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Abstract

An edge irregular total k-labeling f : VUE — {1,2,3,...,k}
of a graph G = (V,E) is a labeling of vertices and edges of G in
such a way that for any two different edges uv and uw'v’' their weights
fw) + fluww) + f(v) and f(u') + f(W/'V') + f(v') are distinct. The to-
tal edge irreqularity strength tes(G) is defined as the minimum k for
which the graph G has an edge irreqular total k-labeling. In this paper,
we determine the total edge irregularity strength of disjoint union of
p isomorphic double wheel graphs and disjoint union of p consecutive
non-isomorphic double wheel graphs.
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1. Introduction

The graphs in this paper are simple, finite and undirected. In [2] Baca et
al. defined the notion of edge irregular total k-labeling of a graph G as a
funtion ¢ : VU E — {1,2,...,k} such that the edge weights wty(uv) =
d(u) + ¢(uv) + ¢(v) are distinct for all the edges. That is wty(uv) #
wtg(u'v') for every pair of edges wv,w'v’ € E. The minimum k& for which
the graph G has an edge irregular total k-labeling is called the total edge
irreqularity strength of G, tes(G). They found a lower bound for the total
edge irregularity strength of a graph as

W e maw{ B +2) (@) + 1] }

3

where A(G) is the maximum degree of G. Tvanéo and Jendrol [3] posed
the following conjecture.

Conjecture:1.1 [3] Let G be an arbitrary graph different from Ks. Then

W ) :max{ B+ D) [(A(E) + 1] }

Conjecture(1.1) has been verified by several authors for several families
of graphs. Motivated by the results in [1,4,5,6] we determine the total edge
irregularity strength of the disjoint union of double wheel graphs. A double
wheel graph DW,, of size n can be composed of 2C,, + K1,n > 3,that is it
consists of two cycles of size n, where all the vertices of the two cycles are
connected to a common hub.

2. Main Results

In this section, first we determine the total edge irregularity strength of
the disjoint union of p isomorphic double wheel graphs with the vertex
set V(pDW,,) = {vj,v] W1 <i<mnl<j< p} and the edge set

7 (A
E(pDW,) = {”JUZ ) UJU'Z,U'ZUZ+1, { Wit
1<i<mn,1<j<p} where the subscript i is taken modulo n.

Lemma 2.1. tes(2DW,,) = [Bngrﬂ n > 3.
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Proof. Since|E(2DW,,)| = 8n, tes(2DW,,) > [8””} by (1.1). Let

k = %W . To prove the reverse inequality we define f : VU FE —

{1,2,3,...,k} as follows:

vivig) =2n+1-14,1<i<m
wlul ) =n+2+41i1<i<m
vv) =3n+2—k+i,1<i<mn;
ouf) =4dn+2—k+1i,1 <i<mn;
v?v12+1)—6n+2—2k+z 1<i<m;
w2 ) =Tn+2-2k+i,1<i<n.
We observe that,
wt(vv}) =2414,1 < i < n;

vlu )—n+2+z,1§z§n;

f(

f(

f(

f(

f(

f(vrv;) <i<
flnu;) =1+14,1<i<n;
fv}

f(

f(

f(

f(

f(u

wi(

wt( )—2n+2+i,1§i§n;
wt(u Jr)—371—1—2—1—2'1<i<n;
wt(vgv?) =dn +2+i,1 <i < m;
wt(vgu%):5n+2+z,1§z§n,
wt(vivd ) =6n+2+1i,1 <i<mn;
wt(u?u?, ) =Tn+2+4,1<i<n. O

Theorem 2.2. Let n > 3 and p > 3 be two integers. Then the total edge
irregularity strength of disjoint union of p isomorphic double wheel graphs

. 4dpn+2
s [ 222]

Proof. Since |E(pDW,,)| = 4pn, by (1.1) we have tes(pW,,) > [#]

Let k£ = [#W . To prove the reverse inequality, we define the total edge
irregular k-labeling f for 1 <7 <n and 1 < j <p as follows:

f(v;) = f(v]) = f(u}) = min{(j — 1)2n + 1, k}.

