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Abstract

A generalization of Ramanujan’s fifth order and tenth order mock
theta functions is given. It is shown that these belong to the family
of Fy-functions. Using the properties of Fy-functions, relationship is
given between these generalized fifth order mock theta functions of
the first group with the generalized functions of the second group.
The same is done for the gemeralized functions of the tenth order.
g-Integral representation and multibasic expansions are also given.
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1. Introduction

Early in 1920, January 12, 1920 to be exact, three months before his death,
S. Ramanujan wrote his last letter to G.H. Hardy [7, pp.354-355]. He
wrote "I discovered very interesting functions recently which I call ‘Mock’ 6-
functions. Unlike the ‘False’ #-functions (studied partially by Prof. Rogers
in his paper [8]) they enter into mathematics as beautifully as the ordinary
f-functions. I am sending you with this letter some examples”. He then
gave a list of seventeen functions, four of order three, ten of order five and
three of order seven together with the identities that they satisfy.

G.N. Watson was the first to write papers on the mock theta functions
[9,10]. The first of these is Watson’s Presidential Address to the London
Mathematical Society in 1935. The title was "The Final Problem: An
Account of the Mock Theta Functions”. In these two papers Watson proved
most of the identities found in the letter of Ramanujan. The first paper
considers only the third order mock theta functions. It also gives three new
third order mock theta functions.

Mock theta functions of order five and seven were difficult. The fifth
order mock theta functions are in two groups and Ramanujan claimed that
no relation exists between mock theta functions of the first group with mock
theta functions of the second group. We have given a generalization of the
fifth order mock theta functions. Our aim is to give relations between the
generalized functions of the first group with the generalized functions of the
second group. A generalization of the Ramanujan’s tenth order mock theta
functions and relations between these generalized functions is also given.
In section 3, we show that these generalized functions belong to the family
of Fg-functions.

By using the difference operator we develop relations between the gen-
eralized functions of the two groups, this is done in section 4.

In section 5 we represent these functions as ¢-Integrals and in section
6 multibasic expansion is given for these generalized functions. In section
7 we show that the generalized tenth order mock theta functions are Fi-
functions and in section 8 relations among these generalized functions are
given. In section 9 we represent these generalized tenth order mock theta
function as ¢-Integrals and in section 10 we give multibasic expansion for
these generalized functions.

Definition of F-functions
The functions which satisfy the functional equation
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(1.1) D,.F(z,a) = F(z,a+ 1),
where
(1.2) 2Dy F(z,a) = F(z,a) — F(2q,a)

are called F-functions.
Throughout the paper we use the following usual basic hypergeometric
notations :
For ‘qk‘ <

)

For convenience we shall write

(a1,a2, ...... ,am;qk)n = (al;qk)n(ag;qk)n ............. (am;qk)n.

When k=1, we usually write (a),, and (a) insteat of (a; ), and (a; ¢) oo,
respectively.

2. Definition of fifth order and tenth order mock theta func-
tions and their generalization

Ramanujan’s ten fifth order mock theta functions are as follows :
2

Jola) == 3205 (Eq) : v0(a) == Yoo 0" (= 4,
on2
Po(q) = oo VD2 (—g),, Folq) == Y000 ———,
. (¢:4°)n
x0(4) = Y2 s
(g ),
and
00 qn2+n oo (n+1)2 2
fl(Q) = Zn:O (_q) ) ‘Pl(Q) L= n:Oq (_Q7q )nv
n24n q2n2+2n
=3 g2 (—¢)n, F =Y T
¢1(Q) n=09 ( Q) 1<q) 0 (q; q2)n+1

q"
.— yoo )
Xl(Q) : n=0 (qn+1)n+1



280 Bharkar Srivastava

Ramanujan’s four tenth order mock theta functions are as follows :

() - qn(n+1)/2 (q) = ZOO q(n+1)(n+2)/2

BT Lm0y, i1 (¢; q2()n+1)2 ’
- -1 nqn ~ -1 nq n+1

X(9) =20k ﬁ x(9) = XnZo ((_;,m-

We define generalization of Ramanujan’s ten fifth order mock theta
functions as follows :

3n+na 2n

(2.1) fo(t, z, a5 q)

