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Abstract

In this paper, we establish some hyperstability results of the fol-
lowing Cauchy-Jensen functional equation
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1. Introduction and Preliminaries

The stability problem of functional equations was posed for the first time
by Ulam [27] in the year 1940. Ulam stated the problem as follows:

Let (G, .) be a group and let (H, .,d) be a metric group with the metric
d. Given § > 0, does there exist € > 0 such that if a mapping h : G — H
satisfies the inequality

d(h(zy), h(x)h(y)) < o

for all z,y € G, then there is a homomorphism a : G — H with

d(h(z),a(x)) <e

for all x € G?

Ulam’s problem was partially solved by Hyers in 1941 in the context of
Banach spaces with € = ¢ as shown below [14].

Theorem 1.1. [D. H. Hyers (1941)] Let E be a normed vector space, F'
a Banach space and suppose that the mapping f : FF — F satisfies the
inequality

If(x+y) = flx) = fW)l <e

for all z,y € E where € is a constant. Then the limit
T(x) =limp—2™ " f(2"x)
exists for each x € F and T is the unique additive mapping satisfying

1f(z) =T (@)l <e

for all x € E. Also, if for each z the function ¢t — f(tz) from R to F' is
continuous for each fixed x, then T is linear. If f is continuous at a single
point of E, then T is continuous in F.

Aoki [1], Z. Gajda [11] and Th. M. Rassias [23] provided a generalization
of the Hyers theorem for additive and linear mappings, respectively, by
allowing the Cauchy difference to be unbounded.

Theorem 1.2. Let f : F — F be a mapping from a real normed vector
space F into a Banach space F' satisfying the inequality
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(L.1) 1f (= +y) = f2) = F)Il < 0(ll=]” + [ly]"),

for all z,y € E\{0}, where 6 and p are constants with § > 0 and p # 1.
Then there exists a unique additive mapping T : E — F' such that

(12) @) = 7@ < =gy el

for all x € E\{0}.

Theorem 1.2 is due to Aoki [1] for 0 < p < 1 (see also [23]; Gajda [11]
for p > 1; Hyers [14] for p = 0 and Th. M. Rassias [24] for p < 0 (see [[25],
page 326] and [5]).

Beginning around the year 1980 the topic of approximate homomor-
phisms, or the stability of the equation of homomorphism, was studied by
a number of mathematicians (see 10, 16, 17, 18, 26, 12, 15, 20, 21).

Recently, interesting results concerning Cauchy-Jensen functional equa-

tion
(13) FETE 42+ 1Y+ 2) = fl@) +20(2),

have been obtained in [2] and [20].

Lemma 1.1. Let X and Y be vector spaces. If a mapping f : X — Y
satisfies (1.3), then the mapping f : X — Y is Cauchy additive and f is a
solution of the Jensen equation 2f(Z5¥) = f(z) + f(y).

We say a functional equation D is hyperstable if any function f sat-
isfying the equation D approximately is a true solution of D. The term
hyperstability was used for first time probably in [19]. However, it seems
that the first hyperstability result was published in [4] and concerned the
ring homomorphisms. The hyperstability results for Cauchy equation were
investigated by Brzdek in [7, 8, 9]. Gselmann in [13] studied the hyperstabil-
ity of the parametric fundamental equation of information. In [3] Bahyrycz
and Piszczek provided the hyperstability of the Jensen functional equation.

In this paper, we present the hyperstability results for the Cauchy-
Jensen functional equation (1.3) in Banach spaces.

The method of the proof of the main results is motivated by an idea
used by Brzdek in [7, 8, 9] and further by Piszczek in [22]. It is based on
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a fixed point theorem for functional spaces obtained by Brzdek et al. (see
[[6], Theorem 1]).

Throughout the paper, N, R, R and N,,, denote the set of all positive
integers, the set of real numbers, the set of positive real numbers and the
set of all integers greater than or equal to my, respectively.

