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Abstract

A graph G = (V, E) with p vertices and q edges is said to have
skolem difference mean labeling if it is possible to label the vertices
x € V with distinct elements f(x) from 1,2,3,---,p—+q in such a way

that for each edge e = uwv, let f*(e) = [Mw and the resulting
labels of the edges are distinct and are from 1,2,3,--- q. A graph

that admits a skolem difference mean labeling is called a skolem dif-
ference mean graph. In this paper, we prove C,,QP,,(n > 3,m > 1),

T<K1,n1 N Kl,ng Lol Kl,nm>7 T<K17n1 o Kl,ng 000 Kl,nm>7
St(ni,na, -, Nym) and Bt(n,n,---,n) are skolem difference mean graphs.
N———
m times
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1. Introduction

Throughout this paper by a graph we mean a finite, simple and undirected
one. The vertex set and the edge set of a graph G are denoted by V(G)
and E(G) respectively. Terms and notations not defined here are used in
the sense of Harary[1]. A graph labeling is an assignment of integers to the
vertices or edges or both, subject to certain conditions. There are several
types of labeling. An excellent survey of graph labeling is available in [2].
The concept of mean labeling was introduced by Somasundaram and Ponraj
[8]. A graph G = (V, E) with p vertices and ¢ edges is called a mean graph if
there is an injective function f that maps V(G) to {0,1,2,---,q} such that
each edge wv is labeled with w if f(u)+ f(v) is even and W
if f(u)+ f(v) is odd. Then the resulting edge labels are distinct. The notion
of skolem difference mean labeling was due to Murugan and Subramanian
[3]. A graph G = (V, E) with p vertices and ¢ edges is said to have skolem
difference mean labeling if it is possible to label the vertices x € V with
distinct elements f(x) from 1,2,3, -+, p+¢q in such a way that for each edge
e = uv, let f*(e) = [M;f(v)w and the resulting labels of the edges are
distinct and are from 1,2,3,---,q. A graph that admits a skolem difference
mean labeling is called a skolem difference mean graph. Further studies on
skolem difference mean labeling are available in [4]-[7].

In this paper, we extend the study on skolem difference mean labeling

and prove that C,,QP,,(n >3,m > 1), T (K, : Kipy : King -+ Kip,.),
T(Kin, 0 Kip,000Kiy,), St(ni,ng,---,ny) and Bt(n,n,---,n) are
———
m times

skolem difference mean graphs.
We use the following definitions in the subsequent section.

Definition 1.1. The graph C,,QP,, is obtained by identifying one pendant
vertex of the path P,, with a vertex of the cycle C,.

Definition 1.2. The shrub St(ni,ng,---,ny,) is a graph obtained by con-
necting a vertex vy to the central vertex of each of m number of stars.

Definition 1.3. The banana tree Bt(ni,na,---,ny) is a graph obtained
e —

] m_times
by connecting a vertex vy to one leaf of each of m number of stars.

Definition 1.4. Let G = (V, E) be a skolem difference mean graph with
p vertices and q edges. If one of the skolem difference mean labeling of G



Skolem Difference Mean Graphs 245

satisfies the condition that all the labels of the vertices are odd, then we
call this skolem difference mean labeling an extra skolem difference mean
labeling and call the graph G an extra skolem difference mean graph [7].

An extra skolem difference mean labeling of Ps is given in Figure 1

Figura 1

2. Main Results

Theorem 2.1. The graph C,QP,,(n > 3,m > 1) is a skolem difference
mean graph.

Proof. Case (i): n is odd.

Let n = 2k + 1. Let ui,ug, -+, U, Vg, Vp_1, - *,V1,V0 be the vertices of
Coi+1 and let wy, wa, - - -, wy, be the vertices of P,,. Then C,@QPF,, is ob-
tained by identifying wy of P, with vy of Co;y1, which has n +m — 1
edges. E(Cgk+1@Pm) = {U1U¢+1|1 <3 <k-— 1} U {uiui+1|1 <i<k-— 1} U
{wjwj1]1 < j <m —1} U {vovr, vour, upvy}. Define f: V(Cop1@QF,) —
{1,2,3,---,p+ q=2n+ 2m — 2} as follows:

f('wgi_l) =2;—1for1l S ) S {%-I,

flwe) =2m +3 —2ifor 1 <i< L%J,
Flugio1) = 2m+2n +2—4i for 1 <i < [&],
f(UQZ) =43 for 1 S ) S {%J,

