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Abstract

Recently Savas and Das [12] introduced the notion of I-statistical
convergence of sequences of real numbers. In this article we introduced
the sequence spaces W15 (M, A, p), WOI(S) (M, A,p) and WOIO(S)(M, A,p)
of real numbers defined by I-statistical convergence using sequences of
Orlicz function. We study some basic topological and algebraic proper-
ties of these spaces. We investigate some inclusion relations involving
these spaces.
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1. Introduction

The notion of statistical convergence was introduced by Fast [4] and Schoen-
berg [11], independently.Over the years and under different names statisti-
cal convergence has been discussed in the theory of Fourier analysis, ergodic
theory and number theory by Buck [1], Esi and Et [3]. Moreover, statistical
convergence is closely related to the concept of convergence in probability.

1 if ke A 1
i.e. Xy(k)= and dn(A):—ZXA(k)
0 if ke N\A "=

The idea of statistical convergence depends on the density of subsets
of the set NV of natural numbers. Let N be the set of natural numbers. If
A C N, then x4 denotes the characteristic function of the set A

Then the number d(A) = liminfd,(A) and d(A) = limsupd,(A) are
called the lower and upper asymptotic density of A respectively. If d(A)
=d(A)=d(A) then d(A) is called the asymptotic density of A. We see that
asymptotic density is limit of frequencies of numbers in the set {0,1,2,...},
therefore it is (when it exists) intuitively correct measure of size of subsets
of integers. It is clear that any finite subset of N has natural density zero
and d(A°) =1- d(A). Asymptotic density is (in some context) appropriate
way to describe whether a subset of natural numbers is small or large.

A sequence x = () is said to be statistically convergent to a number
L e Rif for each e >0, d(A(e)) = 0,where A(e)={n € N : |z, — L| > ¢}.

In recent years, generalizations of statistical convergence have appeared
in the study of strong integral summability and the structure of ideals of
bounded continuous functions on locally compact spaces. Kostyrko et.al.[7]
presented a new generalization of statistical convergence and called it I-
convergence. They used the notion of an ideal I of subsets of the set N to
define such a concept.

Let X be a non-empty set. Then a family of sets I C 2% is said to be an
ideal if I is additive, i.e, A,B € I = AU B € I and hereditary i.e. A € I,
B C A= B e I. A non-empty family of sets F C 2¥ is said to be a filter
on X if and only if 1)) ¢ F ii) for all AAB€ F = ANB € Fii)A € F,
ACB= BcF. Anideal I C 2% is called non-trivial if I # 2%¥. A non-
trivial ideal I is called admissible iff I D {{z} : x € X}. A non-trivial ideal
I is maximal if there does not exist any non-trivial ideal J# I, containing
I as a subset. For each ideal I there is a filter F'(I) corresponding to I i.e
F(I)={KCN:K°¢€lI}, where K°=N — K.
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A sequence z = (z,) is said to be I-convergent to a number L € R if
for a given € > 0,we have A(e)= {n € N : |z, — L| > €} € I. The element
L is called the I- limit of the sequence x = (x,).

Example 1.1: Let I=Iy={A C N : A is finite}. Then I; is nontrivial
admissible ideal of N and the corresponding convergence coincides with or-
dinary convergence. If I=I;={A C N : d(A) = 0}, where d(A) denotes the
asymtotic density of the set A. Then I; is a non-trivial admissible ideal of
N and the corresponding convergence coincide with statistical convergence.
For more on I-convergence one may refer to [2,16,19,20,21,23].

An Orlicz function M :[0,00) — [0,00) is a continuous, convex, non-
decreasing function defined for > 0 such that M (0) = 0 and M (x) > 0.
If convexity of Orlicz function is replaced by M(z +y) < M(z) + M(y),
then this function is called modulus function. An Orlicz function M is
said to satisfy Ag-condition for all values of u, if there exists K > 0 such
that M (2u) < KM (u),u > 0. Let M be an Orlicz function which satisfies
Ag-condition and let 0 < ¢ < 1. Then for each ¢t > §, we have M (t) <
K6~ 1tM(2) for some constant K > 0. Two Orlicz functions M; and Ma
are said to be equivalent if there exists positive constants «, § and zg such
that Mj(a) < Ma(x) < M;(8), for all 0 < z < xo.

Lindenstrass and Tzafriri [8] studied some Orlicz type sequence spaces
defined as follows:

by ={(z) € w: ZM(%) < oo, forp > 0}
The space ¢j; with the norm

ol = inf{p > 0: 3 ar(
becomes a Banach space which is called an Orlicz sequence space. The
space £y is closely related to £, which is an Orlicz sequence space with
M (t)=|t|P, for 1 < p < oco. Different classes of Orlicz sequence spaces were
introduced and studied by Parasar and Choudhury [10], Esi and Et [3],
Tripathy and Hazarika [17] and many others.

The notion of paranormed sequences was introduced by Nakano [9]. It
was further investigated by Tripathy et. al.[14,15,22] and many others.

)S]‘}’

Definition 1.2: (Savas and Das[12]) A sequence z = (xj) is said to be
I-statistically convergent to a number L € R if for each ¢ > 0, {n € N :
Lk<n:|ag—L| >e|>6} el
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The number L is called I-statistical limit of the sequence () and we write
I — st —limx, = L.

Remark 1.3: (Savas and Das[12]) Let I=I;={A C N : A is finite}. Then
I is nontrivial admissible ideal of N and I-statistical convergence coincides
with statistical convergence.

Definition 1.4: A sequence space FE is said to be solid (or normal) if
(yx) € E whenever (x) € E and |yg| < |zg| for all k € N.

Lemma 1.5: (One may refer to Kamthan and Gupta[6]) A sequence space
FE is normal implies that it is monotone.