First, we take the following three hypotheses (all notations come from

[6])-

(H1) X is a nonempty set, Y is a Banach space, f1,....fr : X — X and
Lq,...Lp: X — R, are given.

(H2) 7 : YX — Y¥ is an operator satisfying the inequality
k
IT(x) — Tpule)ll < Y Li(z) [€(fi(2) — p(fi(2))]

=1

forall &, peYX, z e X.

(H3) A: R, X — R, is a linear operator defined by

k
Ab(x) == Li(x)8(fi(x))
i=1
forall 6 € Ry X, z € X.

The mentioned fixed point theorem is stated as follows.

Theorem 1.3. Let hypotheses (H1)-(H3) be valid and functions € : X —
R and let ¢ : X — Y fulfil the following two conditions:

| Tp(z) — p(z)|| <e(z), z€X

e*(z) == Z AN'e(z) < o0, z € X.
n=0
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Then, there exists a unique fixed point v of 7 with
lp(z) — p(x)|| < e(z), =€ X.

Moreover
Y(z) = lim T"p(z), z € X.

n—oo

2. Hyperstability Results of eq (1.3)

The following theorems are the main results in this paper and concern the
hyperstability of equation (1.3). Moreover the results that we will obtained
in these theorems corresponds the results obtained in [3, 9].

Theorem 2.1. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p,q,7 € R such that p+qg+7r <0. If f: X — Y satisfies
x —_—

(e z) s (e 2) -2 () - 1 @)
(2.1)

<clll? Iyl 21"

for all ,y,z € X\ {0}, then f is a solution of (1.3) on X\ {0}.

Proof. It is sufficient to consider only the case p + ¢ < 0. Replacing
(z,y,2) by (mx,mz,m), with m € Ny, in (2.1), we get

(2:2) 1F (1 +m) ) = f (ma) = f (2)]] < emP||]FH
for all x € X\ {0}. Further put

TE(x) :=E((L+m)x) — & (ma), »€ X\ {0}, £ € YXMO
e (z) == emPHe ||z | 2 e X\ {0}.

Then the inequality (2.2) takes the form
1Tf(z) = f(2)| <elx), = X\{0}.
The operator
AS () := 6 (1 +m)z) + 6 (ma), zeX\{0}, 6§ c R\

has the form described in (H3) with k =2 and f; (z) = (1 +m)z, fa(x) =
mz, and L; (z) = Lo (z) = 1 for x € X\ {0}.
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Moreover, for every &, u € YA MO and 2 € X\ {0}, we obtain

17€ () = T ()| = (€ — 1) (f1 (2)) = (€ = p) (f2 (2))
<€ =) (A @D+ 1€ = w) (£ (2))
=Y Li@) 1€ = w) (fi @)

So, (H2) is valid. Next, we can find mg € N; such that

(1 +m)PTIH Pt < 1 for all m > my.

Therefore, we obtain that
& (1) = Y2y A%z (2)

— empPta Hpr-&-q—f—fr n o ((1 + m)p+q+r + mp+q+r)n

. emPta||z|PtatT
- 1_(1+m)p+q+7'_mp+q+r NS X\ {O} , M > Mg

Thus, according to Theorem 1.3, for each m > myq there exists a unique

solution F,, : X\{0} — Y of the equation

Fo(z) = Fp (1 +m)x) — Fp(ma)
for all x € X\{0}, such that

cemPta ||$Hp+q+r

for all z € X\{0}, m > my.

Moreover
Fo(z) = lim 7" f(x).

n—oo

We show that

for all z,y,z € X\{0} and n € N.