Fvsi1) =2m+2n+1—difor 1 <i < [§],

f('UQi) =4i4+2for1 <i< {%J

For each vertex label f, the induced edge label f* is calculated as follows:
ff(wwip1)) =m+1—ifor 1 <i<m-—1,

f*(ugvg) = 1,

fuuipr) =n+m—1—2ifor 1 <i<k-—1,

[\l
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ffvvig1) =n+m—2—-2ifor 1 <i<k-1,
ff(uvg) =n+m—1, f*(vivg) =n+m — 2.

Case (ii): n is even.
Let n =2k, k > 1. Let vg,v1,v2, -+, Vp_1, U0, Uk—1, Uk—2," -+, U2, U] be the
vertices of Cy and let wy, wo, - - -, wy, be the vertices of P,,. Then C,,QF,,
is obtained by identifying wy of P, with vg of Cs, which has n +m — 1
edges. E(C,QP,,) = {vivit1]l <i <k -2} U{uuit1|l <i<k—-2} U
{ijj+l|1 <j<m-— 1} U {2}0’01, VoUTL, UQUKL—1, uovk_l}.
Subcase (i): £ > 1 is odd.
Define f: V(Co@QPF,,) — {1,2,3,---,p+ g = 2n + 2m — 2} as follows:
flwgi—1)=2i—1for 1 <i< {mw’
wgz)f2m+1—2z for 1 <i < |2,
U2 )—2m+2n+2—4zfor <i

f(
f(
(UQZ)—4ZfOI'1<Z<k
(
(

k—1
S 2
Va; )_2m+2n+1—4zfor1§z‘g%
ve;) =4i+2for 1 <i < 5L and f(ug) =2(n+m—k) .
For each vertex label f, the 1nduced edge label f* is calculated as follows:

f
f
f

ff(wwip) =m—ifor 1 <i<m-—1,
ffujuiz1) =n+m—1—=2ifor 1 <i<k—2,
ffovig1)) =n+m—2—-2ifor 1 <i<k-—2,
f*(UO )—n+m—1,

ff(vov) =n+m—2,

[ (ug—1up) = m+1,

[ (vk—1u0) = m.

Subcase (ii): k& > 1 is even.

Define f: V(Co@QF,,) — {1,2,3,---,p+ g = 2n + 2m — 2} as follows:

f(wgZ 1)—2i—1f01‘1<i< {m-l
fwz) =2m+1—2i for 1 <i < [,
flugi—1) =2m+2n+2 — 4zf0r <i
(u2l)—4z for 1 <i< k
f(voy )—2m+2n—42f0r1§i§§,

f(vzz)_4¢+1for1§z'g%

and f(ug) =2k .

For each vertex label f, the induced edge label f* is calculated as follows:

fr(wywip1)) =m—ifor 1 <i<m-—1,

ffujuiz1) =n+m—1—=2ifor 1 <i<k-—2,

ffvvig) =n+m—2—-2ifor 1 <i<k-—2,

Y

k
S
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*(wour) =n+m—1,

f(
[*(vov1) =n+m -2,
[ (ug—1uo) =m+1,
[ (vg—1u0) = m.
It can be verified that f is a skolem difference mean labeling. Hence C,,QF,,
is a skolem difference mean graph. O
Skolem difference mean labelings of C7@QP5; and C19@QPs are shown in
Figure 2.

11 3 a 3
l::-';- [ Pl:
23 &
10 17
20 1 . - -
) ] i 3
] B
"
{-'m Ll P::
Figure 2

In the following theorem, we prove that the graph
T(Kin, : Kipy,: Kipg - Kip,,), obtained from the stars
K1y, K1y, s K1, by joining the central vertices of Ki,; and K14, ,
to a new vertex w; for 1 < j < m — 1 is an extra skolem difference mean
graph.

Theorem 2.2. The graphT (K1, : Kipy : K1yt -+ 2 Kip,,) Is an extra

skolem difference mean graph.