1 o0
) Z ’

(2.2) Qolt, z,05q) = e > (—q3/22; qQ)n,

o () 25 +n
(23)  wolt, z,059) n;() - (—q2/Z;q)n71,
(2.4) Fo(t, z,05q) = (t;m 2 2t iz/;j; = 4n,

2 S (N e

26) At z00) = 5= 3 G,

27 et za59) = Z_i(t;oo i Eng :;3n+m (—=¢*/2%.¢*)n,

(t) qn(n+1)/2+na

g (t)oo Z - on (_q2/z; Q)na

(2.8) i(t, z, a5 q) ==

‘ B 1 [eS) (t) q2n2—3n+na 4n

(2.9) Fl(tvz’a’Q) . (t)oo n;—o (22/(], )nJrl
e LS i)

(2.10) xi1(t, z,059) = (t) oo nzz:o(z 275 @)ont1

Setting t = 0, @ = 1 and z = ¢ these functions reduce to fifth order
mock theta functions of Ramanujan.
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We define a generalization of four tenth order mock theta functions of
Ramanujan :

1 00 (t)nqn(n73)/2+nazn
2.11 D(t,z,a;5q) ==
21 2050 = G o o om

P (t)nqn(n—l)/2+nazn
2.12 U(t, z,qa;q) :=
212 2050 = G o o

1 00 (_1)n<t)nqn273n+naz2n

2.13 X(t, z,a;q) :=
(2.13) ( 2 (t)oo ;::0 (=2%/a:9)2n

0 (_l)n(t)nqn27n+1+naz2n

(2.14) x(t, 2, @54) = (t)l >

% 0 <_Z2/Q;Q)2n+1

Setting t = 0, = 1 and z = ¢, these functions redeuce to Ramanujan’s
tenth order mock theta functions.

3. Generalized fifth order mock theta functions are F-functions

We show that our generalized functions satisfy the Fj-equation (1.1) and
so are Fy-functions.

Theorem 1

The generalized ten fifth order mock theta functions
fO(tv Z, QG Q)7 @O(tv Z, QG Q)> ¢0(t7 Z, O Q)7 FO(tv Z, QG Q)> XO(t’ Z, O Q)7 fl(ta Z, QG Q)>
o1(t,z,05q), V1(t, 2, 0;q9), Fi(t, z,05q), x1(t, 2, a; q) are Fy -functions.

We give a detailed proof for the function fy(t, z, ; ¢) only, the proof for
the other functions are similar, so omitted.

Proof
Applying the difference oprator Dy + to fo(t,z,a;¢q), we have

th’tf()(t,Z,Oé;Q) = fO(ta z705;Q) - fO(tQ7 Z,OC;Q)

(t)nqn2—3n+nozz2n 1 n2—3n+naz2n

B — (tq)ng
I

n=0

1 (o)
(Do ,;) (=2 )n —%Q)n
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L & (Bag e 1 & (g T (1 — tg")
(Do nz:% (—z0n (Do ;:% (=2 ¢)n
t @ (t)nqn2—3n+n(a+1)z2n
BRGNS e

So

Dq,th(ta Z, Q5 Q) = fO(ta zZ, o+ 1a q)

Hence fo(t, 2, a;q) is a Fy-function.
Similarly all other functions in Theorem 1 are Fj-functions.

4. Relations between the generalized fifth order mock theta
functions of the first group with the generalized fifth order
mock theta function of the second group

In proving the relationship we shall use the property that they are F-
functions, as proved in section 3.

Theorem 2

(1) Dgtfo(t,z,05q9) = fi(t, 2,05 9),

ii) D2 oty 2, 0;q) = i (t 2,019),

i) Xo(t, 2, a3q9) = x1(t, 2, 5 q) — %Dg,m(t, z,@;q),

(
(
(“)) ¢1 (t7 zZ, Qg q) - %T/JO@ Z, 0 Q) + g;Dq,twO(ta Z, 0 Q)a
(

1 ~ (t)nq2n2 —5n+na Z4n

v) Fo(t,z,0;q) = D= Z—QFl(t,ZaOG q).

