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1. Introduction

Let f a complex-valued measurable function defined on a o-finite measure
space (X, A, ). For A > 0, define Df(X) the distribution function of f as

(L.1) DN =p({z e X :|f(z) > A}).

Observe that Dy depends only on the absolute value |f| of the function f
and Dy may assume the value +o0.

The distribution function Dy provides information about the size of f
but not about the behavior of f itself near any given point. For instance,
a function on R™ and each of its translates have the same distribution
function. It follows from (1.1) that Dy is a decreasing function of A (not
necessarily strictly) and continuous from the right.

Let (X, ) be a measurable space and f and g be a measurable functions
on (X, u) then Dy enjoy the following properties for all Ay, Ao > 0:

[

. |g| < 1f| p-a.e. implies that Dy < Dy;
2. Dcy(A) = Dy (‘—2“) for all c € C{0};
3. Dyrg(M 4 A2) < Dyp(A1) + Dg(A2);

4. Dyy(AMiA2) < Dy(A1) + Dg(A2).

For more details on distribution function see [5].
By f* we mean the non-increasing rearrangement of f given as

ff@) =inf{A>0:Dsy\) <t}, t>0

where we use the convention that inf() = co. f* is decreasing and right-
continuous. Notice

fH(0) = inf{A > 0: Df(A) <0} = |[floo,

since

[flloc = inf{a > 0: p({z € X : |f(z)| > a}) =0}
Also observe that if Dy is strictly decreasing, then

FHD(t) = inf{A > 0: Dy(A) < D f)t} =t.
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This fact demonstrates that f* is the inverse function of the distribution
function Dy. Let F(X, A) denote the set of all A-measurable functions on
X. Let (X, Ao, p) and (Y, A1, v) be two measure spaces.

Two functions f € F(X,Ap) and g € F(X,.A;) are said to be equimea-
surable if they have the same distribution function, that is, if

p{rxe X |f(zx)|>A) =v({yeY :|gy)| >A}), forall A>0.

(1.2)

So then there exists only one right-continuous decreasing function f* equimea-
surable with f. Hence the decreasing rearrangement is unique.

In what follows, we gather some useful properties of the decreasing
rearrangement function:

a) f* is decreasing.
b) f*(t) > X if and only if Df(\) > t.

c) fand f* are equimeasurables, that is Dy(\) = Dy«(\) for all A > 0.

d) If | f| <liminf, . |fpn] then f* <liminf, . f;.
e) If E € A, then (XE)* (t) = X[O,,u(E))(t)'

f) If E € A, then (fxg)* (t) < f*(t)X[o um)) (t)-

A weight is a nonnegative locally integrable function on R™ that takes
values in (0, 00) almost everywhere. Therefore, weights are allowed to be
zero or infinite only on a set of Lebesgue measure zero.

Let ¢ : [0,00) — [0,00) be a convex function such that

1. ¢(z) =0 if and only if z = 0;

2. limy 00 p(z) = 00.
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Such as function is known as a Young function. A Young function is strictly
increasing, in fact, let 0 < x < y then 0 < % < 1 and hence, we might write

x:(l—z)()—i-fy.
Y Y

Since ¢ is convex, we have

< (y).

A Young function is said to satisfy the Ag-condition if there exists a
nonnegative constant xg and k such that

(1.3) v(2z) < kp(x) for x > xp.

If xg = 0, we say that ¢ satisfy globally the As-condition. The smaller
constant k which satisfy (1.3) is denoted by ka.

Claim 1.1. If ¢ is a Young function such that satisfy the As-condition,
then for each r > 0 there exists a constant ka(r) such that

(1.4) o(rz) < ka(r)e(z)

for x > 0 large enough.

Proof.  [Proof of the claim.] If » > 0, we can choose n € N such that
r < 2" Then we can applied (1.3) n-times and use the fact that ¢ is
increasing to obtain

p(re) < p(2"z) < K'p(z),
and hence we have (1.4). O

Example 1.2. The function ¢;(z) = "% with p > 1 is a Young function

which satisfy globally the As-condition with ka = %.
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Example 1.3. The function ps(t) = tPlog(1 +¢) withp > 1 and t > 0 is
a Young function which satisfy the As-condition, indeed, since

. @2(2t) . 2PtPlog(1 4 2t) o1

v oat) P tPlog(1 +t)

Also, @o satisfy globally the As-condition.
In fact, since for each t > 0 we have (1 +t)2 > 1 + 2t, then

©2(2t) = 2PtPlog(1 + 2t)
< 2P 1P log(1 + 2t)
< 2P, (21).

