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Abstract
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and establish the stochastic differential equations for the parameters
involved in it.
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1. Introduction

We consider the dynamics (unidimensional)
(11) dX; = ,LL(t,Xt, Gt)dt + O’(t,Xt, Ht)th Xo=29, 0<T <00,

where Gt = (O[t,ﬂt,(ft) ,,u(t,Xt,Ht) = Oét(l(Xt) + ,Btb(Xt) ,O'(t, Xt,Ht) =
o XPT and W = {W,; 0<t< oo} is a standard Wiener process on a
given probability space (€, F, P). We assume that the drift and diffusion
coeflicients are functions that satisfy technical conditions which guarantee
that equation (1.1) has a unique strong solution.

The object of this article is to estimate 8 in the Cox—Ingersoll-Ross model,
denoted CIR model, which is a particular case of equation (1.1) and widely
used in financial literature to model interest rates.

In Section 2, we introduce two types of changes of variables which reduce
equation (1.1) to equivalent equations, though with additive noise. In each
case we find the estimator of § when it is a constant parameter. Section
3 contains our main result. In the CIR model, we establish the stochastic
differential equation that the estimator of § must satisfy.

2. Quasi—Likelihood estimators for a class of diffusion pro-
cesses

We assume that 6; is constant. In order to allow for a convenient estimation
methodology, we define the time transformation

p(t) = /()t0'2(8,Xs,9)d8

(2.1) = (X >t
= o’ / X201 g
0 S
where (X) denotes the quadratic variation of X.
We set
(2’2) Yp(t) =X;.
Then equation (1.1) is transformed into the dynamics with additive noise
M(pa va 0) 1
ay, = ———dp+dW,, Yy=ux
’ o%(p, Yy, 0) ’

(2.3)
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1 _ 1 _ =
= ( —« a(Y,)Y, 2(p+1) 4 Fﬁ b(Y,)Y, 204D Ydp 4 dW,

for all 0 < p < p(T), where W = {W, ; 0< p < oo} is a standard Wiener
process with respect to time p (see Feigin, 1976).

In addition, the nature of the diffusion processes allows us to evaluate
o with probability one on the basis of knowledge of a path of the process on
any finite time interval. This follows from the definitions of the quadratic
variation process and stochastic integrals with respect to the Wiener process
from which we obtain

: k
lim Y, (Xtm — thn))Q

llon 10
(2.4) o2 =
. kn 2(p+1 (n)
lim >y X ((np) ) (tz(i)l - tz‘n )
llonllLO tita
where o, denotes the partition 0 = t <yl <" =T
() _ () ’ 1 .
n n
and||on|| ::OS?%?;A biv1—t -

Therefore we may consider that the parameter ¢ is known and assume
that the parameter p is also known. Thus we now concentrate on the
estimation of the parameter 6 = (a, ).

According to Heyde (1997), for both the dynamics (1.1) and (2.3) the
quasi—likelihood approach yields the respective estimating equations for the
parameter 6, namely,

/OTa<Xt>Xt2‘p“’[dXt—<a a(Xy) + B b(Xy) )dt] = 0
(2.5)

/0 ! b(X) X, 2P dX, — (0 a(Xy) + BB(X,) )dt] = 0
and
o(T)

_ 1 _ 1 _
[ )y, ay, — (e a(¥,)Y, 20 & =5 b(Y,)Y, 20 )dp)
0

(2.6) ~0
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_ 1
—a (Y)Y, 20— 5 b(Y,)Y, 2P )dp] = 0

p

We set

I(n,S,U, f) / FUU; ) dp

and
I(n, T, U, f) / FUNUZ P4y,

By (2.6), the quasi-likelihood estimators &1 and /3’17T are given by

] 2 J(2,p(1),Y,a)I(4, p(T), Y, b%) — I(2, p(T), Y, b)I(4, p(T), Y, ab)
1(47 p(T)7 Y, a2)I(47 p(T)7 Y, b2) - [2(47 p(T)7 Y, ab)

alT =0
(2.7)
51— 2 J@p(T) VDI (D). Y.0?) — J(2.p(T). Y, ) (4, p(T). Y. ab)