/P 1

)oo
Proof of (i)

Dq,th(ta z, Q) = fO(ta Z, + 17 Q)

(t)nan 72n+naz2n

1 o
==

n=0 (_27Q)n

= fl(t,Z,Oé; Q)v

which proves Theorem 2 (i)
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Proof of (ii)
Dg,ﬁpo(t, Z,Q; Q) = (PO(t7 z, 0+ 2; q)
(t)nqn2+3n+no¢

= (t;oo Z 20 (_q3/z2;q2)n

n=0

4
z
= Egpl(ta Z, 0 q)7

which proves Theorem 2 (ii).

Proof of (iii)

1 (Hng"* (21 @)n(1 — 22>
XO(t,Z,OZ; Q) = —Z;L.OZO “ (2 ,)171( )
(t)oo (Z q aQ)2n+1

_ 1 Zoo (t)nqna('z; Q)n 22 1 0o (t)nqnoH—Qn(Z; Q)n
(t)oo —"° (ZQQ_l;Q)Q2n+1 9 (t)oo =" (2271 ¢)2n11
z

- Xl(tuzaa;Q) - ?DatXl t,Z,O[; Q)7

which proves Theorem 2 (iii).
Proof of (iv)

_ g 1 i (t)nqn(n+1)/2+na(_q2/z;q)n

/(/) (t7 z’ a’ Q)
! z (t)oo = Zn
_a 1 i ()ug"HV2I(—g? )2 q)n1 (1 + g™/ 2)
z (t)oo 4 AL
1 0 n n(n+1)/24na(_ 2 /.. e 2 1
_ 4 Z()q (/@1 € 1
z (oo = 2" 22 (t) oo

s (t) qn(n+1)/2+na+n<_q2/z;q)n_l

n
x> pon
q ¢
= ;w()(ta Z, q) + ?inw()(t? Z, Qg Q)7

which proves Theorem 2 (iv).
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Proof of (v)

1 (t)annz —5n+na Z4n
Fo(t, z,05q) = oo
( s <y (Xy ) (t)oo Zn 0 (22/q; q2)n
i (t)nq2n2—5n+naz4n(1 o 22q2n—1)
t)oo S5 (22/¢: ¢*)n+1
0 n275n+naz4n 2 0 2n273n+na 4n
,;) 22/q, 2)n+1 FEO® ,;) 22/q ¢*)n+1

o0 2n275n+na 4n 22

Z _Fl(thaa;Q)v

— Zz/q q )n+1 ; q

which proves Theorem 2 (v).

5. ¢-Integral representation for the generalized fifth order
mock theta functions

The ¢-integral was defined by Thomae and Jackon [5, p.19] as fol f(t)dqgt =

(1—q) X520 f(d")d"
Limiting case of ¢-beta integral [5, p.19 (1.11.7)] is

1 _ (1 - Q)_l ! x—1 .
(5-1) ("D (G0 /ot (tg: q)dt.

We use extensively (5.1) to give ¢-integral representation for the gener-
alized functions defined in section 2.

Theorem 3
the following equalities hold

(1—g)!

(1) fo(qt,Z,Ol;Q) (q fO wQa )oofO(Oazaaw;Q)dqw
_ 1
(i)  wo(d 2, 0;9) = (l(q q)) fo “Hwg; q)so0(0, 2, aw; q)dgw
(1—q

(iii)  vo(qt, 2z, a;q) = fo “H(wg; q)oot0(0, 2, aw; q)dgw

(9o
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V) xo(¢"z059) = (1((; q)) 1]’0

(vi)  fildz a5q) = % = (w
(vi))  1(q", 2, 059) = (1(q7qq))001 Lt (w
(viii))  ¢1(q’ 2, 59) = (1(q7qq)101 o wt
) Rlgsaig) = (l(q?qq){.; o !

6 xaldhzae) = “(% )) o

A detailed proof for fo(qt,z,;q) is given.

functions are similar, so omitted.

Proof
By definition

..285

“Hwg; q)os Fo(0, 2, aw; q)dqw

“Hwg; 9)sox0(0, 2, aw; q)dgw

4 @)oo f1(0, 2, aw; q)dqw

q; Q)oo(Pl (Ov Z, aw; q)dqw

“Hwg; q)sct1(0, 2, aw; q)dqw
“(wg; ) F1(0, 2, aw; q)dqw

“Hwg; q)sox1(0, 2, aw; q)dqw.

