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Abstract

Sufficient conditions for the boundedness and square integrabil-
ity of solutions and their derivatives of certain fourth order nonlin-
ear differential equation are given by means of the Lyapunov’s second
method. Our results obtained in this work, generalize existing results
on fourth order nonlinear differential equations in the literature. For
illustration, an example is also given.
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1. Introduction

During the past few years there has been many excellent results concerning
the boundedness of the solutions of nonlinear ordinary differential equa-
tions by the use of the Lyapunov’s method (Yoshizawa [27]). Today, this
method is widely recognized as an excellent tool not only in the study of
differential equations but also in the theory of control systems, dynamical
systems, systems with time lag, power system analysis, time varying non-
linear feedback systems, and so on. But, finding an appropriate Lyapunov
function for higher order differential equations is in general a difficult task.
Many works concerning have investigated the boundedness of solutions of
certain differential equations of the fourth order. We mention, the works of
Ezeilo [6], [7], Harrow [8], [9], Afuwape and Adesina [1], Tiryaki and Tung
[17], Tung [18], [19], [20], Tung and Tiryaki [21] where the Lyapunov’s sec-
ond method was used.

In [12], Omeike by using the Cauchy formula for the particular solution
of nonlinear differential equations with constant coeflicients, has proved
that the solution of the equation
(1.1) 2" + azx" + bx" + ca’ + h(z) = p(t),
and its derivatives up to order three are bounded.

In [22], and [25] Tung established sufficient conditions for the asymptotic

stability of the zero solution and the boundedness of the the following
equations

(1.2) 2" + a1 +(z, 2" )" + agx’ + h(x) = 0,
x//l/+a1xlll+w(x7m/)xll+g(x/) +a4x — 07
o +ax" + (2,2’ 2") + g(x,2)) + h(z) = p(t).

The problem related to the study of square integrability of solutions for
higher order nonlinear differential equations is also of great interest, but
it should be noted that only a few results are related to the fourth order
nonlinear differential equations. In 1989 Andres and Vléek [2], discussed
the square integrable solutions of (1.1).
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The purpose of this paper is to define a Lyapunov function and use
it to study the boundedness of solutions and we also study the square
integrability of solutions of the differential equation of the form

" / /

(s(=)2"@)) +a®) (p(®)a"®) +b(t) (a(alt))='(0))

where a(t), b(t), c(t),d(t),e(t), f(z), g(z),p(x), q(x) and h(z) are continuous
functions depending only on the arguments shown and p'(x) , ¢/(z) , f/(z)
and h/(z) exist and are continuous.

Hence, the aim of this paper consists mainly in further extension of the
related existing results.

2. Assumptions and main results

We begin by presenting some sufficient assumptions which will be used in
equation (1.5), and suppose that there are positive constants

ao, b07 €o, d07 f0> 9o, Po, 4o, a1, b1> C1, dl; f17 g1,DP1,41, ™M, Ma 6> i, h0> 607 such that
the following conditions are satisfied

i) 0<ap<a(t)<ar; 0<by<b(t)<by; 0<cop<c(t)<ep0<
dogd(t)fdl for tZO.

i) 0< fo<f(@) < fis 90 <g(@) <915 0<po<oplx) < oprs
0<q<q(x)<q forzeR

and O<m<min{f0,p0,gg,1}, M>max{f1,,gl,p1,1}.

iii) @25>0 (for z #0); h(0)=0.

. hg agmdg ; ho
—_— < < — .
iv) - a _h(:n)_2 for ze R
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The following lemma will be needed in the proof of our results. [11] Let
h(0) =0, xh(z) >0 (x #0) and §(t) —h'(x) >0 (6(¢) > 0), then

2(t)H(z) > h2(zx)  where H(z) = Oxh(s)ds.

Before stating the theorem, we introduce the following notations:
a1h0d1M2 n M3(01 + 50)

K1 = com? g + agaym (M — 1),
2d1h0a0 1 1 2 C()M dthM 6001(M2 + Q)mM
= ——— (——-= 2 2 .
2 Co (M — 1) <m M) + ag +zo Com3 dlh()

In addition to conditions (i) ~ (iv) being satisfied, assume that there
are positive constants 72,73 and 714 such that the following conditions hold

Hy) boqo>max{/i1,/£2}.
+oo

my [ O 0+ @]+ @) de <
+o0

m) [ S O W @)+l G+ ) ds <

+oo
Hy) / e (s)lds <.