Proof. Let ug(l < i < nj) be the pendant vertices and v;(1 < j < m)
be the central vertex of the star K1 ,;(1 < j <m). Then
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T(Kin : Kipny : Kipg -+ Kip,,) is a graph obtained by joining v; and
vj4+1 to a new vertex w;(1 < j <m — 1) by an edge. Define
[iV(T (Kt Kyt King 1000 Ky, ) —

{1,2,3,---,p+q:2 > nk+4m—3} as follows:
k=1

F0) =23 mp+4m—3—2(j —1) for 1 <j <m,

k=1
f(wl):2 1+ 1,
f(wj) =2n 1+1+2Z(nk+ 1)for2<j<m-—1,
f(uzl):Q 1f0r1<z<n1

7j—1
f( 5)22Z(nk+1)+2i—1for1<z’<nj and 2 < j < m.
For each Vertex label f , the induced edge label f* is calculated as follows:

Let €/(1 <i <njand 1 < j < m) be the edges joining the vertices v;

. m
with u!. f*(e}) = an+2m—z—1for1<z<n1,
=1

f*(eg) = nj+n]+1+ Fnpm+2m—2j—i+lforl1 <i<njand2 <j<m,
ff(vywy) =ng+ng+ -+ +np, +2(m — 1),

f*(vjwj) :nj+1+nj+2+---+nm+2(m—j) for2<j<m-—1,

f*(wive) =ng +ng+ -+ +npy, + 2m — 3,

f*(wjvjﬂ) :nj+1+nj+2+---+nm+2(m—j)—1 for2<j<m-—1.

It can be verified that 7' (K1 5, : Kiny : Kipg ¢ -+ K1 p,,) is an extra skolem
difference mean labeling. Hence T' (K1, : Kipy : Kipg -+t Kip,,) is an

extra skolem difference mean graph. O

Corollary 2.3. The graph T <K1,n Ky Koo K17n> is an extra

m times
skolem difference mean graph.

An extra skolem difference mean labeling of T'(K;7: Ky 7: Ki7) is
shown in Figure 3.
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3 . = 27 ~ 43
13 17 25 33
- 1 1317 4 533 -
7 9 11 19 1 23 35 37 39
Figure 3

The graph T (K1 5, 0 K1, 000 Ky p,,) is obtained from the stars
Kin,, King, -, Kin,, by joining a leaf of Kin,; and a leaf of Kin,;,, toa
new vertex w;(1 < j <m — 1) by an edge.

Theorem 2.4. The graph T (K1, 0 K1, 0 K1 pg 000 K1 p,,) Is an extra
skolem difference mean graph.

Proof. Let uf(l < i < nj) be the pendant vertices and v;(1 < j < m)
be the central vertex of the star K1, (1 < j <m). Then '

T (Kin, 0 KinyoKip, 000Ky, )isagraph obtained by joining uﬁlj and
u{ﬂ to a new vertex w;j(1 < j < m — 1) by an edge. Define
[ V(T (Kin, o Kipy 0 KipngoooKip,)) —

m
{172737"‘7P+q—2 > nk+4m—3} as follows:
k=1
m
f(Uj):Q S ng+4dm —45+ 1 for 1 < j <m,
k=1

m

flw))=2> np+4m—4j—1for 1 <j<m—1,
=1

fluj)=2i—1for1 <i<m

j—1
flul) =2 np+2i—1for 1 <i<njand2<j<m.
k=1

Let eg = vjug for 1 <i <njand 1 < j < m. For each vertex label f, the
m

induced edge label f* is calculated as follows: f*(e}) = 3 ng+2m—i—1
k=1

for 1 <4< mn,

ffe)=nj+nj1+-+np+2m—2j—i+1for2<j<m-1and

7
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1 <4< ny,
m
fHub wi) = 3 ng +2m —2 —ny,
k=1
[ruh,wi) =njpr+njpe+ -+ nm+2(m—j) for 2<j<m—1,
fH(wiud) =ng+ng+ -+ Ny +2m — 3,
Fwjul ™) =nj F i+ nm+2m—2j —1for2<j<m-—1.