The proofs of the other

1 o (t)nqn2—3n+no¢22n
fo(t,z,a;q) =
w2 (o

Replacing t by ¢' and ¢ by a, we have

1 (qt)nan —3n+na Z2n
fO qt,z,a;q = OO:
(@2 050) = Ty nmo 0y,
qnz —3n+na Z2n
_ oo
=0 (2 2)n(¢" oo
qn —3n+no¢z2n (1 _ q)—l
— 00 n+t 1 . d
T, @ Jo w7 s g)oede
by (5.1)
(1 _ q)*l /1 n 73112211
5.2 = (wg; @) sodqw (aw)"dyw.
(52) (¢;0) Jo Z )n )" da

But
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0 n2—3n+no¢z2n

. )
n=0 (_Za Q)n
and since ¢“ = a,

fO(O,Z,a; Q) = ?LOZO

Hence

(a)nqn2—3n22n
(_Z; Q)n

o n2-3n_2n

Z,aw; q) = q 2 aw)
(53) f0(07 ) 7Q) nz::o (_Z;q)n

By (5.3), (5.2) can be written as

n

fold',z,e59) = (ti/ w' ™ (wq; q)oo f0(0, 2, aw; q)dyw

which proves Theorem 3(i). The proof of all the other fuctions is similar,
so omitted.

6. Multibasic expansion of generalized fifth order mock theta
functions

Using the summation formula [5, (3.6.7), p.71] and [6, Lemma 10, p.57], we
have the multibasic expansion

(1 —ap®q®)(1 — bp*q=*)(a, b; p)x(c, a/bc q ot
];) (1 —a)(1 —b)(q,aq/b;q)k(ap/c, bep; p) Z Utk

= (ap, bp; p)m(cq, aq/bc; q@)m
6.1
(1) mX::O (ap/c,bep; p)m (g, aq/b; q)m

m-

Corollary 1
Letting ¢ — ¢? and ¢ — oo in (6.1), we have

) (1 apkq%)(l—bpkq*%)(a b'p)k;qk2+k 00 .
m+k
20 (1—a)(1—b)(g% ag?/b;g2)bp =m0
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i (ap, bp; p)mg™ T

(6.2) —
m=0 (¢2,aq?/b; ¢*)m

Corollary 2
Letting ¢ — ¢®and ¢ — oo in (6.1), we have

3k243k

o (L= ap*¢®) (1 = bp*q ") (a,bip)eg = <~
kzz%) (1 - a)(l - b)(qg,aqS/b; q3) Z mtk

3m2+43m

i (ap, bp; p)mq~ 2
2
m=0 (q3, aq®/b; ¢3)m pmp =S

(6.3)

Corollary 3
Letting ¢ — ¢®and ¢ — oo in (6.1), we have

5k245k

20 (1 — ap®¢®) (1 — bpFq=%)(a, b‘p)k:q : ia
m-+k
im0 (1—a)(1—b)(g5,aqd/b; ) kbkp 2

5m2+5m

:i (ap, bp; p)mq” 2
m=0 (¢°,aq/b;¢°)m

(6.4)

Q.

We use following standard notation for multibasic hypergeometric series

d)[al, ..... A iCL, T yeeeenn JC1, g feeend CrnTyevennnnns Cm,rm, ) Z]
D1yennene D111, JE1,57 treree 1O Ty ,em,sm7Q7q11 ------- ,dm;
2 m . . n27n
_ a17 ..... ,ar§q)n n _1 n. o ;n 14s—r H (Cj,17 ----- 1Cj,7‘]'7qj)n _1 n —' 5 8;—T;
Zn 0 (q,b1,mesy bs;q)nz [( ) q ] 1L TR 7€j,s]~§qj‘)n [( ) 4; ] .
]:

Theorem 4
The generalized functions have the following expressions as the multi-
basic hypergeometric series :
() ¢ (t ) 1 ZOO (1 o tq4k771)(1 o q72kz+2)(t; q)kilqk273k+kaz2k
1) Io\l, 2, 5q) = =
(Hoo —*=° (1= ¢"*2)(z )
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,0,0:tq3% g3k +3 2 -2
X¢ {qk+3 _quo() aq7q < q