Hy)  |g'(x)| < na, for all z.

Then any solution x(t) of (??) and its derivatives z’(t), 2" (t) and x(t)
are bounded and satisfy

I (xg(s) + 2(s) + 2"(s) + x”’Q(s))ds < 0.

Proof. The equation (1.5) can be expressed as the following system
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r =Y,

/ 1
= —=2z

¥y =9

7 =w,

w' = —a(t)8Gw + (a (t) p(x)6r — b(t) 2 — a(t)g(2)6s) 2
- (B @s + () £ (@) )y~ d () b ) + e(0)

where

Boundedness of solutions: First we proof the boundedness of solutions.
The proof depend on the Lyapunov function W = W (t, z,y, z,w) defined
as

1 t
(2.2) Wee 1 /0 (71(s) + 72(5))dsv,

where
n(t) = [ @O+ [V (@) + [ @)+ |d )], 12@) = 01()] + [02(8)] +
105(2)] + [04(2)],

and

q(x) 52
g9 ()

2V = 2V(t,z,y,z,w) = 26d(t) H (z) + ¢ (t) g (z) f (x)y + ab(t)

Fa(t) B2 1 280 (1) Bedyz + [3b(t)a(a) — ahod (1] — By

+aw? + 2d (t) g (z) h(z)y + 2ad(t)h (z) z + 2ac (t) f (z) yz + 2Byw +
2zw,

with « = — 4+ €¢,8 = —— + €. €, 7 are positive constants to be
apm c

0
determined later in the proof. 2V can be rearranged in the form

2V = a(t)p($)<L+Z+ﬁiy>2+0(t)f(x) (iﬂhﬂzy
a (t) p(x) 9(z) c(t) f(x)
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2
+2ed (t) H (v)+V1+Va+V5,

+c(t) f (x) Kg (z) - 1>y + A7
such that

com c(t)f(z)

Vy = (ab (t) %—Bﬁ—azc (t) f (x)+a(t) p(x) (ﬁ—l))z2
and

Vs = (ﬁb (£) g(x) — ahod (t) — B2 (t) B — ¢ () f(z) (4% () — 39 () +2) >y2

1 2 1

Now we will prove that V' is positive definite. Take

.| M dihg  m*(bogo — K1)
2.3
(2:3) 6<mm{a0m’ com = M2(ay + mMecy) |’

then

M
(2.4) —<a<2—,
Conditions (i) ~ (iv) and (Hp) imply that
dy [* ho ,
> 4ddyg— — — > 0.
i > dOCOm Oh(s) <2M h(s))ds_

We can rewrite V5 as

Va :Oz<b(t)M _ﬁﬂ —ac(t) f(z) — a(t) p(x) (1_ gl )))zg

g(x) “g(z) a
a(t) b 52
”(“g(z) g(sc)) |

From conditions (i) ~( iii) and inequalities (2.3),(2.4), it follows that
b dih M
Vaza B0 (B0 )8 (A o - R (1))

M com m agm M

ao_i 2
+B<o¢M m)z
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b()q() dl hoal C1 M2 apm € 2
2a<M — v — aom —a 7 (M—l)—g(al—i—clmM) z

a
> U (m(boqo — k1) — €M (a1 + clmM)>z2 >0,
and
oY M egM(M?+2 M—1
Vi > Blbog — zhodi —a18—57—= — 1M ) v’ + w?
B 9° (z) B aopm

1
+24 (1 — m)yw

M24+2)mM —
> ﬂ(bOCJo—2a—]‘gco—2a1 défrgly_COCl( d1h+0 )m >y2+<M 1>w2

+ 2ﬁ<1 — ﬁ)yw

> Y(y,w),
such that
o 2dihgag (1 1N? 5, (M —1) 1
U(y,w) —5—60 (= 1) <E - M) (7 +< P )w +2ﬁ<1—m>yw-

It is clear that ¢ (y,w) is positive definite. To show this we calculate
the discriminant

1 1% 2Bdiho[1 177
A—b’?[l— } _ﬁlo[___}'
g (x) com M m
Using condition (ii) we have
1 1 < 1 d 1 1< 1
e~ and — -
M " g(x) " m’ RV m’
it follows that
P R
glx)l m M’

Using (2.4) we get

2d1ho<i_i>2_2d1ho<i_i>2 0
com \M m com \M m -

A<B
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Thus there exists positive number Dy such that
(2.5) 2V > Do (y* + 22 + w? + H(x)).

