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Abstract

In this paper we use fixed point method to prove asymptotic stabil-
ity results of the zero solution of the totally nonlinear neutral differ-
ence equation with variable delay

Az (n) = —a(n) f(z(n—7(n))+ Dg(n,z(n—7(n))).

An asymptotic stability theorem with a sufficient condition is proved,
which improves and generalizes some results due to Raffoul (2006)
[28], Yankson (2009) [27], Jin and Luo (2009) [17] and Chen (2013)

[9]-
Subjclass [2000] : 39430, 39A70.
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1. INTRODUCTION

Certainly, the Lyapunov direct method has been, for more than 100 years,
the efficient tool for the study of stability properties of ordinary, functional,
partial differential and difference equations. Nevertheless, the application of
this method to problems of stability in differential and difference equations
with delay has encountered serious difficulties if the delay is unbounded or
if the equation has unbounded terms ([6],[7],[11]-[13],[15],[25]). Recently,
Burton, Furumochi, Zhang, Raffoul, Islam, Yankson and others have no-
ticed that some of these difficulties vanish or might be overcome by means of
fixed point theory (see [1],[2],[3],[6],[7],[9],[16],[17], [23],[24],[27]-[29]). The
fixed point theory does not only solve the problem on stability but has a
significant advantage over Lyapunov’s direct method. The conditions of the
former are often averages but those of the latter are usually pointwise (see
[6]). Yet the stability theory of difference equations with/without delay has
been considered by many authors without the application of Lyapunov and
fixed point methods, see the papers [4],[5],[8],[14],[19]-[22],[30].

In this paper, we consider the nonlinear neutral difference equation with
variable delay

(L) Az(n) =—a(n) f(z(n—7(n))+ALg(n,z(n-7(n)),
with the initial condition
2(n) = (n) for n € [m(ng),n0] N7,
where 1 : [m (ng) ,n0] N Z — R is a bounded sequence and for ng > 0,
m(ng) =inf{n—7(n), n>ne}.

Throughout this paper we assume that a : ZT — R, f : R — R and
T ZT — Z* with n — 7(n) — oo as n — oo. The function g (n,z) is
locally Lipschitz continuous in x. That is, there is positive constant F so
that if || < for some positive constant [ then

(1.2) lg(n,z) —g(n,y)| < Elr—y|.
We also assume that
(1.3) g(n,0)=0.

Special cases of (1.1) have been considered and investigated by many
authors. For example, Raffoul in [23] and Yankson in [27] studied the
equation
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(1.4) Az (n)=—a(n)x(n—71(n)),

and proved the following theorems.

Theorem A (Raffoul [23]). Suppose that 7 (n) =1 and a(n+r) # 1 and
there exists a constant o < 1 such that

Z la s+r|+Z(!a (s+1)] H 1—a(k+r)]

s—1
I > Ia(U+7’)|) <

s=n—r k=s+1 U=8—T

(1.5)
n—1

for allm € Z* and H [1—a(s+7r) — 0asn — oo . Then, for every
5=0

small initial sequence 1 : [—r,0] NZ — R, the solution x (n) = x (n,0,v)
of (1.4) is bounded and tends to zero asn — oo.

Theorem B (Yankson [27]). Suppose that Q (n) # 0 for alln € [ng, 00)NZ,
the inverse sequence g of n — 7 (n) exists and there exists a constant o €
(0,1) for all n € [ng,00) NZ such that

n—1 n—1 n—1 s—1

Yo lalg(s)l+ ) (Il—Q s IT e > |a(9(u))|> < a,
s=n—7(n) 5=no k=s+1 u=s—7(s)
(1.6)
where @ (n) =1—a(g(n)). Then the zero solution of (1.4) is asymptoti-

n—1

cally stable if H Q(s) —0asn— oo .