1 i (1—tg" 1)1 — g ) (1 @)p1(—¢*/2% ¢*)g" i the
(1— gFt1)z2k

k=0
,0:—g2k+3 g3kt o3k+3
X¢|:qk+2%00/z q q ,q,q2q 5 2qa+1
(iii)
— _ k(k+1)
Yolt, z,a;q) = ! i (=t N0 -G (/5 rag 2
1 %5 (oo 1= (1 — ght1)2k
— k41 /4.4 2k‘7 2k+2 _
x¢ |:Zk+g:0,0/z i 34, q2;z 1(10‘“
(iv)
J— _ 27
Fo(t, z, 05 q) = . i s [ e [T T e
o oo i (1 = g"+4)(22/q; ¢*)x
0:0:tq5% qBk+5
X¢ [gk+5iq2 21? 100aq,q q Z4qa 3}
(v)

_ tq4k71)(1 _ q*%*l)(t; q)k,lqk2*2k+kaz2k
= (=D (=29

q,0,0:tq3k 1 g3k 3 2 a2
X(b |:qk+27_zqk:0’0 7q q z q

(Vl) ¥1 (tv Z, 0 Q)

W

_ 2
_ 21 i tg®* 1) (1 — ¢ 2PN (8 @)p—1(—q /2% ¢?)i_1q* HrHhe
@ t)oo = (1— gFF1).2F

q,0:=¢* 1 /22:4g3 1 R H3 9 3 2 adtl
X LHQ:O:O,O 10,047,472 °q
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(vii)
_ _ k(k+1)
otz asq) = 1 i (L—t¢* (1 =g "Ntk a(—a*/z kg2 T

Y (O - (=

— k42 /5.4, Qk’ 2k+2 -

qu{gﬂg:o,o/z T g, !

(viii)

(1 — tg®* 1) (1 — g4+ (t; q) g g2F 3kt ha Ak

Fi(t, z,a;q) Z q )( q )t @) k—19 z

— (1= ¢ ) (2%/q; ¢*) k11

q,0:0:tg%% gk+5 4 a—1
X¢[qk+5z2 2k+1007Q7q q z q

We shall give the proof of (i) only, for others we will state the value of
the parameters.

Proof of (i)

ma—2m t: 3
Takinga:t/q,b:q27p:qand Ay, = q ( )m( q )mZ in
(6.3) (¢ CI) (=2 @)m
we have i
_ _ 3k“+3k
soo (L= ta* (1= g ) (t/g, g% g
k=0

E245k
1—=t/9)(1 —¢*)(t, ¢ ®)eqg 2

K3 (¢*; q3)m+k(t;3q3)m+kz2(m+k)q(m+k)a—2(m+k)
(7% Dmrk (=25 Dt

oo m2—3m+ma (4. 2m
q t:Dm
(6.5) => ‘

m=0 (_Za Q)m

The right hand side of (6.5) is equal to

(t7 Q)oofO(ta Z, Q; Q)'

The left hand side of (6.5) is equal to

(L= tq" (1 = g ) (t: @)r1(4% Qi (¢ ¢* )i (t 4*) g —2F o2
3

- t
20 (1= ¢®)(% 3@ (=2 O
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qma72m (q3k+3; q3)m(tq3k; q3)m22m

(@35 Qm(—20%; O)m

X D =0

e (Lt — g q)p1g" Sk Hhe 2k
h=0 (1 — ") (—2;9)x

0,0,0:tq%% ¢33 3 9 a2
X |:qk+37_zqk:0’0 7Q7q 7Z q 9

which proves Theorem 4 (i).

Proof of (ii)
Take a =t/q,b = q,p = q and
"% ¢ )m (g ) (=4* /2% ¢*)m

tm = (4% q)mz?™

in (6.3).

Proof of (iii)
"™ (25 )t ) m(— %/ 25 @) m—1

Takea =1t/q,b =¢q,p = qand o, =
/ " (% Q)mz"

in (6.2).