By Lemma 2 and conditions (iii) and (H;) we get the existence of a
positive number D; such that

(2.6) 2V > Dy (2 49 + 27+ w?)
thus V is positive definite which implies that W is also positive definite.

Hence we can find positive definite functions U;(||) and U (|| X||) ( X =
(x,y,2z,w) ) such that Uy(||X]]) <V < Us(]|X]|). By (ii) and (Hz), we
get

fot (’Yl(S) + ’yg(s))ds <+ f;)éf((tt)) lg'(w)+]p (U;;('u% @@ g,

<ot e 7 (1016 + 1 6]+ 1F(s)])ds

S m + %7
2.7)

with a1(¢) = min{z(0),z(t)}, and as(t) = max{x(0),z(¢)}. By condition
(H1) and inequalities (2.2),(2.6) and (2) we have

(2.8) W > Do(z? + 9 + 22 + w?),
where Dy = &ef%(nﬁ%)
tions W1 (|| X]|) and Wa (]| X|) such that Wi (|| X||) <W < Wa(|| X]|).

. Therefore we can find positive definite func-

Next we show that W is negative definite functional. The derivative
of the function V, along any solution (z(t),y(t), z(t), w(t)) of system (2.1),
with respect to t is after elementary calculation

ov

2Vio1y = —2ec(t) f(x)y® + Va+ Vs+ Vs + Vo +2(By + 2 + aw)e(t) + 2

where
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Vi = 01()p@)? - ab (O a()? +¢(0) 1 (0)6 ()0 + 5% + 20 () 8 (@) h (o)
+2aa (t) p(x)zw) — b(t)b39(x) (az2 + 2ag(x) 2w + Bg(x)y* + 2g(az)yz>
—a(t)f29(x) <z2 + 2azw> + 64 (c (t) g° () y* + 2ac (t) g% (z) yz).

By conditions (i), (ii), (iv), (Ho) and inequalities (2.3), (2.4) we get

Vi < —2<d<t>ho—d(t)g(m)h’<x>>y2—2ad<t>( ’EO)—h%x))yz
g(x
ho , a \? a \2
< -2 0 L) (2
< d(t)m<g(33) h (:U)) [<y+ 2mz> (2mz>
052 hO / 2
< %d(t) <E_h (z) |2
Therefore,
b0q0 M ClM dlhg alM a2 2
< _ _ _ _
Vi+Vs < =2 [ % (aom + e) - (c()m + 6) - - (a050)] z
2 2
<=2 bogo M c1 — donM M7 M (ﬂ +C1> 22
M agm? com3 agm? m \m

2
— (mQ(bgqg — k1) — eM? (a1 + c1m) )22 <0.

We have also,
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Putting

. apgm 1
D3 = min { ecom, e——

i M—mz<m2(b0% — K1) — eM? (a1 + ClmM))}

we obtain

—2¢c(t) f(z)y? + Vi + Vs + Vo < —2D; (y2 + 224 w2) ,

From Lemma (2.1) and inequalities (2.5), 2uv < u? +v? we obtain the
following

Ve <1611 (a()p(0)2%+ab () 0)P4c (0 ] () (2) s+ 57+ (1) (o)
(1 () + )
+ a0 ()pa)( + 0?) ) + 104 (c(t) (@)1 + ac (1) (o) (0 + %))

+ b<t>|eg|g<m>(az2 T ag(e)(2 + w?) + Bg(@)y? + g(z)(5? + z2>)
+ a(®)]0s]g(x) <z2 Fals + w2))
< 25 (104] + [62] + [05] + 10a] ) V.

with K; some positive constant. We get also,

ov

QE = d(t) {ZBH (z) — ahoy® 4+ 2g (z) h (z) y + 2ah (z) z}
+¢0) [o @) fl@? + 208 @)ye] + 1 (0) [2 2+ Baa)y?