Obv10usly, T heorem B improves and generalizes Theorem A. On other
hand, Jin and Luo in [17] and Chen in [9] considered the generalized form

of (1.4),
(1.7) Az (n) =—a(n) f(z(n—7(n)),

and obtained the following theorems.

Theorem C (Jin and Luo [17]). Suppose that T (n) = r. Let f be odd,
increasing on [0, 1], satisfy a Lipschitz condition, and let  — f () be non-
decreasing on [0,1]. Suppose that |a(n)| < 1 and for each Iy € (0,1] we
have
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n—1
= f ()| suppez+ SiZg la(s +m)| T [1—a(k+7)]
k=s+1
n—1
+ f () suppeze Sezg la(s+m)| T [1—alk+m)]SiZs, la(u+r)|
k=s+1
+ f () suppez+ iz la(s +7) < ady.

(1.8)

Then the zero solution of (1.7) is stable.

Theorem D (Chen [9]). Suppose that the following conditions are satisfied
(i) the function f is odd, increasing on [0, ],
(ii) f (z) and = — f (z) satisfy a Lipschitz condition with constant K on
an interval [—[, ], and  — f (x) is nondecreasing on [0, ],
(iii) the inverse function g (n) of n — 7 (n) exists and |a (g (n))| < 1,
(iv) there exists a constant a € (0,1) for alln € Z" such that

Yoo la(g ()] nl:[ [1—a(g (k)] + X0 la(g (s))]
k=s+1
+ 00 la(g () T [ —alg®)] X0z s la(g ()]
k=s+1

< a.
Then the zero solution of (1.7) is asymptotically stable if

n—1
H [l—a(g(k))] —0as n— co.
* 0Obviously, Theorem D improves Theorem C.

Our purpose here is to improve Theorems A-D and extend it to inves-
tigate a wide class of nonlinear neutral difference equation with variable
delay presented in (1.1). Our results are obtained with no need of further
assumptions on the inverse of sequence n—7 (n), so that for a given bounded
initial sequence 1 a mapping P for (1.1) is constructed in such a way to
map a, carefully chosen, complete metric space Sfp into itself on which P is
a contraction mapping possessing a fixed point. This procedure will enable
us to establish and prove by means of the contraction mapping theorem
an asymptotic stability theorem for the zero solution of (1.1) with a less
restrictive conditions. It is important to note that, in our consideration,
the neutral term Ag (n,2z (n — 7(n))) of (1.1) produces nonlinearity in the
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neutral term Az (n — 7 (n)). While, the neutral term in [3] enters linearly.
As a consequence, we have performed an appropriate analysis which is dif-
ferent from that used in [3] to construct the mapping in order to employ
fixed point theorems. For details on contraction mapping principle we re-
fer the reader to [26] and for more on the calculus of difference equations,
we refer the reader to [10] and [18]. The results presented in this paper
improve and generalize the main results in [9],[17],[23],]27].

2. Main results

For a fixed ng, we denote D (ng) the set of bounded squences ¢ : [m (ng) , ng|N
Z — R with the norm [¢|, = max {|¢ (n)| : n € [m (ng) ,no] N Z}. For each
(no,v) € Z™ x D (ng), a solution of (1.1) through (ng, ) is a sequence z :
[m (ng) ,00)NZ — R such that x satisfies (1.1) on [ng,00)NZ and = = v on
[m (ng) ,no]NZ. We denote such a solution by x (n) = x (n, ng, ). For each
(ng,v) € Z* x D (ng), there exists a unique solution x (n) = x (n,ng, 1) of
(1.1) defined on [m (ng),00) N Z.