7" f(

(2.3) e (L4 m)PFT 4+ mP ) a]|P |y || 2|
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Indeed, if n = 0, then (2.3) is simply (2.1). So, fix n € N and suppose
that (2.3) holds for n. Then

T F (252 4 2) + ToHLf (552 4 2) = 2771 f (2) = T4 f (o) =
|77 (@) (5524 2)) = T7F (m (554 + 7))
+T“f(1+m)(ﬂ+z) T (m (252 +2))

=277 f ((m ) 2)+27"f (mz) —=T"f(m+1)x)+T"f (mx)||
< e (e (o ()
=27"f(14+m)2)=T"f (1+m)z|

—i—HT”f( (—f—i—z)) +7T"f (m (‘r—;q—i—z)) —ZT"f(mz)—T”f(mx)H
< [m+ 0P Lt T @k m) 3P [+ m) ]+ m) 2]

n
e (1 +mPrT et et |P |my | mez]|”

n+1
= ¢ (U m)P T Pt ) Py 2]

for all z,y,z € X\ {0}.

Thus, by induction, we have shown that (2.3) holds for all z,y,z €
X\{0} and for all n € N. Letting n — oo in (2.3), we obtain
T+y

Fm(T +2)+ By, <Ty +2) = Fp(x) + 2F(2),

for all z,y,z € X\{0}. So, we find a sequence (Fy,)m>m, satisfies (1.3) on
X\{0} such that

cmbte HwHP-i-q—&-r

I f(z) — Fp(2)| < T+ m)praer —mprar z € X\{0}, m > my.

It follows, with m — oo, that f is a solution of (1.3) on X\{0}. O
In a similar way we can prove the following three theorems.

Theorem 2.2. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p,q,” € Rsuch that p+qg+r > 1. If f: X — Y satisfies (2.1) then f is a
solution of (1.3) on X\{0}.
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Proof. Since p+ g+ r > 1, one of p, r + ¢ must be positive. It is
sufficient to consider only the case ¢+ > 0 and p € R. Replacing (z,y, z)
by (z, £, %), with m € Ny, in (2.1), we get

‘m’m

3+m 1+m x
) + f () — 2 () = f(@)

ptq+r
<~ al

) |1

for all z € X\{0}. Define operators 7 : YX\0} — y X0} and A -
R, MO 5 R, M0}y

T¢(x) = 5(3);——mma:) +§<12+mmx) B 25(%)7 2 € X\{0}, ¢ € YX\O},
A3(a)s= 8(5 ) + 85 + 28T, 2 € X\{0), 8 € RO

Then it is easily seen that A has the form described in (H3) with £ = 3
and
_3+m
- 2m

x, folx)= 12—me$’ fa(x) = %, Li(x) = La(z) =1

fi(@)

and L3(z) =2, x € X\{0}.
Then the inequality (2.4) take the form

ITf(z) = flo)ll <e(z), =€ X\{0},

with c
o—_ pt+q+r
() = — a7

Moreover, for every &, € YXMO and z € X\ {0}, we have
1T¢(x) = Tu)l| = 1€ = ) (fr(2) + (€ = p)(fa(2)) = 2(€ = ) (f3(2))]]

< Y Li@) (€ = w)(fit2)]] -
So, (H2) is valid. We observe that there exists my € N such that

pt+q+r

[S—i—m <1 for allm > my.

pt+q+r [1 +m

2m 2m mptTatr

We have
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e*(x) :

=2 neo A"e(w)

_ _c Hpr-&-Q—i—T o) <[3+m}p+q+r + [1+m]p+q+r 2 >n
matr n=0 2 2 mpTatr

_ CHI”p+q+T
meer (1) ])

for all x € X\{0} and m > my.

Thus, according to Theorem 1.3, for each m > myq there exists a unique
solution F,, : X\{0} — Y of the equation

3+m 14+m x
F,, = I, (—— Fp(——x) — 2F,,(—),
(2) = Fn( S5 2) + Fa( ) = 2o ()

for all 2z € X\{0}, such that

c|lzf"
— <
”f($) Fm($)H = it <1 B {3+m]p+q+r B [H_m}lﬂrqﬂ“ _ N )»
2 2m mptatr

for all x € X\{0} and m > my.
Moreover
Fp(x)= lim 7" f(z), =€ X\{0}.

n—oo

We show that

n T+ npl — n n
‘Tf<29+@+7f«3ﬂ+a—zrﬂ@—7f@>s
3 f Pt [ Pt 2 " o
29) o [ e I T

for all z,y,z € X\{0} and n € N.