Lemma 1.4. A Young function ¢ satisfy the As-condition if and only if
there exist constants A > 1 and tg > 0 such that

o(t)

for all t > tg, where p is the right derivate of .

Proof. Suppose that ¢ satisfy the As-condition, then there exists a
constant k£ > 0 such that

bolt) 2 o20) = [ pls)ds > [ pls)ds

for ¢ large enough, since p is increasing, then we have

2t
| pls)ds > tp(e);
t
hence, for t large enough, we obtain
) _ .
(1)
Conversely, if
tp(t
pt) _
o(t)

for all ¢ > tg, then

2t 2t
/ P(s) ds</\/ 9 N log2.
t p(s) t s
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Since p(s) = ¢/(s), we have

log (%) < Alog2,

which implies that
p(2t) < 2% (t).

O The following result show us that the Young functions which satisfy the
Ao-condition have a cross rate less than the function P for some p > 1.

Theorem 1.5. If ¢ is a Young function which satisfy the As-condition,
then there exists constants A > 1 and C > 0 such that

o(t) < Ct?

for t large enough.

Proof. By (1.4) we can write

t t
/ @ ds < A @
to <p(5) to S

log (%) < Alog (%) )

where ¢t > t3. Then
therefore

And the proof is complete. O

Example 1.6. The following are Young functions:
1. p(z) = J%lp with p > 1.
2. p(z) = ekl — |z| — 1.
3. p(x) = el — 1 with § > 1.

Related with the Young function ¢, we define, for ¢ > 0 the comple-
mentary function of Young function as

P(t) = sup{ts — p(s) : s > 0}.
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Example 1.7. If o(t) = %tf" with p > 1 and t > 0, then its complementary
function is P(t) = %tq where % + % =1.
Indeed, by definition we have

1
Y(t) = sup {ts ——sPis> 0},
p
next, for t > 0 fixed, we can consider the function

1
g(s) =ts——s, withs>0.
p

1 L
It is not hard to check that g achieves its maximum at s = tr=1 which is

g(t77) = %t‘l.

given by

Hence

1 1
Y(t) = sup {ts ——sPis> ()} = —t4.
p q

Proposition 1.8. If ¢ is a Young function, then its complementary func-
tion 1 is also a Young function.

Proof. It is clear that ¢(0) = 0 if and only if x = 0. Now, we just need to
show that 9 is a convex function. To this end, let us choose t1, t3 € [0, 4+00)
and A € [0,1]. Then, by definition of ¢ we have

Y(M1 + (1= A)tg) = sup{s(Ats + (1 — \)ta) — ¢(s) : s > 0}.
On the other hand
Mp(t1) = Asup{sty — ¢(s) : 5 > 0} > A(st1 — @(s)) V 5 > 0
and
(1= M\b(tz) = (1—A)sup{sts —(s) : 5 > 0} > (1 A)(st2 — p(s)) V s > 0.
From the last two inequalities, we have
s(At1 4 (1 = A)t2) — p(s) = A(st1 — @(s)) + (1 — A)(st2 — ©(s))

< Mp(tr) + (1= N)ab(ta)
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for all s > 0. Which means that A)(t1) + (1 — X)9(t2) is an upper bound
of the set
{s(At1 + (1 = N)t2) — ¢(s) : s > 0},

then
YAt + (1= Nta)) < o(tr) + (1 = M(t2),
and so 9 is convex. O

Theorem 1.9 (Young’s Inequality). Let 1) be the complementary func-
tion of w. Then

ts < o(s) + (1)
where t, s € [0, +00).

Proof. Let t,s € [0,400). Then (t) =sup{st — p(s) : s > 0}
> st—p(s) Vs>0, then
P(t) + ¢(s) = st,

and the proof is complete. O For more details on Young functions see [13].

2. Weighted Lorentz-Orlicz Spaces

The aim of this section is to present basic results about Lorentz-Orlicz
spaces. We have tried to make the proofs as self-contained and synthetic
as possible.

Definition 2.1 (Luxemburg norm). Let ¢ be a Young function. For
any measurable function f on X,

1o = inf{a >0 /Ooow (fT(t)) w(t) dt < 1} € [0, 00),

where it is understood that inf(()) = +oc.

Remark 2.2. In this article, we will not always require that the Luxem-
burg norm actually be a norm. |-, is indeed a quasinorm. A quasinorm
is a functional that is like a norm except that it does only satisfy the tri-
angle inequality with a constant C' > 1, that is, ||f + g|| < C(||f|l + llg])
where C' > 1.