Let h : [m(ng),00) N Z — R be an arbitrary sequence. Rewrite (1.1)

as Az (n)=—h(n) f(z(n))+ 24, 22711 Tn)h(s)f(x(s))

+{h(n—7(n)) a(n)}f(x(n—r1(n))+Ag(n,z(n—7(n))
= —h(n)a(n)+hn)[z(n) = f(@0)]+ L0300 ) h(s) f(z(s))
( +

(
+{h(n—7(n))—a(m)}f(zn-7(n)) Ag(nw(n—f(n))),
(2.1)

where /\,, represents that the difference is with respect to n. If we let
H (n) =1— h(n) then (2.1) is equivalent to

z(n+1)=Hn)zn)+h(n)z@0) - f(z0)]+4, Z h(s) f (2 (s))

snTn

+{h(n=7(n)) —a)}f(x(n—7n))+Ag(n,z(n—7(n)).
(2.2)
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In the process, for any sequence x, we denote

b
Zm(k)annd Hx(k)zlforanya>b.

Lemma 2.1. Suppose that H (n) # 0 for all n € [ng,00) NZ. Then x is a
solution of equation (1.1) if and only if

x(n) = {z (no) = g (no, = (no — 7 (n0))) = X101 h(s) f (@ (s))}
X ”ﬁ H (u)

S b () TTH ) e (s) — F e )] 4 307 h(s) £ (2 (5)
U= s+1
- Zg:_rjio {h(s)} H H(u)>>— T(S) h(v) f(z (v))
u=s+1

eyt T H @ (s =7 () — a(s)} £ (o (s — 7 ()

u=s+1

+g(n,z(n—7(n) -2, {h(s)} l:[ H(u)g(s,z(s—7(s)))-

u=s+1
(2.3)

Proof. Let x be a solution of (1.1). By multiplying both sides of (2.2)

by H [H (u)] " and by summing from ng to n — 1 we obtain

. nO s—1
ZA H (w)] ™" (s)

- ni H [H (w)] " h(s) [z (s) — f(z(s))]

s= nou no

+ZH 1A52h<>f<<>>

$=no u=no v=5—7(8)
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+ Z H (s —7(5) —a(s)} f(a(s—T(s)))

s= nou no

+ Z H T Ag(s,z(s—7(s))).

s=ng u=ng

As a consequence, we arrive at
n—1 no—1

II (# W]z (m) ~ [T [# ()] " 2 (no)

u=ng u=ng

n—1 s
=3 II H @ h(s) [2(s) ~ £ (@ (s))

s= nou no

+ZH 1As Z hj (v (v))

s=nou=ng v=5—7(8)

+ZH THh(s—7(s) —al(s)} f(x (s —7(s))

s= nou no

+Z H L Ag(s,x(s—7(s))).

S=nou=ng

n—1

By dividing both sides of the above expression by H [H (u)] ™ we get

n—1 e
=z (no) H H (u)

u=ng
n—1 n—1

+ 3 I H@h(s)[x(s) — f(x(s))]
s=nou=s+1

3 ] Hw ot h©) f @ @)
s=nou=s+1
n—1 n—1

+ 3 I Hw) {h(s—7(s)) —a(s)} f(z(s—7(s)))
s=nou=s-+1

3 1 H @ Ag(s,a(s— ().

s=nou=s+1

(2.4)

By performing a summation by parts, we have
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n—1 n-—1
> Il HwaAs Z h(v) f (z (v))

Z, 4 -
- ;(n)h( 9f anOH ) z( 1) (2 6)
_820 {h(s)};]ilff( )U SZTS)h (®))
(2.5)
and

-

(2.6) S 1 H@agsa(s—7(s)

s=nou=s+1

— g (mow (o —7(n0))) T H () + g (n.z(n— 7 (m))

u=ng

sno } H H S_T(S))>‘

u=s+1

Finally, substituting (2.5) and (2.6) into (2.4) completes the proof. O
From equation (2.3) we shall derive a fixed point mapping P for (1.1).
But the challenge here is to choose a suitable metric space of sequences on
which the map P can be defined. Below a weighted metric on a specific
space is defined. Let C' be the Banach space of real bounded sequences
¢ :[m(ng),00) NZ — R with the supremum norm ||.||, that is, for ¢ € C,

lell = sup {|¢ (n)] : n € [m (no) ,00) N Z} .