(1) {p(:v) ERRY 5((9;)) yz}

< 2%§<Ia’ @+ 6" @) + | @) + | (t)|>V,

1 1
with Ko positive constant. Thus for — = D max {Kl, Kg} we have
n 0

Viony < —Ds(y* + 22 +w?) + %(vl(t) + 7))V + (ﬂy + 2+ aw)e(t).

(2.9)
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By condition (H;) and using the inequalities (2.7), (2.8), (2.9) together
with, 2uv < u? 4+ v2, we obtain

1 [t
—= [ (m1(s) +72(s))ds
W) = (.V(??) - %(% (t) +’yz(t))V) . 77/0 m V2

1t
< (=D (P + 22 +0%) + (6y+z+aw)e<t>)e7/o (n(8) +72(s))ds

(2.10)

< Dy (ly| +[2] + |w]) [e(?)]
< Dg(3+ 32+ 22+ w?) e(t)
< Dy (34 W) le(®)]
< 3Dale(t)| + BEW e(t)],
(2.11)
where Dy = max{a, 3,1}. Integrating (2) from 0 to ¢, using the condition
(Hs) and the Gronwall inequality, we have

W(tx,y7, w) < W(0,2(0), y(0), 2(0),w(0) ) + 3Dans

Js W (5,2(5), y(s), 2(s), w(s) ) e(s)|ds

b
( )’Z(O)W(O)) +3D4n3)e%/0 le(s)|ds
(
2.12)

.1
),z(O),w(O)) + 3D4773>€D2 = A1 < 00.

In view of inequalities (2.8) and (2.12), we get
1
(2 + 2+ 22+ w?) < —W < Ay
Dy
where Ay = T)}J;" From the above inequality it follows that

2(t)] <V, ly(t)] <V, [2(8)] < Ve, ()] < Vg forall ¢>0

(2.13)
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By using (2.13) and the condition (ii) and since 2’ = y and 2" = ﬁz
g(z

we obtain

()] < V2, /()] < Vg, [27(8)] = ‘g(rc@))
(2.14)

On the other hand, conditions (ii), (H4) and (2.14), show that

1
z(t)‘ < E\/)\g for all ¢ > 0.

19 =®) 4
@15) 100 = | B (t)’ <R orall 120
. . " o 1 wlt) — 5
According to (2.13),(2.15) and since z""(t) = T @) (t) — 01(t)=2(1),
we get
()] < g(;(t)) (@] + |61 (8)]]2()] < %\/Tﬁ Tixs forall 120
(2.16)

Square integrable solutions: Now we proof the square integrability of
solutions and their derivatives. let p > 0, we define
Fy = F(t,x(t), y(t), 2(t), w(t)) as

F=wW+ ,o/ot (y2(s) + 2%(s) + w2(s)) ds,

where W = W(t,x,y,2) is is defined as (2.2). Note that F} is positive
definite since W is positive definite. From (2.10), and the estimate

m2

M) o % [y n(9r2(s)ds - ¢
we obtain

(2.17) Fra1) < —Ds (y2(t) + 22(t) + w2(t))e%(’71+%)
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+D4(\y(t)! +12(0)] + !w(t)!) le(?)]

+p (yQ(t) + 22(t) + wQ(t)).

1 n
Choosing p = Dgefn(”ﬁm_z?) we get

1
Frory < Dy (3 + EW> le(t)]
Dy
(2.18) < 3Dyle(t)| + = Fle(t)|.
Do
Integrating (2.18) from 0 to ¢, using the condition (H3) and the Gron-
wall inequality, we have

F; < Fy + 3Dans + B 3 Fele(s)|ds

D t
ot | let)lds
< (Fo + 3D4773>6D2 0
Dy
—3
< (F() + 3D4773)€D2 = A3 < 0.