Lemma 2.3. For any measurable function f on X, || f||,w = 0 if and only
if f =0 p-almost everywhere.
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Proof.  Clearly || f||yw = 0if and only if [;* ¢ (f*e(t)> w(t)dt <1Ve > 0.
It follows that

| fllo,w = 0 if and only if / o(af*t)wt)dt=0Y a>0
0

if and only if ¢ (af*(t))w(t) =0 p—ae. Va >0
if and only if f*(t) =0 pu — a.e.
if and only if D¢(X\) =0 p — a.e.

if and only if f =0 pu — a.e.

O

Identification of almost everywhere equal functions. As with L, spaces,
one identifies the function which are p-almost everywhere equal. This
means that one works with the equivalence classes of the equivalence rela-
tion defined by the p-almost everywhere equality. From now on, this will
be done without further mention. Consequently, one write:

(2.1) | fllo,w = 0 if and only if f = 0.

Lemma 2.4. If 0 < ||f|lpw < 0o then f(fogo('ﬁgzﬂ)w(t)dt < 1. In

|
particular, || f|low < 1 is equivalent to [;° ¢ (f*(t)) w(t)dt < 1.

Proof.  For all b > || f||¢,w, we have

Am@(%@) w(t)dt < 1.

Letting b decrease to || f||e,w, one obtains the first result by monotone con-
vergence. The second statement follows from this and lemma 2.8. O

Proposition 2.5. The gauge || - ||,.w Is a quasinorm on the vector space
of all the measurable functions f such that || ||, < 0o.
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Proof. It is already seen that (2.1) holds under identification of a.e.
equal functions.

It is clear that for all real A, [|Afllow = |||l fllpw-

It remains to prove the triangle inequality. Let f and g be two measur-
able functions such that 0 < || f|/,,w + [|9]/p,w < 00. Then

= (f +9)"(8)
I ¢QWﬂmmﬂmmw>w@“

SA“¢<;“W”+f“ﬂ>>w@dt

(IS llp0 =+ lgllpw)

e flow 52 lolow  g°(t/2
-, @wa 3 )””“

o T 19llow) 1 Fllow 201 llow +19llow) [19llow

S%wm%%ﬁmwnﬂmwﬁﬁﬁi>wwa
+2wﬂd?kmmwgéw¢6%%%>w@dt

:2mﬂ¢z%ﬁm%w2ﬁm@Q§Eﬁ>w@wﬁ
! 2(||f|IsaH,ZHfIlljgllw)2/00o 4 (ﬁc]ﬁ?ﬂ)) w(2t) dt
Snﬂdf%@mwémw(ﬁﬁi>wwﬁ

HgHw,w > 9*(75) d
T ) ¢vaw>wwt

<1

where the last but one inequality follows from the convexity of ¢ and the
fact that w is nonincreasing and the last inequality from lemma 2.4. There-
fore

1+ 9llow < 2 fllow + lgllow) -

As a consequence, the set of all measurable functions f such that || f||,.. <
oo is a vector space. O
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Definition 2.6. Let ¢ be a Young function. We define the weighted
Lorenz-Orlicz spaces

Lyw= {f : X — C measurable :/@(af*(t))w(t) dt < oo, for some v > 0}.
0

It follows from proposition 1.8 that if L, is a weighted Lorentz-Orlicz
space, then Ly ,, is also a weighted Lorenz-Orlicz space.

Proposition 2.7 (Holder’s type inequality). For f € L, and g €
Lya

[ 178l d < 20 lallgloa:

In particular, fg € L.

Proof. If ||f|l,,1 = 0 or ||g|l4,1 = 0, one concludes with lemma 2.3.
Assume now that 0 < ||f||¢.1,[|g]ly,1. Because of Young’s inequality:
st < @(s) + p(t) we have

/ | fgl dﬂg/oo OGRS
X 0

[ £ll g1 llglle,1 1 £lle,1llglle,1
g/ ; () dH/ y 9O\ 4
0 [ fllo1 0 llglly,1
<9.
Therefore
[ 15l <20 lloa gl
O

Lemma 2.8. Let {f,},eN be a sequence in Ly,,. Then, the following
assertions are equivalent:

a) limy, 00 an’ pw — 0;
b) For all a > 0, limsup,, ., Jo~ e(afi(t))w(t)dt < 1;

c) For all a > 0, lim,, .o 5~ p(afri(t))w(t) dt = 0.
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Proof. The equivalence (a) < (b) is a direct consequence of the defini-
tion of || - ||,w. Off course (c) = (b) is obvious. As ¢ is convex and ¢(0) =0
forall ¢t > 0 and 0 < e <1, we have

o) =0 ((1-20+2) < (1= +20 (1),

that is ;
go(t)§€<p<g> t>0,0<e<1.

