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Abstract

Taking into account the harmonic and scalar curvatures in the
study of Killing transformations between spacial complex (Einstenian,
Peterson-Codazzi, Recurrent) and kaehlerian M spaces with almost
complex J structure, we prove that there exists an holomorphically
proyective transformation between M spaces and complex spaces.
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1. Introduction and preliminaries

By the end of the 20" century researchers started to link the concept of
proyectivity with the phenomenon of complex manifolds specially in terms
of their hollomorphic properties. Then, kaehlerian and hermithian mani-
folds as well as complex hyper surfaces and other manifolds were consid-
ered embedded into special transformations. At this point a vast number
of publications arose in relation with the concepts of compact K manifolds,
proyective infinitesimal transformations in Riemmanian manifolds with ad-
ditive curvature properties and hollomorphic proyective equivalences and
others. Based on [1] [2] and [3], this research studies Kaehler holomor-
phically proyective manifolds with almost complex structures by using the
geometric properties of the harmonic and scalar curvatures evaluated over
Killing vectorial fields. Two important applications result from this, the
Einstenian and the constant curvature spaces.

Considering (M, g,J) as a kaehlerian manifold of 2n > 4 dimension
with a g = (¢;;) Riemannian metric and an almost-complex structure J =

Jij where J;; = —Jj; and with a Riemannian curvature tensor of Rkj}; =
5k:F§Li — 0;Th. + T}, G~ F;-‘af‘%i the Sj; = R,j; then the Ricci tensor and

the r = ¢®*Sy, scalar curvature satisfy the following proprieties:

Z)Sﬂ = JZ-inaSba ”)ng = J;Sai ”Z)Hﬂ + Hij =0
W) Hji = J It Hy,  0)J Ty = =68 vi)Jf = —id¢
Vit)gij = JfJJI-’gab viit)V;F; = =V Fy  ix)F; = J; “Fy,
where
Yt =giej. t Hj = J, "Ss. The Lie operator derivative in the vectorial

field direction X for Rkjlg and p,; is represented respectively by,

LxR}; = ViLxTl — V;LxT} y LxTl = V;V; X" + Rl X

aji

If X is a vectorial field then
i) X is a Killing field if satisfies

(1.1) Lngi = 0, A4 i,j = Z,_TL
i1) X is an holomorphically projective transformation when

(1.2) LxTl = 6/F; + 0 F; — J;"J¢F, — J" IO F,,



Holomorphically proyective Killing fields with vectorial fields ... 221

where F' = (F ’) is a particular vector associated to X.
Two metric g = (gij) y g = (g;;) defined on M, they are hollomorphic
proyective equivalences if

Ty = T + Fio + Fyof — JEF; — JFE,

where ﬁ'z = JIF,.
Tensors for harmonic and scalar curvatures are defined on the manifold
M by means of the following relations:

VaRyji ¢ = ViSji — V;Ski,

R = gbaSbaa

respectively where Sj; = Rgqj;  is the tensor Ricci. The Laplacian of f is
defined by
Af =V'V,.f = Af,

where f = 45V, X with f € C®°(M) and F; = V;f.

The classic commutative relationship of Lx and de V for a tensor Y of
(1,2) type is given by

Lx VY =ViLx ¥} = (LxTh ) Vii—(LxThy ) o= (LxTf;) Yoi—(LxTH) Y.

Being X an holomorphically proyective transformation with an F' asso-
ciated vector then the following identities are satisfied, watch [1]

i 28¢F, = —Vi(Af)
i V;F = JrVF,
iii ViV,F = —Jp "JYRS, Fe.
In [3] proof B B
(1.3) Sij = Sij + 7(Fij — Fji),

where F}; = V;V; f, 7— parameter.

An A, = (M, V) space is a Peterson Codazzi one if VS;; = V;Sy;. If
Vlthjk = FlRij,? it is a recurrent space where F; # 0 or it is an Einstein
space if § = A\g taking S as the Ricci and g an the metric tensors and A as
a parameter.
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Lemma 1.1. If M is a compact Kaehlerian manifold of dimension n with
a scalar curvature R and it admits an holomorphically proyective transfor-
mation then the following equations are fulfilled,

i) Af =2y
i) S; °F, = &F;.

Proof. i) Since A, is a recurrent space and M admits an holomorphically
proyective transformation then we obtain
(1.4)g""VyV; Xi + g" Rapji X@ — Fy0" — Fiop + Fo Ji Tl + Fo J3Jf =0,
multiplying (1.4) by gnr and applying V? it results that

V' (VoV;Xi + Rapji X = Fygji = Fygui + Fadi Ty + FaJ§ i) = 0.

Now using Ricci’s and Bianchi’s identities we obtain

(Rabji — 2ijm)VbX“ — Ry Vi X" + RiV, X; — (Vo Rji) X =0,

finally by applying V7 the result is

—2V;RpVPX® = 0 = V;RpLxg" =0
= —2RF; =nV,;(Af)

= Vian) =-2t = vi(-2k)
> ap=-2%,

due to (nAf 4+ 2Rf) is constant for being

/M Afdo = /M fdo =0,

a compact M and do is a volumetric element of M. Finally we conclude
that

2R
Af=——F.
n
ii) The demonstration is obtained by using I and part (i) from this lema.

Lemma 1.2. Let X be an holomorphically proyective transformation with
an I associated vector then

LxSj = —(n+ Q)VjFi.
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Proof. Using the definition of L XRkjih we have
LxSji = LxRy;" = Vi LxT — V;LxTh; ",
since X is an holomorphically projective transformation then
LxSji = V;F+VFj— J'JtFy — J}J{Fy —nV;F;— V;F; +
+inJi'V;F, — V;F;.
By considering the real part we obtain the desired result

LXSj'L' = _anFi - 2ijz = —(’I’L + Q)VJFZ

2. Results

The following theorem allows a Kaehlerian space to become into a Peterson-
Codazzi space under the hypothesis that the former is holomorphically
projective.