Indeed, if n = 0, then (2.3) is simply (2.1). So, fix n € N and suppose
that (2.3) holds for n. Then
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H’]’m_lf(%ﬂ/ +2z)+ Tn—l—lf(:c_;y t2) — 2T f(z) — T“'Hf(x)H <
|77 (B (252 4 2)) + T PR (25 + 2)) — 2T (3 2) — T (322a)|

2

+HT”f(12+—mm(%g+Z))—l—Tnf(l2+_mm(I_2y 2)) — 2T f(AEm ) — T f (L )H

T AR+ 2) + TR AR (R +2) - 0T (2) — T ()

< [(3+m)p+q+r+(1+m)p+q+T+

el e
— m;o+q+7 Y

el + O+ e el |

F2e[ (P + ()T e I I I

2m mpFaFr

n—+1 r
= c((Bgmppratr 4 (myprarr 4 2 e f? )12
for all z,y,z € X\{0}.

Thus, by induction, we have shown that (2.5) holds for all z,y,z €
X\{0} and for all n € N. Letting n — oo in (2.5), we obtain

+2) + Fp, (Ty—i-z) F(@) + 2F0(2),

for all z,y, z € X\{0}. So, we have a sequence (Fy,;)m>m, satisfies (1.3) on
X\{0} such that

c Hpr—HH_T

mr+a (1 _ [?ﬂr_mrﬂ“ _ [H_mrﬂw _ i)

1 () = Fm(2)] <

2 2m mpta+r
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for all x € X\{0} and m > myp. It follows, with m — oo, that f is a
solution of (1.3) on X\{0}. O

Theorem 2.3. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p,q, 7 € Rsuch that 0 <p+qg+r < 1. If f: X — Y satisfies (2.1) then f
is a solution of (1.3) on X\{0}.

Proof. Since p+ g+ r > 0, one of p, 7 + g must be positive, it is

. . . 2
sufficient to consider only the case p > 0. Replacing (,y, ) by (57,22, ),
with m € Ny, in (2.1), we get

1. 1+2m 1.z 1. 2z c2p+q1

S0 + 31(5) ~ 312~ f(a)| <

||1:||P+q+7"

(2.6) H

for all z € X\{0}. Define operators 7 : YX\0} — yX\M0} and A -
R, M0 R, MO by

1+2m 1 =z 1 2x

Té(x) = 34 )+ 560 = 5E(0 ), v e X\{0}, £ e YO,

AS(z) = %5(1 + 2m

loozy 152z X\{o}
x) + 25(m)+ 25(m), r e X\{0}, § € Ry :

Then it is easily seen that A has the form described in (H3) with £ =3

and
1+2m

m

) f3( ) 2x and

m

fl(x): €, fg(l'):

38

1
Li(x) = La(z) = Ls(z) = 5 L€ X\{0}.
Then the inequality (2.6) take the form

1T f(z) = f(2)]| < e(x), = e X\{0},

with ot
op+q—

e(w) == = [Fliasias
mpP

Moreover, for every &, u € YX\M0 and 2 € X\ {0}, we have

1T€(x) =T ()|
= 516 = W) (f1(@)) + (€ = W) (fa(x)) = (€ = W) (f3(2))]

<Y Li@) (€ = ) (fal))]l -
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So, (H2) is valid. We observe that there exists mp € N; such that

1 [142m]Pretr pr1gpetetr 1 2
2 { +mm 2 [E + 5T <1 for allm 2 mo.
We have

e"(x) := 2 nto A"e()

+q—1 ptg+r
— B ol (4[]

c2p+q—1Hm”P+q+7"

mP (1,%[M]p"'q"'T,l[L]p+q+’“7%(%)p+q+r)

m 2lm

for all x € X\{0} and m > my.