From which (b) = (c) follows easily. O

Theorem 2.9. The space Ly, is a quasi-Banach space.

Proof.  Let {f,},en be a Cauchy sequence in L, ,,. Let us choose € > 0
such that o' ( 5) < —— for n,m € N and ¢ > 0,ky > 0. For such &

k_o n+m
there exists ng € N such that

If n,m > ng. By the definition of the Luxemburg quasi-norm we can use
ko > 0 in such a way that kg < € and

/OOO(" (W) w(t)dt < 1.

Let E={z € X : |fu(x) — fm(x)| > €}, then

exe(®) < |fu(x) = fm(2)|-

Hence

exp(t) < (fu — fm)* (1),
€X(07,U,(E))(t) < (fn - fm)*(t)

Therefore

/Ooo " <k£0X(0,u(E))(t)> w(t)dt < /Ooo @ (wl_k—f(?l)*(t)) w(t) dt.

Then
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Dfn—fm(f) 1
= 5/ w(t)dt <
0 n+m

Dfn*fm(f)
=& lim w(t) = 0.

n,m—oo Jq

Since w > 0, we must have lim, ;oo D —+ (¢) = 0 which means
’ fn fm

that {fn},en is a Cauchy sequence in measure. Then some subsequence

{fn }reN converges almost everywhere to a measurable function f, that is,

fn, — [ p-ae.
Let a > 0. By lemma 2.8 there exists a large enough integer n(«) such
that

|7 et = @) u@®dt <1, Vi n(a)

With Fatou’s lemma this gives

| etatt = pranwd <timint [~ p(ath - fu) @) w(t)d < 1
0 0

V' m > n(a). Therefore f, — f belongs to Ly, but f, € Ly, so that
f € Lypw.

Moreover, as imsup,, o o~ @ (a(fm — f)*(t)) w(t) dt < 1 for all o >
0, we have lim;, o || fm — fl|lp,w = 0. This proves that L., is complete.
O

Theorem 2.10. Simple functions are dense in Ly ;.

Proof. Suppose f € Ly, .. We may assume that f > 0. Note that if
D¢ () = oo, then limy_. f*(t) = 0. It follows that Dy(A\) < oo.

Hence, given £,d > 0, we can find a simple function s, > 0 such that
sp(z) = 0 when f(z) < e and f(z) —e < sp(x) < f(x) when f(z) > ¢
except on a set of measure less than 4. It follows that

p({z e X:|f(z) —sn(x)| >e}) <0
Next, choose n € N such that n > %, then
(f —sn)*(t) =inf{e > 0: Dy_g (¢) < < t}.

Thus
(f —s0)"(t) <

for t > 6,

SR
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since s, < f, then s7(t) < f*(t), for each ¢ > 0. Since n > 1, we have

next,

[ (Y=Y war < [* o (L) wityar

Let a = [5° w(t) dt, then

1 = sallpwr = inf {1 > 0 [ (L2 L) iy ar <1}

=— — 0 asn— oo

O

3. Composition Operator

Let (X, A, p) be a o-finite complete measure space and let T': X — X be
a measurable transformation, that is, T-!(A) € A for any A € A.

If 4 (T71(A)) =0 for all A € A with u(A) = 0, then T is said to be
nonsingular. This condition means that the measure y o T~!, defined by
poT1(A) = u (T71(A)) for A € Ais absolutely continuous with respect to
w (it is usually denoted po T~ < p). Then the Radon-Nikodym theorem
ensure the existence of a non-negative locally integrable function fr on X
such that

,uonl(A):/deu for A € A.
A

Any measurable nonsingular transformation 7" induces a linear operator
(composition operator) Cr from F(X, A, ) into itself defined by

CT(f)(x) = f(T(.I‘)),&? € va € F(X,.A,,U,),

where F'(X, A, 1) denotes the linear space of all equivalence classes of A-
measurable functions on X, where we identify any two functions that are
equal p-almost everywhere on X.

Here the nonsingularty of 7' guarantees that the operator Cr is well
defined as a mapping of equivalence classes of functions into itself since

f =g pa.e. implies Cr(f) = Cr(g) p-a.e.
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Example 3.1. Let ([0,1],8,m) be a Lebesgue measure space, B stand for
the Borel’s o-algebra and T : [0,1] — [0,1] a transformation defined by

20, if0<z<3i
)~ { 5

1, ifi<az
It is not hard to see that T is B-measurable, also, observe that T' is not
nonsigular, indeed

(1) = (51].

hence m(T~1({1})) = § but m({1}) = 0.
Now, let us consider f = x|p,1) and g = Xx[o,1] note f = g p-a.e., but

Cr(f)=Cr (X[O,l))
=X, o7
~ X[o.3)

and

Cr(g) =Cr (X[o,u)
— oo T
= X[0,1]
Then Cr(f) # Cr(g), which means that Cr is not well defined.