Proof of (iv)
e CRT SIACT DT

Take a = t/q,b = ¢*,p = ¢ and o, = in
/ " (@° @)m(2%/4:¢%)m

(6.4).

Proof of (v)
g2 (3 ¢3) i (tq; ¢ m2®™

Take a = t/q,b = q¢,p = q and a,, = in
/ " (@%@ (=2 Om

(6.3).

Proof of (vi)

Take a =t/q,b = q,p = q and

q" (4% 4P )m (g 6P )m(=6* /2% ¢ )m—
(% Q)mz>™

Q= in (6.3).
Proof of (vii)
4" (% )t ) m (=) % Om

Takea =t/q,b=¢q,p = qand o, =
/ " (4% Q)mz"

in (6.2).

Proof of (viii)
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qmoa—m(q5; q5)m(t; q5)mz4m 0

Take a = t/q,b = ¢*,p = q and a,, =
/ " (4% @) (22/4; ¢*)mt1

(6.4).

7. Generalized tenth order mock theta functions are F-functions

We show that the four generalized tenth order mock theta functions are
F,-functions.

Theorem 5

The generalized four tenth order mock theta functions
D(t,z,a;q), Y(t, 2, ;q), X (t, 2, ; q), and x(t, 2, @; q) are Fy-functions.

We shall give a detailed proof for the function ®(¢, z, a; q), the proof for
the other functions are similar, so omitted.

Proof
Apply the difference oprator Dy + to ®(¢, 2, ; q), we have
tDgs ®(t,2,0;q) = (¢, 2,0;q) — (g, 2,05 9)

_ 1 Zoo (t)nqn(n73)/2+nazn B 1 ZOO (tq)nqn(n73)/2+nazn
(Hoo " (22/¢:¢*)nn1 (t0)oo =" (22/6;4*)ni1
_ 1 o (t)nqn(n—?:)ﬂ-‘rnoazn B 1 o (t)nqn(n—?:)/2+no¢+nzn(l _ tqn)
Boo ™" (/G nr1 (B0 T (22/4:¢*)nt1
¢ - (t)nqn(n—B)/2+n(a+1)Zn
T (B T (22/¢; Q)1
So

D%tq)(t’ Z, 0 Q)7 = (I)(ta z,a+ 1; Q)-

Hence ®(t, z, a; q) is a Fy-function. Similarly the other three functions
are also F-functions.

8. Relations between generalized mock theta function of tenth
order

For proving the relationship between these generalized functions we shall
use the property that they are F-functions.

Theorem 6
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(i) Dt ®(t,2,0;q) = 2U(t, 2,05 q).

B 1 (_1)n(t)nqn273n+na22n 22
i) X(t,z,05q) = —— > + < x(t, 2z, a;q).
(#) X( ? (t)oo 2n=0 (—=2%/¢; @)2n+1 qu( 7

Proof of (i)
Dgi®(t, 2, a59) = (, 2, + 15 q)
1 (t)nqn(n—B)/2+na+nzn

(Foo " (22/4;¢®)ns1
1 - (t)nqn(n—l)/2+no¢zn
= 2 n=0 2/ 2
(t)oo (2%/43¢*)n1
=1U(t,2,0a;9),

z

which proves Theorem 6(i).

Proof of (ii)
(_1)n(t)nqn2—3n+naz2n(1+22q2n 1)

X(t,z,a5q) = >
(200 = 2 =22/ o

B 1 - (_1)n(t)nqn —3n+no¢z2n +£ 1

(t)oo =0 (_2Z2/q; Q)2n+1 a (t)oo
(_1 n(t qn fnJrnaZQn
X Dm0 ) Zn
( /Qa )2n;r1
1 —1)"(¢ qn 73n+naz2n 5
= 7N ?LOZO ( ) ( )271 . + Z_2X(ta z7a7Q)7
(t)oo (—=22/4; @)2n+1 a

which proves Theorem 6(ii).

9. ¢-Integral representation for the generalized tenth order
mock theta functions

We give ¢-integral representation for the four generalized tenth order mock
theta functions.