In other words, we carry out investigations in the complete metric space
(C,d) where d denotes the supremum metric d (1, p2) = |1 — 2| for
¢1,p2 € C. For a given initial sequence ¢ : [m (ng),no] N Z — [—1,1] with
[ > 0, define the set

sz,:{cpEC, v (n) =1 (n) forn € [m(ng),no] NZ, |p(n) <l}.

Since Sf/) is a closed subset of C', the metric space (Sfp, d) is complete.
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Definition 2.2. The zero solution of (1.1) is Lyapunov stable if for any
€ > 0 and any integer ng > 0 there exists a § > 0 such that |¢) (n)| < ¢ for

n € [m(ng),nol N Z implies |x (n,ng, )| < € for n € [ng,00) N Z.

Theorem 2.3. Define a mapping P on sz) as follows, for ¢ € Sfp (Pp) (n) =
Y (n) if n € [m (no),no] N Z, while, for n € [ng,00) NZ

(Pp) (n) = {9 (n0) — g (n0, % (no — 7 (n0))) = X001 b (s) F (¥ (s)}

xuﬁoH(u)

+ I () H+H )= Fle O+ S h(8) £ (9 (5))
ERION Hff )it () f (9 (v)
H+H w) {h(s =7 () — a(s)} £ (o (s — 7 (5)))

+ g, (n—7 (n)) = S0k b (s >;H;1H<u>g<s,so<s—7<s>>>.

(2.7)

Suppose that (1.2) and (1.3) hold and the following conditions are sat-

isfied,

(1) the function f is odd, increasing on [0, 1],

(ii) f (x) and x — f (x) satisfy a Lipschitz condition with constant K on
an interval [—[,1], and x — f (x) is nondecreasing on [0,1],

(iii) |h (n)| < 1 for n € [m (ng),00) NZ and |h(n —7(n)) —a(n)| < 1,
pE <1 forn € [ng,00) NZ, p> 6,

(iv) there exist a constant a € (0,1) for alln € [ng,

f(l){ "o | HH )+ iy 1B (5)]

o0) N Z such that

u=s+1

—+ Zs no H H ij;i—'r(s) ’h’ (U)|

u=s+1
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> no H H (u) | S—T(S))—G(S)I}

u=s+1

+1E{1+ZS ] HH }Saf(l).

u=s+1

Then there exists & > 0 such that for any 1 : [m ng) ,no] NZ — (=06, 9),
we have that P : Sfp — Sfp and P is a contraction mapping with respect to

the metric defined on Sfp.

Proof. Since f is odd and satisfies the Lipshitz condition on [—I,],
f(0) = 0 and f is uniformly continuous on [—[,[]. So we can choose a
that satisfies

no—1
(2.8) 5<1+E+K > ]h(s)]) <(1—-a)l.
s=ng—T(ng)

Let v € D (ng) such that |[¢ (n)] < § for n € [m(ng),no] N Z. Note
that (2.8) implies 0 < [ since f (I) < by condition (iz). Thus, |¢ (n)| <1
for n € [m(ng),no] N Z. Now we show that for such a ¢ the mapping
P Sllp — Sfb. Indeed, consider (2.7). For an arbitrary ¢ € S.,, if follows
from conditions (¢) and (i¢) that