I(4,p(T),Y,a?)I(4,p(T),Y, %) — I*(4, p(T), Y, ab)

When a =0 orb=0, say b=0, we have

J(2,p(T), Y, a)

(2.8) T = T (D), V)

Analogously, the next two equations

J(2,T,X,a)I(4,T, X,b%) — I(2,T, X,ab)J(2,T, X,b)
12, T, X,a2)(2,T, X, 2) — 12(2, T, X, ab)

Qo =
(2.9)

By — J(2,T, X, 0)I(2,T, X,a2) — J(2,T,X,a)I(2,T, X, ab)
2T = I1(2,T,X,a®)I(2,T,X,0%) — I2(2,T, X, ab)

follow from (2.5).
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Now when b = 0 we have

. J(2,T,X,a)
2.1 = .
210 BT IR T X @)

We again consider equation (1.1). Our next result is an alternate ap-
proach for estimating the parameter (a, f3).

Lemma 1. Let Z be the solution of the stochastic differential equation

-1 1 1+1 -1 1 1+1
dZ. = [aalZ; ") —g)Zr "+ BUZ ")) 2
1 "
+§(1+—)Z;1]dr+dWT,
Zo = xp" , 0<7<T=o%pT
We set
1 1 S _1 1 S 1 141
K(Z, S, f)=s(1+=) | f(Zs")Zds— | f(Zs")Zs "dZs
0 0
(2.11)

Then t]ge quasi—likelihood estimators of a and 3, denoted respectively
G and (3T, are given by
-, K(ZT,a)(2,T, 2 %,b%) — K(Z,T,b)I(2,T, 27, ab)
a3r=07p 1 1 -1
12, T,Z 7»,a®)I(2,T,Z »,b%) — I?(2,T,Z »,ab)

(2.12)
. K(Z,T,0)I2,T,27%,a?) — K(Z,T,a)1(2,T, 27, ab)
Par=0°p - 1 - 1 1
12, T,Z 7,a®)I(2,T,7Z »,b%) — I%2(2,T,Z 7, ab)
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When a =0 or b=0, sayb=0, we obtain

X K(Z,T,a
(2.13) Gz = op S — ) .
1(2,T,7Z 7,a?)

Proof. Let H; be the stochastic process
(2.14) H=X,", p#0, foral 0<t< cc.

By Ito’s formula,

-1 1+1 -1 144 1 _
dH; = [aa(H, ")(—p)H, "+Bb(H, ")(—p)H, p++502p(p+1)Ht ' dt+o(—p) dW;.
(2.15)

Furthermore, we define a time transformation by
(2.16) T(t) =o%p* , 0<t<T,
and set Z,) = Hy.
Then
-1 1 141 -1 1 142
Az, = [aa(Z; p)(—W)ZT "+ Bb(Zr p)(—W)ZT !
1 1.4 .
(2.17) + 5(1 + ]—Q)Z.,. ] dr + dWT s

Zo = zo? , 0<7<7(1)=T.

For dynamics (2.17) obtain the estimating equation

1

/T (Ziﬁ;a%f)){dz —(aa(z )2y zr
o \z bz ) LT T Tpe?
(2.18)

+8 b(zﬁ)(%)zﬁ F3(+ %)Z;l )dﬂ _ <O> .
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The proof now follows by solving this equation. O

Example: The Cox—Ingersoll-Ross Model
Consider the stochastic differential equation

(219) dXt:91(92—Xt)dt+a\/Xtth 5 X()Zx(), O§t§T,

where £ >0, 61 >0, 65 >0 and o > 0. In financial literature, processes
satisfying (2.19) are often referred to as mean reverting processes. The
parameter 6 is the mean reversion level and the parameter 67 the speed
of adjustment.