(2.19)

from the above it follows that,

lim Ft S )\3,
t—o00

hence

(2.20) / y?(s)ds < A3, / 22(s) < A3 and / w?(s)ds < M.
0 0 0

By using (2.20) and the condition (ii) and since 2’ = y and 2" = mz
we obtain
> 2 < L[, Az
(2.21)/ x'2(s)ds < Az / x'4(s)ds < — 29(s)ds < —= = \4.
0 0 mJo m
and (77),

On the other hand, Combining the conditions (ii), (Ha)
(2.14), gives
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/ 2
02(t) = {52((:;((?)))5@)} < ;—%Ag, for all ¢ > 0.

Using again inequality 2uv < u? 4+ v? we get

< m _ [ w?(s) > o [T 01(s)
/0 x 2(s)als_/o g2(:n(s))d8+/o 602(s)2%(s)ds 2/0 g(x(s))z(s)w(s)ds

<2 (((S)))ds+2f0 02 (s)22%(s)ds

< 2N [°(2%(s) + w?(s))ds < ANX3 = Xs,
(2.22)

1
where N = — max{ 774 )\3} Next, multiply (??) by z(t) and integrate

m
by parts from 0 to ¢ all the terms on the LHS of (??) we obtain

(2. 23/ d(s ))ds = I (t) + Io(t) + I3(t) + I4(t) + I5(t) + Ry,

Jo 9(x(s))z"2(s)ds,

I(t) = —a(t)p(x(t))z(t)z" (t)+ f "(s)p(z(s))z(s)z” (s )d8+fo (8) ((s))2'(s)a" (s)ds
I3(t) = —b(t)g(z(t))z(t)z'(t) +fo V' (s)q(x(s))z(s)z'(s d8+fo s)q(x(s))z"%(s)ds,
L(t) = =) f(w() () +5 Jo ¢ () F(@(s))a?(s)ds+5 [y c(s) f (w(s))7 (s)a?(s)ds
I5(t) = Jg e(s)z(s)ds,

and
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From (2.14), (2.16), (2.21) and the conditions (i), (ii), (H1)~ (Ha4), we

have

I(t)

IN

Ix(t)

IN

IN

M 1 M t
a1—MNa + —a1 MMy + —)\2/ ld’(s)|ds,
m 2 m 0

I3(t)

IN

t t
bigi A2 + ql>\2/ |0/ (s)|ds + b1Q1/ 2% (s)ds,
0 0

I4(t)

IN

and I5(t)

IN

Vs [ lets)lds.

Hence

t——4o00

M 1 M
lim Ig(t) < al—)\2 + —alM)\2 + _>\2771 = R27
m 2 m

t——+o0

Llfrn I3(t) < biga A2 + Ao + bigiAs = Ra,

lim I4(t) < —clM)\g—{— M)\2771+ Cl>\2’l’]2—R4, and hm I5(t

t——4o00

Thus
(224)  tim (D) + B(t) + () + La(t) + I5(1)) < ZR < o0.

Consequently, (2.23), (2.24) and condition (iii) gives

00 1 5
< — i
/0 s)ds d05/ d(s)z d Z

1=0

The proof of the theorem is now completed. O
If e(t) = 0, similarly to above proof, the inequality (2.10) becomes

1 t
- s) + v2(s))ds
Wen = <'V(??) - %(%(t) +v2(t))V> ¢ n/o (n(s) +72(6)

1 1 ¢ 1 3 t
—clM)\ng—M)\g/ \c’(s)|ds,+—cl)\§/ F(s)|d
2 2 0 2 0

(%A§+M( Ve + & )\2))\/_+—)\2+M/ "2 (

M
a;—Ag + —)\2/ la’(s)|ds +a1M/ 7' (s)x" (s)ds,
m m "~ Jo 0

S,

3 1 M
lim I(¢t) < (%)\22 +M(E\/)\2 + %)@))\/)\24- E/\2+M/\4 = Ry,

t) < Vam =
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1 st
(e )y (O

IN

< —p(PP+ 2t u?),

where p = Dge_%(nﬁ%). It is easy to see that the only solution of system
(2.1) for which .We9(t, 2,9, 2,w) = 0 is the solution z =y = 2 = w = 0.
Hence the trivial solution of equation (1.5) is uniformly asymptotically
stable, and the same conclusion as in the proof of Theorem 3.2 can be

drawn for the square integrability of solutions of equation (1.5).