(Po) ()] < {1+ B) [0l + S22y IR ()] 1 (0 }HH

+ 300, | H H (u ~ e ()
u=s+1
+ ey IR F (0 ()
+ 3050, | H H (w) Y2525 ) IR @) f (¢ (v)]
u=s+1
> H H (u)|h(s =7 (s)) —a(s)|[f (¢ (s = 7(s)))]
u=s+1
+lg (n, e (n—7 () + 55, | H H (u)|g (s, (s =7 (s)))]

u=s+1
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<SS(I+E+ES o Ih(s)])

s=ng—T

n—1

+(U = fW) T R () T H )+ f ()02, 12 (5)]

u=s+1

+f( ) s no H H Zf;:;_»r(g) |h (1})’

u=s+1

i no H H (u)|h(s =7 (s)) —a(s)]

u=s+1

+1E{1+Zs o | H H (u
u=s+1

for n € [np,00) N Z. By applying (iv) and (2.8), we see that

no—1
[(Py) (n)] <6 (1+E+K > |h(5)!) +U-rM))a+f)a
s=no—T(no)
<A-a)l+(-fl)a+fD)a=IL.

Hence, |(Py) (n)| < Z because |(Pyp) (n)| = |¢ (n)| <1 for
n € [m(no),no] N Z. Therefore, Py € Sfp.
Suppose that p > max {6,1/K}. If we define a metric on Sfp as follows,

o —nl,
— s T =@ [ = |h(s—7(u) —a(u][l - E|hu)]| /K]
n€lno,00)nZ o PE (L + (R ()] [1 + 7 (u =7 (u)) — a(u)[] [ + E|h (u)| /K]
x [p (n) —n ()|,
(2.9)

then (Sfb, || p) is a complete metric space.
Next, we show that P is a contraction mapping on Sfp with respect to
the metric (2.9). For p,n € Sfﬁ, we have

[(Pe) (n) — (Pn) (n))]
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o 1 (3)] H H (u — f(p(s)) =n(s)+ f(n(s))

u=s+1
+z:;;_7<n) (17 (o () — £ (n(s))

n—1

+X00, R TT H () 2525 o IR @) 1f (9 (v) = £ (n ()]

u=s+1

o H H (u)[h(s —7(s)) —a(s)[[f(e(s =7(s))) = f(n(s —7(s)))l
u=s+1
+lg (n, 0 (n =7 (n))) — g (n,n(n—7(n)))|

n—1

300 () TT H @)lg (s, (s =7 () =g (s.m (s =7 ()]

u=s+1
(2.10)

Let F (x) = x — f(z), then F (x) satisfies a Lipschitz condition with
constant K > 0 on an interval [—/,[]. If we multiply both sides of (2.10) by

"ﬂl [ —fp @]t =[h(u—7(u)—a@)][l = Elh(uw)]|/K]
K+ h @]+ (=7 ) —a@]][1+Eh@w)]/K]

u=ng

then the first term on the right-hand side of (2.10) becomes
nl:[l (L= [p @t —]h(u—7()—a@][l - Elh)]/K]
o PELA+ R (u )H L+ [h(u—=7(w) —a@][1 + Elh(u)| /K]

S0, [ (s)] H H (u (s)) = F(n(s))l

u=s+1

n—1 |h(s)|[1—|h(s)][1—|h(s—=7(s))—a(s)[[[1—E|h(s)|/ K]
< K Yo=no pK[1+[h(s)[[[1+|h(s=7(s))—a(s)[|[1+E|h(s)[/ K]

T _(-lh Ml Ito—r(o) a1 Bl 0
H R s s i 1 (5) = 1 (s)]

% ” A |h(w)[][1—|h(u=7(u))—a(w)|][1 - Elh(u)| /K]
o) PK[HIh(U)\ (1 [A(u—=7(u)) —a(u)[|[1+Elh(u)[/ K]
U=s

<KpK|(’0 T]| Zs ng | H 1_|h‘
u=s+1

1
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Similarly, we have
"1:[1 A—1lh (@)L= |h(u—7(w)—a@)][l—-Eh)]/K]
o PKL+ TR ()] [1+ ] (u—7(u) —a()][1+E[h(u)| /K]

S @ ()~ F (0 (s))

n—1[h(s)|[1-|h(s)||[L—|P(s=7(s))—a(s)||[1—E|h(s)|/ K]
< K)oz, pK[1+h(s)[[[1+|h(s—7(s))—a(s)[|[1+Eh(s)]/ K]