The drift and diffusion coefficients may be written as (1.1), with
ar =010z, fp=—01,00 =0, a(x)=1, b(zx) =2 andp:—%.

Thus, in this example, equations (2.1), (2.3), (2.16) and (2.17) have the
respective forms:

(2.20) p(t) = o2 /0 " X.ds,

1 . 1 -
(2:21) dYi = (Y, 1a+§[3)dt+th, Yo=10, 0<t < p(T),

2
2 2
g ~ o
2.22 t)=—t T=—T
(2.22) 7(?) 4 ' 477
2 1, 2 : -
dZy = (g =5)Z; " + —BZdt +dWe , Zo = /zo, 0t <T.
g o

(2.23)

To estimate parameters « and [, we apply formulas (2.7), (2.9) and
(2.12) to obtain

2ty — o2 PDUTD YL dYe) = Wy ~ Yo (5 Yt do)
| p()( [T v52 ds) — (JED vt ds )2

Y, _ _
, PT)(log[ 2] + 3 7Y% ds) — (Vyry = Yo) (5 Yo ds )
AT 7P Y2 ds) — (J§) vt ds )2

= g N
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(Jy X7 dX,)(Jy Xsds) — (Xg — Xo)T
(Jy X5t ds)(fy Xsds) —
 (log[%2] + 4 ) X2 ds)(Jg” X ds) — (X — Xo)T
(fo X5t ds)(fy Xs ds) —

(2.25) boq =

Y

: o’ [ YUT 22 ds)(Jy 252 ds) + (Jy 22 ds)(Jg 25" dZ)

043,T - - = _
2 (T 252 ds)(fT 22 ds) —
(2.26) 3T Ty Ze dZ)
(I 252 ds)(JT 72 ds) — T2
_ 0_2{ +(f022d3 Ud 2t dzy) fOZdZ)
212 (JF 252 ds)(Jy 22 ds) T
and
Bir = o2 _(IOP(T)n_l dY‘"‘)(fop( ! ds) + (Ypr) — Yo)( fo VY2 ds)
’ p(T)(JED Y2 ds) — (J§7 vt ds )2
(2.27)
B ) —( 0p(T) -1 ds)(log[ p(T)} %fOP(T) stz d5)+(Yp(T)*Y0)(fOp(T) YS,Q ds )
=0 fOp (T) v.2 ds)i(fop(T) Yol ds )2 s
e~ U0 XTds)(Xr = Xo) = (Jy Xo! dX)T
’ (Jo X5t ds)(fy X ds) —
(2.28)
(o Xs—1ds)(Xr — Xo)(( log[’)i—ﬂ +i X 2ds)T
(ST X1 ds)(fT X, ds) — T2 :
by = & (g 22 ds)(fy Zs dzs) = T(J) 27" dzy)
3T 77 T, 7o
(fo Zs ds)(fo Z3 ds)—
(2.29)

-2 2 ~ ~ Z2
o2 fo s - ds)( ( Zo)—T)—Tlog[Z—gT}
2 UL 252 ds)(JT 22 ds) — T2
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Remark. Estimators &1 7, do 7 and a3 are equal, and so are estimators
51,T7 /BQ’T and ,Bg,T, but dl,Ta 6[3,T, 51,T and /83,T are obtained from the
dynamics with additive noise.

3. Stochastic Differential Equations of the Estimators of the
Cox—Ingersoll-Ross Model

In this section we consider the stochastic differential equation (2.19), which
has been widely used to model interest rates in mathematical finance (see
Cox, Ingersoll, &Ross, 1985).

For the CIR model with 2« > o2, there is a strictly positive ergodic
solution of (2.19), as T — oo , whose distribution has gamma density
L, 2.

By the ergodic theorem (see Kloeden and Platen, 1995) and equation
(2.23) we obtain

1T 1
(3.1) 11/ 7 ds — B(Zx2) a.s.
T Jo
| T
(3.2) Tl/ Z72ds — B(Z2)) as.
T Jo
1T 1
(3.3) T/ Zsds — E(Z%) a.s.
T Jo
| T
(3.4) —~/ Z2ds — B(Zs) a.s.
T Jo

with Z,, a random variable whose distribution is gamma, F(i—%‘ ,;—225) .
The consistency and asymptotic normality of &3 and ng are obtained
the same way as in Heyde (1997).

