other and

agbp — ¢ > 0,1 — aag > 0,bp < \;(B) < by
and
ap +¢e < N(¥(X2)) < ay for all Xo € R™.
if
aapboc k1
aagboby + aapboc’ (2ag + aagby + 1)c + agby’

1< min{

ko }
c+ (24 ap + aapby)by )’

then, all solutions of Eq. (1) are bounded and the zero solution of Eq. (1)
is globally asymptotically stable, where

k1= 2(a0b0 — C) — aaobo[ao -+ Cil(bl - b0)2] >0

and
ko = 2¢[1 — aaghoc™ (a1 — ap)?] > 0.

Proof. To prove the theorem, we define a differentiable Liapunov- Krasovskii
functional V' (t) = V(X1(t), Xa(t), X3(t)) by
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1
2V = aoc<X1,X1) + ag /<O"I’(UX2)X2,X2>dU + aaob%(Xl,Xﬁ
0

+<BX2,X2> + <X3,X3> + 2aa(2)b()<X1, X2> + 2aa0bg(X1,X3>

+2a0<X2, X3> + 26<X1, X2> - aaobo<X2, X2>

0 t 0 t
21)  +2xn / 11X (68)[2d6ds + 2 / / 11X3(0) | 2d0ds,
—71 t+s —71 t+s
where
. 1 ag agbg — ¢ c
2.2 O<oz<mm{—,—, , },
( ) ag’ by apgbo [ao + Cil(bl — bo)Q] aobo(al — ao)

a1 > ag,by # bgp and A\ and 7; are certain positive constants to be
determined later in the proof.

From (4), it follows that

2V = agbo||ao 2 Xz + ao " 2bo LeX1|? + || X5 + ao X + aagbo X1 |2
+ag g‘<a\11(aX2)X2, Xo)do — 2a3(Xa, Xo) + (B — bol) X2, X3)
+aaohd(1 — aag) (X1, X1) + c(ag — cby ) X1, X1) + ag(ag — aby)(Xa, Xa)
¥200 | [ 1IX2(6)|Pdbds +200 [ [1Xa(6)]12d0ds

—71 t+s —71 t+s

In view of the assumptions of Theorem 1, it is clear that

V(O’ 0’ 0) = 07
1
a0/<a\IJ(aX2)X2,X2>da — 2&8<X2,X2>
0

1
. /((J\IJ(JXQ) — aol) X, Xo)do > eag||Xal[2,
0
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(B —bpl)X2, X2 >0,
aaobi(1 — aag) (X1, X1) = pu || X1|%,
11 = aapbi (1 — aag) > 0,
c(ag — eby 1) (X1, X1) = pa| X1 %,
p2 = clag — cby *) > 0,
ao(ag — abo)(Xa, Xa) = ps|| Xa|[?,

Hn3 = ao(ao — Ozb(]) > 0.

By noting the above discussion, we get
1 1
V > gaobo|lag 2 Xa + ag 20y eXa|[* + 31| X3 + ao Xz + aagbo X |

+5 (i1 + p2) [ Xal|* + 5 (a0e + ps) | Xa?

0 t 0 t
+20 [ [ [1X2(0)]Pd0ds +2n1 [ [ 1| X3(0)]|*dbds.

—711 t+s —711 t+s
Thus, one can obtain from the above estimate that there exist suffi-
ciently small positive constants d;, (i = 1,2, 3), such that

V > di||Xa|]? + do| Xa2|? + ds| X5

Then, we conclude that Liapunov-Krasovskii functional V' is positive
definite. Let
dy = min{dy,da,ds}.

Then, it is clear that
V> da(||X] P+ | X P+ 1 X3] ).

Let(X1, X2, X3) = (X1(¢), X2(t), X3(t)) be any solution of system (2).
Differentiating this functional, (3), with respect to along system (2), we
have
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V = —aaoboc<X1, X1> — a0<X2, BX2> + C<X2, X2>
+C¥a%bo<X2, X2> — aaobo<X1, \I/(XQ)X3>
+Oza8b0<X1, X3> — <\I’(X2)X3, X3>

“+ag <X3, X3> - aaobg <X1, BX2>
t
+Oza()b%<X1,X2> + (X3, f BXs3(s)ds)

t—11

—|—<X3,C ft Xg(s)d8>+oza0b0(X1, ft BX3(S)dS>

t—71 t—71

+aapboc( X1, ft Xo(s)ds) + ao(Xa, ft BX3(s)ds)

t—r1 t—r1
+CL06<X2, f X2 d5> + )\1T1<X2,X2> +T]1T1<X3,X3>
t—71
—/\1t f || X2(s)][Pds —m f |1 X3(5)]|ds
—T1 t—7