In other words, the nonsingularity of T' is a necessary condition in order
to T induces a composition operator on F(X, A, p).

Composition operators are relatively simple operators with a wide range
of applications in areas such a partial differential equations, group repre-
sentation theory, ergodic theory or dynamical systems, etc. For details on
composition operator see [7, 10, 11, 12, 14, 15] and the references given
therein.

In what follows, we will consider the transformation C7 from L, ., into
the space of all complex-valued measurable functions on X as

f(T(x)),ifxeY
0, otherwise

(Crf) (z) == {
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where Y is a measurable subset of X.

Next, a necessary and sufficient condition for the boundedness of com-
position mapping Cr is given.

If (X, A, u) is a o-finite measure space and T': X — X is a non-singular
measurable transformation and w is a weight function, define a measure v
on the o-algebra A as

Next, for A € A,
Ixallpw = inf{k >0: [;7¢ (XAk(t)) w(t)dt < 1}

1ﬁ{k>0 / (Xm“ (ﬂ>w@ﬁﬁ§1}
1nf{/€>0 / <> t)dtSl}.

Now, observe that if k = m, then

() ) -

thus
§@D¢)<W¥;A»> w(t) dt = ,k(A)w(w’l(Vén))QU“)dt
s,
_ V(lA) /0 A ) dt
_ Vé4).u(A)
~1.

Therefore
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Il 1
XAllpw = — 7 7~ *
-1 (_1_
o~ (vtn)
Theorem 3.2. Let T : X — X be a non-singular measurable transforma-

tion. Then Cr induced by T' is bounded on L, ,, if and only if there exists
M > 1 such that

(3.1) v (T7H(4)) < Mu(4) ¥ AeA

Moreover ( ( ))
v(T 1 (A

@2 orn=, e (o)

Proof. Let Cr be a bounded transformation on L, ,,, then we can find
M > 1 such that

||CTf||90ﬂU < MHfH%w v f € ch,w-

If A € Ais such that v(A) = oo, then (3.1) holds. Suppose A € A is
such that v(A) < oo, thus

J5% 0 (axca(®) wit) dt = [5° @ (axo e (1)) wit) dt

w(A)
:/ e(a)w(t)dt
0
Hence
(3.3) [Crxallpw < Mllxallp,w-
Note

N

1, if xeTTH(A4)
) 0, if x¢ T7H(A)
= xr-1(4)(T)

Then
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1CrxAllpw = X1 () o0

and

and so
o () =+ Grem)
v(A)) — v(T1(4))
Since ¢! is concave and 0 = ¢! (p(0)) = ¢ ~1(0) thus ¢! is increasing,
then

1 1
@ =M Ty

V(T7Y(A)) < Mu(A).

N

Conversely, if inequality (3.1) holds for all A € A, then
Therefore

(foT)*(t) < Mf*(t) a.e.
Since p(at) < ap(t) for a < 1, then

* o (oD L (rmY,
I S0<M||f||<p,w> =57 | (Hf”%) (8
<, (HfH«m) <1

1 o Tllpw < M| fllpw,

Finally
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that is
||0Tf||s0,w < M||f||<p,w'

On the one hand, let us prove (3.2). Indeed, let

S arn)

0<v(A)<oo v(A)
then
v (T71(4)) < Nv(4)
and thus
1CT fllow < N fllgw, Y f € Lpw
hence o
I fllew oy goramo £ £ L.
[ f{l o
Therefore
C w
”CTH = sup || T(f)”%
720 |1 fllgw
u@ﬂm»
<N= sup — .
0<v(A)<oo ( v(4)
That is .
v@wmn
3.4 Cr|| < sup — .
(34 Il 0<v(A)<oo ( v(A)
On the other hand, let us consider
C w
M = ||CT|| = sup || T(f)”% ,
20 IS llow
then o
|| T(f)”@vw SM VO#fGL%w-
[ f 1l

In particular, if f = x4 such that 0 < p(A) < 0o, A € A, then

1Cr ()l (¥ (T71(A))
Mﬂwx_< J(A) )SM

therefore

(3.5) sup (

O<v(A)<oo

v(T71(4)

0 >SM=ww

103
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Combining 3.4 and 3.5 we have

[1]

2]

[3]

[7]

el = (“5M).

O0<v(A)<oo
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