Theorem 7
The following equalities hold

(i) ®(q' 2 0q) }q g> fo H(wg; q)e®(0, 2, aw; g)dgw
(i) V(¢' 2 05q) = qqoo fo “Hwg; 4)o0 ¥ (0, 2, aw; q)dgw
(i1i)  X(q', 2z, a;q) qq)oo fo “wg; )00 X (0, z, aw; q)dqw




Ramanujan’s fifth order and tenth order mock theta functions - a ...293

. —q) 1 —
(iv) x(d' 2 0q) = 8= i w = (wa; 9)oox (0, 2, aw; g)dgw

We give a detailed proof for ®(¢', z, a; q) only and omit the proof for
the other functions, as they are similar.

Proof
By definition

1 0 (t)nqn(n—3)/2+nazn
O 2=

n=0 (22/¢; ¢*)n+1

Replacing t by ¢' and ¢® by a, we have

P(t,z,a;q) =

1 (qt)nqn(nfS)/QJrnazn

D(qt, z,59) = —— 00
@ ? (qt)ooz_o (22/¢; ¢*)n+1

n(n—3)/24+na prg

q
(22/4: ¢*)n+1(a" )0
qn(n—S)/2+no¢zn (1 _ q)

=3 w1 (wg; @) sodyw
2n=0 (22/4:*)nr1 (4300 Jow 7 D)ooy

= 2nzo

by (5.1)

0 n(n73)/2+nazn

(9.1) 1 — q / wHwg; q Z q

g )

But

0 qn(n73)/2+n04 prg

®(0,2,05q9) = YIS I
( ) n—0 (22/q;4*)n1
and since ¢* =
0 n nn 3)/2 n
20,2, 059) = Z 22/417 Jnt1
Hence - qn(n73)/2(aw)n
(9:2) ®(0, 2, aw; q) =

n—0 (22/4;¢*)nr1 '
By (9.2), (9.1) can be written as

1_
®(q", 2,05 q) q /w (wq; @)oo ®(0, 2, aw; q)dqw
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which proves Theorem 7 (i). The proof for the other three functions being
similar, so omitted.

10. Multibasic expansions for generalized tenth order mock
theta functions

We now give multibasic expansions for our generalized functions.
Theorem 8

The generalized functions have the following expressions as a multibasic
hypergeometric series:

(1) Dt z,05q) =
(1= 22/g) " & (1= 1% (1 = g+ () ag™ 7 hosh
tdw = (1= ¢"+2)(22¢; @)x

0.0:tq2h—1 g2h+2
X [qk+3 22q2k+1 0 5 D % 2q”

(15)  U(t, z,05q) =

k(k—1)
2(1-2%/g) P S (L=t (L — g M) (kg 7 TR
Lo = (1 —¢*1)(22q; ¢%)k

2k ’q2k+2

x|S0 s 30, 4% 24°
2_
Zgo ( 1)k(1 q 2k+2)(t; q)qu 3k+ka22k
- (1 — ¢*2)(—22/q; q)2x

,tq*:0,0:¢°%+3 52,02
¢ [qk+3 (—2q2k—1 242k, 07q7q ¢*;—2%q

. L (_1)k(1 1 Qk)(t q)qu —ktka 2k
(iv)  x(t,z,a;q) = 0w > k=0 {a _q2k+1)(_22/q Dort

(1) X(t.z.000) = - ;)

k.0 0:g3k+3
q,tq":0,0:q 2 a—1
X [ k2, 5202k _5242k+1.0) 45 ¢, 4% —2%q

Proof of (i)

"N P )m (/¢ @ )m2™
(@ 0)m (224 ¢*)m

Take a = t/q,b = ¢*>,p = q and a,, =
(6.2).

Proof of (ii)
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"7 @ )m(t; 42"
(¢% D) (226 ¢*)m

Take a =t/q,b=¢q,p = q and a,,, = in (6.2).

Proof of (iii)

(=a*")™(@% )l D2
(@% )m(=22/4;6%)2m

Let a — 0,b = q2,p =q and oy, =
(6.3).

Proof of (iv)

(=¢* D)™ )G Dmz™

Let a = 0.b=qp =qand am = 5 o s ot

(6.3).
Conclusion
Seventh order mock theta functions were more diffcult, however, we

generalized them and found interesting properities. The paper has already
been communicated for publication.
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