The rest of the proof is similar to the proof of Theorem 2.2. O

Remark 1. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p,q,7 > 0such that p+qg+r # 1. If f: X — Y satisfies (2.1) on X, then
f is a solution of (1.3) on X.

Theorem 2.4. Let X be a normed space, Y be a Banach space, ¢ > 0 and
p<O0.If f: X — Y satisfies

T+y
2

Hf( < c(llzll” + lyl” + [1217)

(2.7)

+2) + f(57 +2) — fla) - 2f(2)

for all z,y,z € X\{0}, then f is a solution of (1.3) on X\{0}.

Proof. Replacing (z,y,2) by (mz,mz, (1 — m)z), where m € Ny, in
(2.7), we get

(2.8) (A =m)z) + f(mz) — f(2)] < c(2m” + (m — 1)) [|l=[]”
for all x € X\{0}. Further put
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T¢(x) = 6((1 —m)a) +&(ma), =€ X\{0}, £ € Y\,
e(z) == (2mP + (m — 1)P) [[=]]”.
Tnequality (2.8) takes the following form
1T f(z) = f(z)] <e(z), =€ X\{0}.
The operator
AS(z) = 6((1 —m)z) + 6(mz), = e X\{0}, § € R XM

has the form described in (H3) with k£ = 2 and
filz) =1 —m)z, fo(z)=mz, and Li(z)=Lo(z)=1 z€ X\{0}

Moreover, for every &, u € YX\M0 and 2 € X\ {0}, we have

17¢(x) = T ()|
= 1€ = (1 =m)z) = (€ = p)(ma)|

< Yk Li@) (€ = w)(fi2)]] -
So, (H2) is valid. Now, we can find mg € Nj such that
(m—1P4+mP <1 forallm > my.
Therefore, we obtain that
£ (@) = Y32 A" ()

— c@mP(m—1)P)|=||”

1—(m—1)P—mp

for all x € X\{0} and m > myg. The rest of the proof is similar to the proof
of Theorem 2.1. O

Corollary 2.4.1. Let X be a normed space and Y be a Banach space.
Let H : X3 — Y be a mapping such that H(zg,%0,2) # 0 for some
g, Y0, 20 € X and

(2.9) 1 (2, y, 2)I| < e ll=l” gl 120"

or
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(2.10) 1H (z,y, 2)[| < c(llz]|” + [yl + l|2]"),
for all z,y,z € X\{0}, where ¢ > 0 and p,q,r € R. Assume that the

numbers p, ¢, satisfy one of the following conditions:
()p+qg+r<0 (©B)0<p+qg+r<l (i)p+qg+r>1
in the case (2.9) and
(tv) p <0 in the case (2.10)

Then the functional equation

r+y
2

(2.11)

+2)+ h(% +2) = H(z,y,2) + h(z) + 2h(2), =,y,2 € X\{0}

h(

has no solution in the class of functions h : X — Y.

Proof.  Suppose that h : X — Y is a solution to (2.11). Then (2.1) or
(2.7) holds, and consequently, according to the above theorems, h is Jensen
on X\{0}, which means that H(xo, yo,20) = 0. This is a contradiction. O

Remark 2. Let X be a normed space and Y be a Banach space. Let H :
X3 — Y be a mapping such that H(zo,yo,20) # 0 for some g, yo, 20 € X
and

1H (2, y, 2) || < cllzl” lyll*l=]I",

for all z,y,z € X, where ¢ > 0 and p,q,7 > 0 with p+ ¢ +1r # 1.
Then the functional equation

r+y
2

+z)+h(%+z) = H(x,y,z) + h(x) + 2h(2), z,y,z€ X

h

has no solution in the class of functions h : X — Y.
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