Lemma 1.6: If I C 2V is a maximal ideal then for each A C N, we have
either Aec T or N—Ael.

The following well-known inequality will be used throughout the article.

Let p = (pr) be any sequence of positive real numbers with 0 < pg <
suppr = G and D = max{1,2671}. Then |ag + bp|P* < D(|ag|P* + |bg[P*)
for all k € N and ay, by € C.

Also |a|P* < max{1,|a|%} for all a € C.

2. Main Result

Let M = (M) be a sequence of Orlicz functions and A = (a;;) be an
infinite matrix and « = (z) be a sequence of real or complex numbers. We
write Az=(Ag(x)) if Ax(z) =Y a;xzi converges for each i.

We define the following sequence spaces in this article:
WIS(M, A, p)={(zk) € w: {n € N : 1|{k <n: ¥p_, [My(L2LD=Llype >
e}| > 6} € I for some p >0 and L € R}.

Wo S (M, A, p)={(xr) € w: {n € N : L|{k < n: Xy, (M (L2
e} >0} € I for some p >0 }.

v

WD (M, A, p)={(zx) € w: {n € N : 2|{k < n - Sy M (L2l >
M}| > 6} € I for some M >0 }.

Woo(M, A, p)={(xx) € w: {n € N :sup L S5, [M (122 < o0 3},

From the above definition it is obvious that
Wo (M, A, p) € WIE(M, A,p) € Wal¥ (M, A,p).
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Theorem 2.1: The spaces W()I(S)(M,A,p), WIS)(M, A, p) and
WC{O(S)(M , A, p) are linear space.

Proof: We prove the result for the space WOI () (M, A,p). The other result
can be established in similar way.

Let z = () and y = (yx) be any two elements in I/VOI(S)(M7 A,p). Then
there exists p; > 0 and p2 > 0 such thatA
A={neN:f{k<n: T M2 > 53 > 6} e 1

and B={n e N: L |{k <n: 2y [M12e@lyen > £y > 61 e 1

P2 -

Let a,b be any scalars. By the continuity of the sequence M = (M)
the following inequality holds:

S My (el < picyr_ M (2@ DS [ (1A o

lalp1+[b]p2 P P2

n a Ay (z n b Ar(z
< Dzk:1[|a\p1|+||b|p2 Mk(H 1;5 )||)]pk + Dzk:1[|a|p1‘+‘\b|p2 Mk(” 1;(1 )H)]pk

_ ] b
where K = maz{1l, g2 s 1

From the above relation we get the following;:

{neN: Lk <n: i Ml > £3) > 63 €

{neN: L[k <n: i, DKM (LD > 23] > 5)

Ufn € N : 2{k <n: S, DE[M (2@ > £3) > 5}

This completes the proof.

Theorem 2.2: The space W (M, A, p) is a paranormed spaces (not totally
paranormed) with the paranorm g defined by:

g(z) = inf{p% : SUPkMk(HAk—p(m)H) < 1, for p > 0}, where H =
max{1, supy px }-

Proof: It is obvious that g(6) = 0 (where € is the sequence of zeros),
g(—x) = g(x) and it can be easily shown that g(z + y) < g(z) + g(y).

Let t,, — L, where t,,L € C and let g(x, — x) — 0, as n — oo. To
prove that g(t,x, — Lz) — 0, as n — co. We put
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A= {1 >0 sup 12Dy )
k P1
and
B={p2>0: sup[Mk(iHAk(x)H )P <1}
k P2

By the continuity of the sequence M = (M},), we observe that

WAk Ctnea—La)ly < 1/ (LA(tnzn—Lon)] |Au(Lan—La)|
My (o) <= MGt ) + MeGe oo i)

Loy LAk (za)l |Lips Ak (zn—2)]
< 1t
< Loz M) me e Me ()

From the above inequality it follows that

Akt — L)\, )
|t — L|p1 + |L|p2

Slllgp[Mk(

and hence

. Pk
g(tnzn — Lx) = inf{(|tn — Llpy + |L|p2) 7 : p1 € A, p2 € B}

PR PE
H H

Pk Pk
< (Jtn — L)) T int{p]" : p1 € A} + (|L))F inf{pg" : ps € B}
< max{[t, — L|, (|tn — L) % Yg(wn) + max{|L|, (| L)) # }g(x, — )

As g(zy) < g(x) + g(zn, — x) for all n € N, hence the right hand side of
the above relation tends to zero as n — oo.

This completes the proof.

Proposition 2.3: Let M = (M) and N = (Nj) be sequences of Orlicz
functions. Then the following hold:
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(i) WOI(S) (N,A,p) C WOI(S)(MON,A,p), provided p = (pg) such that
Gy = inf p, > 0.

()We D (M, A,p) VWS, A, p) c WS (M + N, A, p).

Theorem 2.4: The spaces WOI(S)(M, A, p) and WIS (M, A, p) are normal
and monotone.

Proof: Let z = (x1) € WOI(S) (M, A,p) and y = (y) be such that
lyx| < |xg|. Then for € > 0,
{neN: Lk <n: S (ML > 6} > 6}

D {neN:L{{k<n: i Mddlyee > ey > 6} e 1.

The result follows from the above relation. Thus the space WOI ) (M, A, p)
is normal and hence monotone by lemma 1.5. Similarly for the other.

Proposition 2.5: Let 0 < pp < g and Z—: be bounded. Then WOI(S)(M, A, q)
c Wy (M, 4,p)
Proposition 2.6: For any two sequence p = (py) and g = (qi) of positive

real numbers, the following hold:
Z(M, A, p)Z(M, A, q) # 0 for Z=W!S) wl® il
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