Our next result establishes the stochastic differential equations for the

estimators of the parameters of the CIR model.

Theorem 1. Let the stochastic processes 0, = {HALT ;1 0<1T< T} and
0y = {02, ; 0 <7 <T} be defined by

(3.5) b1, =—P3, and Oy, = — 22T

where &3 » and B3, are as in the example.
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. _2H1 T) . 0_2 H7(7—7 ZT) H3(7_7 ZT) _H8(7_7 ZT) 9“
Ho(r, Z,) 4 Ha(r,Z,) Ho(r, Zy) L7
H7< 9 02 H4( 7Z’7') z
1 01 05, |dr — | — dw, |
Hy(r.Z7) 77 ] [2 H(r, Z)

o ( 1 7_Hg(T, Z;) n Hy(r,Z;) ) _ Hg(m.Zr) i
4 \Hy(r,Zy)  Hy(r,Zy)  Hy(r,Zr) /) Hao(r,Zy) 7
He(1,Z7) ~ - 02/ Hs(1,Z;) 1 H3(1,Z:)y 1
01,00, + — - -
t ez T () T Bz ) v
02 Hl(T Z) 92 O'2 H4(7’ Z) A
e y LT A,T dr — | — y LT dWT
T3 Ha(7,7Zr) 0y, T 2 Hy(r, Z:)
Hy(1,2:) = Z2( | ZsdZs)— | Z;'dZ,
0
Hy(t,Z;) (/ Z72ds)( | Z2ds)— 12
0 0
Ha(r, Z,) ZZ(/ Z72ds)+ 222 [ 22ds) —2r
H4(7—7 ZT) ZT( Z;2 ds ) - TZ;l
Hs(t,Zy;) Z2( | z7tadz,)— | Z,dz,
0 0
He(r, Z,) Z;l(/ Z2ds) — 17,
0
Hy(1,Z,) Z;%ds — 12?2
Hy(rZ,) = 22 [ z%ds)-7
0
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(3.9)

and

(3.10)

where

(3.11)
(3.12)

(3.13)
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According to (3.26) and (3.29), we may write

R o2 A
a3r = o 5+ B—T)
T
R 20
/63,T = 7B_T )
T

A = ([ Zao([ 2744z~ (| z.azor
B, = ([ 22| Z2ds) -7
¢ = ([ zas[ zaz)- ([ zaz)r

207

Let &, and BT denote the estimators &3, and 3377 , respectively. Since
A, B and C are semimartingales, we obtain the stochastic differential equa-

tions

(3.14)

(3.15)

. 0?1 o2 A,
dr = GpmdA, =% BQdB +d[A, Bl
0'2 1 . 0'2 1
= TB_TdAT_(aT_Z)B_TdBT—i_d[A’B]T7
N o2 1 o? C-
A = FgrdC- =% BQdB +d[C,Bl,
0% 1

1
= S gdc- B ~dB; +d[C, Bl ,

by Ito’s formula (see Protter 1990, p. 74).
Here [,] isthe cross variation, which is also known as the bracket process.
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Moreover, A and C' are semimartingales with continuous paths, and B a
semimartingale with paths of finite variation on compacts (the difference
of two increasing processes). Then (see Protter 1990, p. 60)

(3.16) d[A,B], =d[C ,B]=0.