—Laagboc(X1, X1) — ((aoB — cI — cagbol) X2, X2)
—{(¥(X3) — apl) X3, X3)

—Laaghy ||¢2 X1 + 2¢72 (U(Xy) — aoI)X::,H2

+2aagby ||2¢” 2(U(Xa) — agl X3H

2
~Yaagby |2 X1 + 2673 (B — bol) Xo |

2
+Laaghy [|2¢72 (B - ng)XQH

—|—<X3, f BXg(S)dS) Xg,C f X2 d8>

t—r1 t—m1

t
+oza0b0<X1, f BX3 )ds)+oza0boc X1, f X2 d8>

t—m1 t—11

t
+ao(X2, [ BXz(s)ds)+ apc(Xo, f Xo(s)ds)

t—71 t—71

+A171(Xo, Xo) + m71 (X3, X3)

333
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¢ ¢
~A S [1X2(s)[[ds — m | 1 X3(s)[%ds.

—T1 -7
Using the assumptions of Theorem 1 and elementary estimates, we ob-

tain

t t
<X3,tf BX3(s)ds < || X3]| tf BXs3(s)||ds
—T1 —T1
t
< bl[ X5l [ [ X3(s)llds

t—11

< %bltjt’ {[1X3(®)[17 + (| X3(s)[[*}ds

—T1

t
= sbimil| Xsl[? + 301 [ (| Xs(s)][ds,

t—71
t t
(X3,c [ Xa(s)ds) <c||Xs]||| [ Xa(s)ds
t—71 t—T1
t
< dlXsll S [1Xa(s)llds
S

< %tht {1 X5 + [ X2(s)[[* s

-7

t
= 3| Xs|[2 + 3¢ [ [|Xa(s)]|ds,

t—T11
t t
()taob()(Xl, f BX3(S)dS>§Oza0b0b1HX1H f X3(S)d8
t—T1 t—T1
t
< OéaoboblHXlHt I 11 Xs(s)[|ds
-7
t
< %aaoboblt J X @I + [ X5(5)[[* s
-7

t
= %aa0b0b1ﬁ]|X1||2 + %aaobobl f |’X3<S)H2d8,

t—71

¢
aapboc(X1, [ Xa(s)ds) < aagboc|| X1

t—71

I Xo(s)ds|

t—T1

t
< aagboc|| X1|| [ [|X2(s)l|ds

t—71

t
< zaagboc [ {[|X1(t)[* + || Xa(s)[[*}ds

t—71

t
= %OzaobochHleQ + %Otaoboc f HXQ(S)‘PCZS,
t—71
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ft BXs3(s)ds

t—T1

t
CLO<X2, f BX3(S)dS>§a0HX2H

t—71

t
< aoh|| Xz [ || X3(s)l|ds

t—71

< %aobltf" {I1X2(8)[1” + | X3(s)[[* }ds

-7

t
= gaobi71|| Xa|* + %aoblt I 11X3(s)|Pds,

-7

f Xa(s)ds

t—71

t
aoc(Xz2, [ Xa(s)ds) < aoc||Xal|

t—11

t
< aocl| Xo|| [ [[Xa(s)llds

t—71

< Sage [ {I1Xa(®)| + || Xa(s)] s

t—71

t
= %a00ﬁ]|X2||2 + %aoc [ || X2(s)]|?ds.
t—71

Hence, it follows that
V(t) S —%aa0b06<X1,X1> — <(aoB —cl — aa%bOI)XQ,X2>

—((¥(X2) — aol) X3, X3)

_iaaoboHC%Xl +2¢73 ((X2) — aol) X3
+Laagho|[2¢7% (U(X2) — apl) X3 |?
—Loagho||c2 Xy + 2673 (B — bol) Xo||?
+Laagho|[2¢ T (B — boI) X |2
+gaaobobim[|X1]]* + 3aagboct || X1 ||
+3aob171||X2]|? + Fager || Xa|?

+50171[| X312 + gen| | X2

+A171(Xo, Xo) + m71 (X3, X3)

335
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t
—{\1 = (a0 + aagho + 1)c} [ || Xa2(s)|[?ds

t—71
t
—{771 — (1 + ag + %aaobo)bl}t f |‘X3(S)||2d8.
“n

Let )

A= 5(&0 + aagby + 1)6

and
1

m=14ao+ §aa0b0)b1.