LI =)ol ]
H R s T B | () = 1 (s)]

% H [1—[R(u I]l |h(u=7(u))—a(u)||[1-E|h(u)|/K]
pK[HIh I+ R(u—7(w) —a(u)[[[1+Elh(u)[/ K]

n—1

< Korle—nl, X k()] TT 1= [h )]

u=s+1

1
S;’@_n’,ﬁ

"1:[1 L —lh@ [l —lh(u—7w)—a(]l - Elh(u)/K]
“o PE L+ [ (u )H[1+\h(u—T<U))—a(U)I][1+E!h(U)\/K]

u=ng

X 3 ezno | H H(w) Y2525 ) B @IF (¢ (v) = £ (0 (v)]

u=s+1

n—1 |h(s)|[1—|h(s)][1—|h(s—=7(s))—a(s)|[[[1—E|h(s)|/ K]
< KX smno pK[1+[h(s)[[[1+[h(s—7(s)) —a(s)[[1+E]h(s)[/ K]

JA—|h()||[1—|h(u—T(u))—a(u)|]1-Elh(u)|/ K]
x H ;

PRIt ot T TG 2]
u=s+1

- LML) e Bl
X Xoms—r(s) P (V)] H PRI (o) T+ (o (o) —a() T+ BTG /5] |2 (V) = 1 (V)]

u=no

XH [1—[p)[|[1=|P(v=T(v))—a(v)[|[I-E|h(v)|/K]
pK[1+[h(0)[[[1+[h(v—T(v))—a(v)[][1+E[h(v)|/ K]

n—1
< Koplo—nl, 300 k(&) T =152 1h (@)
u=s+1
1

[1 = [h(v)]]

s

<

U=v

D=

_n|p7



268 Abdelouaheb Ardjouni and Ahcene Djoudi

"1:[1 L —lh@ [l —lh(u—7(w)—a(]l - Elh(u)/K]

u= nopK[ +|h( I+ 1A (=7 () —a)]][L+Elh(u)]/K]
R, H H (u)|h(s =7 (s)) —a(s)l]
u=s+1

xf(p(s=7(s)) = f(n(s—7(s)))

n—1 [h(s=7(s))—a(s)|[[1—|h(s)[][L=|P(s=7(s))—a(s)[[1—E|h(s)|/ K]
< K smng pK[1+[h(s)[[1+[h(s—7(s))—a(s)[[[1+E[h(s)[/ K]

[1—|h(u H[l |7(u—7(w))—a(u)|][1— Elh(u)l/K
X H PRI+ R(w) [T+ hlu—7 (w))—a(w) [1+ E[ ()] /K] o (s) = (s)|
u=n 0

% H JA—|h(w)[][1—[h(u=7(u))—a(w)|]1 - Elh(u)| /K]
pK[1+|h(U)\ [1+A(u—7(w)) —a(u)[|[1+Elh(u)[/ K]

u=s+1
< Ko lo —nl, X0z, (s =7 (5)) — a(s)]

n—1
< I =1h(u—7w)—a(u)]

u=s+1
< sle—ml,,
"1:[1 L—1h @[ —h(u—7(u)—a@][1—Eh)/K]
wmng PE L+ R @[+ 1k (w—7(u) —a(u)][1+Eh(u)]/K]

X |g (n, ¢ (n—7(n))) =g (n,n(n—r7n)))

<Elp—nl,<5le—ml,

and

"ﬁl L= [p @)L —]h(u—7(u) —a@][l - Elh()]|/K]
K1+ [h(u )I] L+ [h(u—=7(w) =a@)|][1+ Elh(u)| /K]

u:no

X Y | H H(u)|g(s,0(s =7(5)) = g(s,m(s =7 (s)))]

u=s+1

n—1 " [h(s)|[1-|h(s)||[1—[h(s=7(s))—a(s)|[1—FE|h(s)|/ K]
< B smno pK[1+[h(s)[[1+|h(s—7(s)) —a(s)[][1+Elh(s)[/ K]