Again, by Ito’s formula and applying the latter argument to equations
(3.11)—(3.13),
aA, = ([ 22 ds)z azo) + (ZEan) ([ 77t az,)
0 0

(2 dZy) - dT(/OT Z, dZs)
(3.17)
| ZE(/O Z:1 czzs)—(/0 7. dZ,) |dr

+ | ZTl(/OTZSQ ds) =72, |dz, ,

dB, = ( / Z:72ds)(Z2 dr) + (272 dr)( / 72 ds) — 27 dr
0 0
(3.18)
= | ZE(/ 72 ds)—l—(/ 72 ds)Z;% = 2r dr
0 0

ic, - (/OT 772 ds)(Z, dZ,) + (222 dT)(/OT 7, dZ,)
- (27t dzn) —ar( [ 27 d2).
(3.19)
= | 272(/0725 dZ,) — (/OTZS1 dz,) | dr
+ | ZT(/OTZS2 ds) - 72 |dz. .

The next two equations follow from the latter six

dé _ [ 0_2 Z?-(f()T Zgl dZs) — (foT Zs dZs)
T L2 (FZ%ds)(fg 22 ds) - 72
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Z2(fy 272 Z=H(Jg 22 ds) — 2 2
oy LRZCEA IR Z B 0 o) g
(Jo Zs~ds)(Jg 23 ds) — T 4
2 —1 T 72 N
+ J_ S'Zng(fo ZSTdS) TZT ] dZT )
2 L (Jo Zs~ ds)(fg 23 ds) — 72
d/é 0_2 Z;2(f(;- Zs dZS) — (f(;r Zgl dZs)
’ 2 (Jy 2% ds)(fg 22 ds) — 7
Z2([7 272 ds)+ (Z2)(J] Z2 ds) — 27 4
(3.21) _Z:Uy Z _2) (Z; )2(f0 2) g } "
(Jo Zs=ds)(fg Z%2ds)—T
2 T r7—92 B -1
Ny WCATE ATUR Al PP
2 L (fo Zs* ds)([fg 22 ds) — 72
Since X
(3.2 by =6 and by, = %
Br
by Ito’s formula
délﬂ' = _d/éﬂ'
(3.23)
A 1 . ~ 1 4 .
d@zﬂ- = —= dOéq- — QQ’TA— dﬁT — d[OJ’ﬁ]T
. B,
and by (3.20)—(3.21) (see Protter 1990, p. 68),
~ 0'4 1
d A> T =
= TGz agae -
(3.24)
dr ,

Z2(Jg 2% ds) + Z72(Jg 22 ds) — 27
((JT Zs 2 ds)([] 22 ds) — 72)2
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since the bracket process is bilinear.
Next, after some computations, we can verify that the second equation of

(3.23) has the form

. ot 1
dfs, = - — —
> 4 ( (J§ 252 ds)(Jg 22 ds) — 72

ﬁﬂ%“ﬁﬁﬂ%ﬁ%%%)
((Jo 252 ds)(Jfy 22 ds) — 72)?

> ZfF 250 dZ) - [§ 2 dZ

S

5 (Jg Z=2 ds)(Jg 22 ds) — 72

1ﬂﬂﬁwwwﬂﬁﬁw—%>l

3.25 +
(325) 2 (g 22 d)(Jg 22 ds) — 22 ) B,
2 Z7 T ZgdZs) — [T Z7Y dZgN oy
+U_( TT(J‘072 d )7- fO s d )QAL dr
2 (fo Zs ds)(fo Zs2 ds) — 12 01+
+0'_2 ( Z.,._l(foTZS2 ds) —17Z; ) 1
2 (Jg 252 ds)(Jg 22 ds) — 72 / 0y,

dz; .

+( Z:(Jo 2,2 ds) — 72! ) 02,7
(Jg 252 ds)(Jg 22 ds) =72 / 6,

The proof of the theorem now follows substituting equation (2.23) in
(3.25) and (3.21) and using the notation established in (3.8). O

Remarks
In order to practically use the quasi-likelihood estimators &;r and B; 7,

for + =1,2,3 and T > 0, obtained in Section 2 and the stochastic differ-
ential equations deduced in Section 3, it is necessary to make simulations
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of the dynamics associated to the estimators. The reader may refer to [2]

for

appropriate simulation schemes. The numerical data found in [6] may

be used to check the quality of our estimators.
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