Theorem 2.1. Let M be a Kaehlerian manifold and X be an holomorphi-
cally projective killing field with an associated vectorial field F then
LX (VjSki — Viji)

= {(n+2) RYy, — Skid% + Sjidf — J¢Hys + JiHjs + 2J ¢ Hyy ) F.
(2.1)

Proof. Using the classic relation of commutation for a (0,2) type tensor
we obtain that

(LxV;Ski — LxVS;i)—(ViLx Sk — ViLxS;i) = (LxT$;) Sja—(LXr;g) Ska-
(2.2)

If by hypothesis we consider X as an holomorphically projective trans-
formation by using (1.2) then we have that

(2.3) LxTj; * =00 F; + 07 F; — J3J'Fy, — J{J) Fy.
Furthermore according to lemma (1.2),

(2.4) Liji = — (n + 2) V,F;
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and analogically we obtain LxI",% and L x Sk;.
By Substituting (2.3) and (2.4) in (2.2) it results

(Lx V5S4 — LxVeSio) — (V5 [ (n+2) VyF] — Vi [ (n+2) V;F)
= ((5ng + 53Fk — J]?JZ-hFh — Jz-aJ]?Fh) Sja

— (897, + 01 Fy — T3 TP Fy — JLT ) Ska-

By doing certain manipulations and using simplification we conclude
that

{(n + 2) Rjki e Skﬁ;b + Sjié,‘g — JiaHki + J]?sz’ + QJ;Lij} F,

=Lx (VjSk,- — Viji) .

From here on some applications of the previous results will be given.
1) If V;Sk; = Vi.Sji then M is Kaehler-Peterson-Codazzi space and

{(n+2) Ryi * = Sid§ + 86 — I Hys + J{ Hys + 2 Hyg b Fo = 0.

(2.5)

Consequence i
A Kaehler-Peterson-Codazzi space has an harmonic curvature since,

V;Ski = Vi Sji < VQR?M =0.
Consequence ii
A Kaehler-Peterson-Codazzi space is an Einstenian space if the former

has a constant scalar curvature. Factually by applying ¢** into (2.5) results
in

{(n +2) g" Ry @ — RY + g8 — JPgF Hy + JRgP Hys + 2Jggkiij} F, = 0.
Since F, # 0 and developing the three last terms we have,

(n+2) g" Rjgs “ — ROG + g% Sji — T3 JRg" Spi + 3J4 T 29" Si = 0,
by making the contraction a = j and adding up from 1 to n we obtain

gri MR+ 2R — nR+ R) = 35y,
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In this way we conclude that Sg; = %gki. In other words the Kaehler-
Peterson-Codazzi space is an Einstenian space.
2) If M is a recurrent space then

(n+2) Ry Fo— L (R§iFa) = Sk — Sji0fs+ ¢ Hys — Jf Hyi — 277 Hjy Py,

Consequence
If M is an harmonic curvature and W = {F = (F") : F # 0} with

ok JAFIP si =k
FJF_{ 0 si k#7j

then M has a null scalar curvature.
As a matter of fact if M admits an harmonic curvature then making
the contraction | = a and summing up from 1 to n in the relation

ViRjk “ = Rji; “Fi,

we obtain,
ViRjri “ = Rjii “F1 = Ry “ = 0.

from (2.1) we obtain
SkiFj — SjiFy, + HyiFj — HjiFyy — 2Hj,F; = 0
and multiplying the previous relation by ¢*' it results that
9" 8iFy — ¢ SkiFj + " Hji Fy, — " Hyi Fy + 29" Hy; F; = 0.

Therefore B
SYFy, —rFy = HI'Fy,

wherein by applying F” it results that r = 0. This way we conclude that
the manifold is plain.

Example

Be Einstein compact Kaehlerian spaces A, = (M, V) and 4,, = (M, V),
with metric g = (gi5) ¥ g = (g;;) hollomorphic proyective equivalences, get
an expression that relates the scalar curvature R and R.

Solution Using [4],
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and as spaces of Einstein:

Sij = c19ij, Sij = ¢2Gi;
O R
R — R_
Sij = - 9ii> Si; = —Tij»
it must be o
R . R_ _
—gij =~y +7(Fy = Fj), 1€C,
Applying ¢% result
R ;i ij S
R = 9 9ij + (9" Fij — gV Fji),
R R n
R= 979 +7(|F|| — 9" Fji)
0

Rgij = —=g;; + (|| Fllgij — Flij)

S | =

Applying now §U ,

Rgij = Rgi; + 7(IFllgij — [ Fl[g3;),

from here
(R—1[IF)gij = (R = 7[FID)gs;,
then
(R—7|F|)  det(gy;)
(R—7l[F|)  det(gi)
In [3] proof
In Z(Zézj; = (n+2)h, heC®M).

Then he concludes

(R=7|IF)) = (B = 7|[F]}) exp[2h(n + 2)].

Example
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Get an expression that compute the tensor Ricci in a compact kahlerian
manifolds admitting proyective hollomorphic transformations with associ-
ated vector F, if A,, this is recurrent.

Solution In this case
ViR = Rl5iFr,
by making the contraction a = j and adding up from 1 to n we obtain
(2.6) ViSji = SjiFy.

But
ViSji = ak(Sji) — zjsai - ziSja-

Applying g% result
(2.7) ViSji = 8k(Sji)‘

From (2.6) and (2.7) results
8k(Sﬂ) — Sjiakf =0.

The solution of this partial differential equation is the tensor de Ricci, hence
is obtained scalar curvature.
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