LMoo a1
X H PRI R () —atTi+ BTG R] |2 (8) = 1 (5)]

% H A= [h@)[][1—|h(u=7(uw))—a(w)|][1—Elh(w)|/K]
pK[HIh(U)\ [1HA(u—=7(u)) —a(u)[|[1+Elh(u)[/ K]




Asymptotic stability in totally nonlinear neutral difference ... 269

n—1
<Kok lo—nl, Zin Elh(s)| /K HH [1=E|h(u)|/K]

1
<zZle—=mnl,.

6
Hence, |P<p—Pn|p < - |<p—77|p, since p > 6, we have that P is a
p

contraction mapping on Sfb' O

Theorem 2.4. Assume that the hypotheses of Theorem 2.3 hold. Then
the zero solution of (1.1) is stable.

Proof. Let P be defined as in Theorem 2.3. By the contraction mapping
principle ([26], p. 2), P has a unique fixed point in Sfb, which is a solution
of (1.1) with z =4 on [m (ng) ,no] N Z.

To prove stability at n = ng, let € > 0 be given, then we choose m > 0
so that m < min{l,e}. By considering Sy’ we obtain there is a 6 >0
such that ||¢|| < ¢ implies that the unique solution of (1.1) with =1 on
[m (no) ,no] N Z satisfies |z (n)] < m < e for all n € [m(ng),00) N Z. This
proves that the zero solution of (1.1) is stable. O

Definition 2.5. The zero solution of (1.1) is asymptotically stable if it is
Lyapunov stable and if for any integer ng > 0 there exists a 6 > 0 such
that |1 (n)| < ¢ forn € [m(ng),no]NZ implies = (n,no,1) — 0 as n — oco.

Theorem 2.6. Assume that the hypotheses of Theorem 2.3 hold. Also
assume that

n—1
(2.11) H H (u) — 0 as n — oo,

u=ng

where H (u) = 1 — h (u). Then the zero solution of (1.1) is asymptotically
stable.
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Proof. From Theorem 2.4, the zero solution of (1.1) is stable. For a
given € > 0 let ¢ € D (ng) such that |¢ (n)| < 6 for n € [m(ng),no| NZ
where § > 0 and define

Sp={p € C, p(n) =4 (n) forn e lm(ng),no]NZ, |¢l < eand

¢(n) —0asn— oco.

Then 5’; is a complete metric space with respect to the metric (2.9).
Define P : S, — Sy, by (2.9). From the proof of Theorem 2.3, the mapping
P is a contraction and for every ¢ € Sy, ||[Pp| <e.

We next show that (Py) (n) — 0 as n — oo. There are seven terms on
the right hand side in (2.7). Denote them, respectively, by I, k =1,2,...,7.
It is obvious that the first term I; tends to zero as t — oo, by condition
(2.11). Therefore, the 5econd term Iy in (2.7) satisfies

2| = ‘Z? o 2 (5) H H (u f(SO(S))]‘
u=s+1
<KYih, | H H (u
u=s+1
<eKa < eK.

Thus, Iy — 0 as n — oo. Also, due to the conditions (1.2) and (1.3)
and the facts that ¢ (n) — 0 and n — 7 (n) — 0o as n — oo, the terms I3
and Ig tend to zero, as n — oc.