3. Example

We consider the following fourth order non-autonomous differential equa-
tion

2?sinz +5z* +5\ . ‘ x+4e” +4e™" /
- . t 2 "
(( 5(1+a) : +(e st ) 1 tew) )"

cos t+Tt2+7 sin z4+6e*+6e " / !
() (i) o)

+(6—2t sin3t+ 2) (xcosw+5x4+5) ! 4 (COS2 t+t2+1) ( T ) _ 2sint (31)

5(1+z%) 10(1+¢2) z2+1 241"
(3.2)
Taking
(@) z?sinz + 5zt +5 () T+ 4e® +4e™ " (2) sinx + 6e” + 6e™
Tr) = r)=—- xT) =
g 5(1+ %) P 4(e* 4+ e%) 4 et +e ’
zcosz + 5zt +5 T _t .
f(x) = 51+ 20 ,h(x):m,a(t):e sint+2, b(t) =
cost + Tt + 7
1+t ’ ) \
o9t .3 _cos“t 417+ 1 _ 2sint
c(t)y=e*'sin°t+2, d(t)fw and e(t)iﬂ—i—l‘

we have
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1,a1:3,b0:6,

1 1
bi=8,co=1,c1=3,dy=—,d ==
! » €0 » ydo=15 =5
we find
ho apmdy / ho
mo = —4.55<h(2)<11<-—
m 55 < (w) < 1.1 < o,
and
M2 M3
K1 = a1h0d13 + (Cl —l; 50) “+ agaim (M _ 1) <10
Com apm
2d1hoag ( 1 1 )2 coM dihoM  coey(M? +2)mM
T oM -n\m M 2 2 <27
" coM—-1)\m M + ag + 20 com? dihg <
Also
/+oo ¢ ()| dz — /+<>o —4z5sinz + (2zsinz + 5232 cos ) (z* + 1) N

IN

+00 2 46 22
/ (m + - + == )dwzg\/ﬁﬂ,

1
5
1
5 T+ 1 (et 1) 2t
+0o0 1 [too
/ P’ (z)]dz = Z/
—0o0 —00
1
4

IN

(e* + e *F)cosx — (¥ —e *)sinx
(e + e~0)?

+oo 1 1
/ — < 5 (" —e™) | do = —m,
et +e % (ex + e*x) 5

“+o00
/.

dx

IN

(cosz — xsinz) (z* +1) — 4a* cosz

" 3 dx
(x4 +1)

A~ o= ol
|
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1 [+oo
-5/

1 [+oo 5 x2 9
1 de = —/27.
5/_00 <x4+1+x4+1> v 10\/_7T

cos T LA COST . sinx
zt+1 (x4 +1)° zt+1

dx

IN

Then

+oo Too | 2sint too 2
— _— < =
/0 e ()] dt /0 ‘tQ—i—l dt_/o ol =,
+00 400 400
/ ld’ (¢)|dt = / ’ (cost) et — (sint) e_t’ dzx < / 2¢dx = 2,
0 0

0
+oo +oo int t too 1 21t
/ v (6)] dt / .l dxg/ L 2 g,
0 0 t2+1 (2 +1) 0 t+1 (#241)
< [Foo t24+1 +oo 2

1 _ _
=Jo <m+(t2+1)2)dx_ o EEdr=T
ol ()| dt = [;F ¢ (B dx = [;7°| 3 (costsin?t) e 2 — 2 (sin®t) e~ | da

< Jo7 Be~2dx = 3,

[ g @1+ W @+ 0]+ 17 () ds < oo 1 0] <3

and

+ + int 2¢
o ol (b)) dt = [, oo‘ —2(cost) Hh7 — 2t (;OL)? dx

+o00 2 2lt| 400 3 _ 3w
< 0 ( t241 + (t2+1)2) de < 0 t%—ld$ -2
Then

/0+oo (la' @)+ ¥ (&) + | )] +|d (t)]) dt < +oo.

Thus all the assumptions of Theorem (2) hold, this shows that every so-
lution z(¢) of (??) and their derivatives 2/(¢), 2" (t) and z"(t) are bounded
and square integrable.
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