Then

V(t) < —%aaoboc(Xl,Xﬁ

-{(agB — cI — aadbol) X2, Xo)

~((¥(X2) — aol) X3, X3)

+Laagho|[2¢77 (U(X2) — apl) X3|[2

+Laagho|[2¢7% (B — bol) Xa||2

+%(o¢a0b0b1 + aagboc) T || X1 )% + %(aobl + age) || X2||?
—i—%(ag + aagby + 1)er || Xa| 2 + %(bl +c)71|| X3

+%(1 + ag + aagbo)b17'1||X3||2.
In view of the estimates

Laagbo|[2¢72 (B — bol) X |2
= aaob()(c*l(B — bo[)XQ, (B — bo[)X2>
and

1
Taagbo||2¢72 (U(Xa) — aol ) X3)|?

= aaob()((c_l(\I’(Xg) — a()I))Xg, (\I’(Xg) — aof)Xg >,

it follows that
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V(t) < —%aaoboc(Xl,Xﬁ

—((agB — cI — aadbol) Xa, Xo)

+aagbg{c™H(B — bol) X2, (B — bol) X2)

—((¥(X2) — aol) X3, X3)

+aagbo (¢ (U (X2) — aol) X3, (¥(X2) — aol) X3)
+3(aagbobr + aagboc) || X1||2 + 3 (aobs + age)T1 || Xo||?
+3(ao + aagby + 1)er || Xa| | + 3(b1 + ¢) 71 || X3 |2

+5(1 4 ag + aagbo)br71 || X3][*.

By noting Lemma and the assumptions of Theorem 1, it can be obtained
that

V(t) < —%{aaoboc — (aagboby + capboc) T || X1 ||?

—{(aoB — cI) — aagbglagl + ¢ (B — bol)?]} X2, Xa)

+5(aob1 + age)71[| Xo|

+35(a0 + aagbo + 1)em || Xo|?

~({(P(X2) — aol)[I — avagboc™ ' (¥(X2) — aol)]} X3, X3)

+3(b1 + )71 X5

—i—%(l + ag + aagbo)bim1 || X3||?

< —%{aaoboc — (aapboby + cagboe) }| X1 |?

—{(agbo — ¢) — aagbolag + ¢ (b1 — bo)?]}|| X2||?

+3{(2a0 + aagbo + 1)c + agbi }71|| Xz ||?

—e[l — OzagbOC_l(al - CL0)2]||X3||2
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+%(2bl +c+ a0b1 + Oéaob()bl)T1’|X3||2.
Let

k1= 2(a0b0 — C) — aaobo[ao -+ Cil(bl - b0)2] >0

and
ko = 2¢[1 — aagboc ™ (ay — ag)?] > 0.
Hence
V(t) < —2{aagboc — (aagboby + aagboc) T || X1 ||
—%{kl — [(2ag + aagbg + 1)c + agb1]1 H| X2||?
—2{ka — (2b1 + ¢ + aob1 + aagbobr )T }H | X5||2.

If

aagbge kq
aapboby + aagboc’ (2ag + aagby + 1)c + agby”’

7 < mm{

ko }
c+ (24 ag + aapby)by )’

then, for some positive constants pi, ps and ps, it follows that

V(1) < —pulIXa? = pal | Xal[* — psl| X]* < 0.

In addition, we can easily see that

V(X1, X2, X3) — 00 as || X1|* + || Xz2|* + || Xs|* — .

We will now apply LaSalle’s invariance principle, so consider the set

E= {(X17X25X3) : V(Xl,XQ’Xg) = 0}

Observe that (X7, X2, X3) € E implies that X; = Xy = X3 = 0.
Clearly, the largest invariant set contained in E is (0,0,0) € E, and so the
zero solution of system (2) is globally asymptotically stable. Hence, the
zero solution of Eq. (1) is globally asymptotically stable.

This completes the proof of Theorem 1.
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In the case P(t) # 0, the second result of this paper is the following
theorem.

Theorem 2. We assume that all assumptions of Theorem 1 hold, except
P(t) = 0 In addition, we assume that there exists a non-negative and
continuous function 6 = 6(t) such that the following condition holds:

[|P(t)|| < 6(t) for all t > 0,mazb(t) < oo and 0 € L*(0,00),

where L'(0, 00) denotes the space of Lebesgue integrable functions.