Now, for a given €, € (0,€), there exists a N; > ng such that s > Ny
implies |¢ (s — 7 (s))] < 61 Thus, for n > Ny, the term I4 in (2.7) satisfies

’I4‘ ?%Oh H H v=5— T(S)h(v)f(go(v))
u=s+1

S h H H (w) o2 o) IR @) F (0 (0)]

u= s+1
+ZS N1 H H ’U S— 7'3 |h‘( )||f(<)0(,u))|
u=s+1
n—1
< SUDm(ngy 19 (@) K XN 0 ()] [ H ()52t 1B ()]
u=s+1
+f1i(§:s Aﬁ II }? U s—7(s) |h( ”
u=s+1

By (2.11), we can find Ny > Np such that n > No implies
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SUPg > m(n) |9 (0)| K ol [ ()| [T H () 520 11 ()]

u=s+1
n—1 N2 1
u=N> u=s-+1

< e K.

Now, apply condition (iv) to have |I4| < e1K + e;Ka < 2¢1 K. Thus,
Iy — 0 as n — oo. Similarly, by using (2.11), then, if n > Na then terms
Is and in I7 (2.7) satisfy

|f5\—‘ o HH J{h(s =7 (s)) —a(s)} f (g (S—T(S)))|

u=s+1
n—1 No—1
<SPy 19 () K [T H(w) S0 [T H (W) k(s —7(s) —a(s)]
u=N2 u=s+1
+a K Yy, H H(u)[h(s—7(s)) —a(s)|
u=s+1
<agK+eaKa<2aK,
and
|I7] = |2250, B (s) HH g(s,0(s—7(5)))
u=s+1
<SPG (ng) |0 () B T H () T3 |7 ()]
u=Ns
No—1
x [ H@w) +eaEY"y | H H (u
u=s+1 u=s+1

< +eaalll < (1+f(l))

Thus, Is,I7 — 0 as n — oo. In conclusion (Py) (n) — 0 as n — oo, as
required. Hence P maps Sy, into Sy,

By the contraction mapping principle, P has a unique fixed point x € Sfp
which solves (1.1). Therefore, the zero solution of (1.1) is asymptotically
stable. O

Letting g (n,z) = 0, we have

Corollary 2.7. Let h : [m(ng),00) N Z — R be an arbitrary sequence.
Suppose that the following conditions are satisfied,
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(1) the function f is odd, increasing on [0, 1],

(ii) f (x) and x — f (x) satisfy a Lipschitz condition with constant K on
an interval [—1,1], and x — f () is nondecreasing on [0, ],

(iii) |h (n)| < 1 for n € [m(ng),00) NZ and |h(n —7(n)) —a(n)| <1
for n € [ng,o0) NZ,

(iv) there exist constants a € (0,1) for all n € [ng,00) NZ such that

sno HH snT(n|h()|
u= s+1
+Zs no HH Zf)iq—s)‘h( )‘
u=s+1
sno HH ’hS—T())—CL(S”
u=s+1
< a.

Then the zero solution of (1.7) is asymptotically stable if

HH(u)—>0asn—>oo.

u=ng

Remark 2.8. Whenr (s) =r andh(s) = a(s+r), Corollary 2.7 improves
Theorem C. When h(s) = a(g(s)), where g (s) is the inverse function of
s—7 (s), Corollary 2.7 reduces to Theorem D. Thus Theorem 2.6 generalizes
and improves Theorems C and D.

For the special case g (n,x) =0 and f (z) = z, we can get

Corollary 2.9. Suppose that H (n) # 0 for all n € [ng,00) N Z and there
exists a constant o € (0,1) such that for n € [ng,00) NZ

n—1

ey [P (8)] + 0, [ (s )’u:Hm’H (W) X528 ) 1P ()]
n—1

+ o, LI [H @R (s =7 (s)) —a(s)|
u=s+1

<a.

Then the zero solution of (1.4) is asymptotically stable if

HH(u)—>0asn—>oo.

u=ng
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Remark 2.10. When 7 (s) = r and h(s) = a (s + r), Corollary 2.9 reduces
to Theorem A. When h (s) = a (g (s)), where g (s) is the inverse function of
s—1(s), Corollary 2.9 reduces to Theorem B. Thus Theorem 2.6 improves
Theorems A and B.
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