It can be verified that T (K1, © K1y, 0 Kipy 000 Ky p,,) is an extra
skolem difference mean labeling. Hence T' (K1 5, 0 Ky, 0 K1 py 000 Ky p,.)
is an extra skolem difference mean graph. O

Corollary 2.5. The graph T <K17n oKipoKipo000 K17n> is a skolem

] m times
difference mean graph.

A skolem difference mean labeling of T' (K16 0 K160 K160 K1) is shown
in Figure 4.

Figure 4
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Theorem 2.6. If G is a graph having p vertices and q edges with ¢ > p
then G is not a skolem difference mean graph.

Proof. Let G be a (p,q) graph with ¢ > p. The minimum possible
vertex label of G is 1 and the maximum possible vertex label of G is p+ q.
Therefore, the maximum possible edge label of G is {Lg—lw < [%W =q.
That is, G has no edge having the label ¢ and hence G is not a skolem

difference mean graph. O

Corollary 2.7. The complete graph K, is a skolem difference mean graph
if and only if n < 3.

Proof. Ksis P» and K3 is Cs. The graph K, has n vertices and @

edges. For n > 4, n(nT_l) > n. By theorem 2.6, K,,, n > 4 is not a skolem

difference mean graph. O

Theorem 2.8. The shrub St(ni,ng,--,ny) is a skolem difference mean
graph.
Proof. Let vg,vj,ug 1 <j53<ml<i< nj) be the vertices of

St(ny1,na, -+, My). Then
E(St(ni,n2,---,nm)) = {vovj|1 <j <m}uU {vjuﬂl <i< nj}.

m
Define f : V(St(ni,n2, -+, nm)) — {1,2,3,---,p+q:2 > nj+2m+1}
j=1

as follows:
m
f(vo) =2m+2 3% nj+1,
j=1

I
Fd) =2(nj +njpa 4 +mm)+2(j—i), 1<i<nj—land1<j<m,
fd,)) =2(njp1 +njpe+ - +nm) +2j+1for 1<j<m-—1,

flup ) =2m+ 1.

Let eg = vjug for 1 <7 < nj and 1 < j < m. For each vertex label f,
the induced edge label f* is defined as follows: f*(vov;) = m +ni +na +
ety —J+1L, 1< 7<m
ffe)y=nj+njp1+-+ny—i+1,1<i<njand 1 <j<m.

It can be verified that St(nq,ng,---,n.y,) is a skolem difference mean
graph. O
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The skolem difference mean labeling of St(2,5,5,3) is shown in Figure

9.
30 1 29
9 T
.\' 39 J/
10 / - 1\ 24
12 13 5 0, 2
14 16 18
Figure 5
Theorem 2.9. The banana tree Bt(n,n, - --,n) is a skolem difference mean
————
m times
graph.
Proof. Let vo,vj,ug (1 <j < m,1 < i < n) be the vertices of
Bt(n,n,---,n). Then E(Bt(n,n,---,n)) = {vou]l,vjuﬂl <i<nand1<j< m}
S————r N——
m times m times

Define f : V(Bt(n,n,---,n)) — {1,2,3,---,p+qg=2m(n+ 1) + 1} as fol-
—_————
m times
lows:
f(vo) =2m(n+1)+1,

vj)=2m(n—1)+4j—1, for 1 <j <m,

fv;

f(u{)—Qj—l 1<j<m,
flu])=(2i-2)m+2j—1,for2<i<n—land1<j<m,
fwl)=2m(n+1)—2(m—j)for 1 <j<m. Let e =vjul for 1 <i<n

and 1 < j < m. For each vertex label f , the induced edge label f* is
calculated as follows: f*(voui) =m(n+1)—j+1,for1<j<m
ffe)y=mn—i)+j,for1<i<n—1land1<j<m,

[fvjul)=m—j+1for 1 <j<m.
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It can be verified that Bt(n,n, - --,n) is a skolem difference mean graph.
N——

0 m times

A skolem difference mean labeling of Bt(3,3,3,3,3,3,3,3) is shown in Fig-

ure 6.
30
35 4"' 17 30
-+ 1 —
P % \\‘ 52
/ Y e 19

15 3

g

63
43

62 29 /|
17 /1
\/ 3 31 54
1
59

Figure 6
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