If

aapboc

71 < min
! {Oza[)bobl + aagboc’

k1 ks }
(2ag + aapby + 1)c + agby” ¢+ (2 + ag + aagbo)by |’

where
ki = 2((101)0 - C) - Oza()bo[a() + Cil(bl - bO)Q] >0

and

kg = 2¢[1 — aagboc™ ' (a1 — ag)?] > 0,

then there exists a constant D > 0 such that any solution (X1 (¢), Xa(t), X3(t))
of system (2) determined by

X1(0) = X10, X2(0) = X290, X3(0) = X30

satisfies

X1l < D, [|X2)|] < D, || X3(1)|| < D
for all t € RT.

Proof. In the case of P(t) # 0 under the assumptions of Theorem 2, it
can be easily seen that

V(t) < —%{aaoboc — (aagboby + aagboc)m M| X1 ||

—3{k1 — [(2a0 + aagbo + 1)c + agbi]71 }| Xo|?
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—2{ka — (2b1 + ¢ + agbr + aagbobr )1 }| | X5||?
+(X3, P(t)) + aagbo(X1, P(t)) + ag(Xa, P(t))
< (aagbol| X1 + aol [ X2 + | X[ [ P(2)]]

< o(I[Xall + (| Xl + [ X3 DI P(@)]]

< o3+ X[ + 12X + |1 Xs]*)0(2),

where
o = max{aagby, ap, 1}.
On the other hand, it is easy to see that
117+ [ X2 [* + 1 X5]* < dy 'V
In view of the above discussion, we get
V(t) < 300(t) 4 d 'V ()0(t).

Integrating both sides of the last estimate from 0 to ¢, (¢ > 0) , one can
easily obtain

V(t) - V(0) < 30 / 0(s)ds + d; " / V(5)0(s)ds.
0 0

Then -
V() < d+d;? / V(s)0(s)ds,
0

where

d=V(0)+ 3a/e(s)ds.
0

By using Gronwall-Bellman inequality (see Ahmad and Rama Mohana
Rao [4]), we conclude that

oo

V(t) < d exp(d;" / 0(s))ds.
0
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Thus, all solutions of system (2) are bounded.
For the case P(t) # 0 , the third and last main result is the following
theorem.

Theorem 3. We assume that all assumptions of Theorem 1 hold, except
P(t) = 0. In addition, we assume that there exists a positive constant d

such that the condition

|[P(®)]] < o, (t > 0),

holds.

If

< min { aoboc
Tl Oza()bobl + Oéa()b()c7
k1 ko }
(2(10 + aagbg + 1)6 +aphy’ ¢+ (2 + ap + aapby)by ’
where
k1= 2((101)0 — C) — Oza[)bo[ao + Cil(bl - b0)2] >0

and

ko = 2¢[1 — ozaobgc_l(cu — a0)2] >0,

then there exists a constant d > 0 such that any solution (X (t), X2(t), X3(t))
of system (2) determined by

X1(0) = X10, X2(0) = Xa0, X3(0) = X30

ultimately satisfies

X @1 + [ X0 + || Xs@)]]* < d
for all t € RT.
Proof. When P(t) # 0, under the assumptions of Theorem 3, we can
re-arrange the time derivative of the Liapunov- Krasovskii functional V (t)

as the following:

V(1) < —pulIXal? = pal | Xzl — ps]| X1
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+(aagbol| X1||? + ao|| Xa|| + || X)) || P(2)]]
< —p1l| X112 — pal| X2||? — ps3||X5])?

+(aaobodol| X1]]* 4 aodol| Xa|| + do|| Xs]|).-
Let

1
dy = §mam{p1,p2, p3}

and

d_3 = max{aaoboéo, a0b050, 50}

Therefore,
V(t) < —2do{|| X1 |]* + | Xal|* + || Xs|[*} + ds(|| X1]| + | X2l | + || Xs]])-
In view of Schwarz’s inequality, it can be written that
. - - 1
V(1) < =2do{]|X1]|* + || X2l[* + | X2} + da(|1 X [[* + | X * + [1X5]1%)2,

where dy = \/§CZ3.
If
(1202 + X2 + [1X5]2)F > ds = dads ™,

then we get

V(t) < —da(||X1]]* + || Xal|* + || X3[[?).
Hence, it follows that there exists a positive constants dg such that
V(t) < -1

if]| X[ + || Xzl + || X5 > d§.

The remaining of the proof can be completed easily by following a sim-
ilar was as shown in Meng [21]. Therefore, we would not like to give the
details of the proof.

3. Conclusion

A class of vector functional differential equations of third order with a
constant retardation has been considered. The stability /boundedness/ ul-
timately boundedness of solutions of these equations have been discussed by
using the Liapunov- Krasovskii functional approach. The obtained results
extend and improve some recent results in the literature.
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