For 1 <j<pand (j—1)2n+1<k,

f(v; j) =1

flvjul) =n+1;
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f] z‘—‘,—l):2n+i;

flulul, ) = 3n+1.

FOI‘1<j <pand (j—1)2n+1>k,

flojv]) =45 — 1)n +2 — 2k +i;
flojul) =4 — )n+2 — 2k +n + i;
(Uzvzﬂ)—4(j—1)n+2—2k+2n+i;
fulul ) =4(j —1)n+2— 2k + 3n + .

We observe that,
tvju]) =4(j — Dn+2+4i,1<i<n,1<j<p
toju]) =4 —n+2+n+i,1<i<n, 1 <j<p;
wt(va+1)—4(j—1)n+2+2n+z 1<i<n,1<75<p;
wt(uul, ) =4G —V)n+2+3n+i,1<i<n,1<j<p.

g &

It can be easily verified that all the vertex and edge labels are at most
k and the weights of the edges are pair-wise distinct. Thus the resulting
total labeling is the edge irregular total k-labeling. Figure 1 illustrates the
edge irregular total labeling of the disjoint union of 4 copies of double wheel
graphs. O
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Figure 1
Total edge irregulanty strength of disjoint union of 4 1somorphic double Wheel graphs.
tes(4DWg) = 33


Marisol Martínez
figura1



256 P. Jeyanthi and A. Sudha

Now we determine the total edge irregularity strength of the disjoint
union of p consecutive (n;+1 = n; + 1,7 > 1) non-isomorphic double wheel

P p
graphs with the vertex set V' ( U Dan> and the edge set ( U Dan>
j=1 =
P
where V' ( U Dan> {v],vl,u 1<i<njl1<j<pland E ( U DW,,. ) =
=1 =1

{vjv],vjul vlvl g ulul 01 < i <ny,1 < j < p} where the subscript ¢ is
taken modulo n.

Lemma 2.3. Let ny > 3 be an integer and ny = nj1 + 1. Then
tes(DW,, U DW,,,) = |54

Proof. Let k= [248] . Then by (1.1), tes(DWp, UWy,) > k. Now to
prove the reverse inequality, we define an edge irregular k-labeling of f as
follows:

flo) =15

v}) =i,1 <i < ng;

= f(u?) =k,1<i < ng;

)
vul) =1+4,1<i<nyg;
Y=3nm+1—k+i1<i<ng;
Yoli)=2n14+1—4,1<i<ny;
uful ) =n +2+41,1<i<ng;
ous) =4dn; +2 —k+1i,1 <i < no;
2020) =6n1 +4—2k+14,1 <i<ny;

u?u+1)—7n1+5—2k+z 1 <i<nas.

I IR I I I e

We observe that,
for1<i<n;,j=1,2

wt(v1v}) = 2 + 4
wt(viu}) = ng + 2 + 4
wt(viv} ) = 2n1 +2+4;
wt(ulul,y) =3n1 + 2+ 4;
wt(vav?) = 4dng + 2 + i;
wt(vou?) = 5ny + 3 + i
wt(vZv? ) = 6ny +4+4;
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wt(ufu? ) =Tni +5+1.

It can be easily verified that all the vertex and edge labels are at most
k and the weights of the edges are pair-wise distinct. Thus the resulting
total labeling is the edge irregular total k-labeling. O

Lemma 2.4. Let ni,n2,n3 be integers and ny > 3. Then tes(DW,, U
DW,, UDW,,) = | 200

Proof. Since |E(DW,, U DW,, U DW,,)

| = 12(ny + 1) by (1.1),
tes(DWy,UDW,,, UDW,,) > (12<m§1)+2>w _ [2(6 7

| Lotk = [20u=D ]

Now to prove the reverse inequality,we define an edge irregular k-labeling

I
1=

)=2n1 +1i,1 <i<ny;

U q) =301 +1i,1 <i<ng;

v2 ) =2n1 +2+1i,1 <i < ny;

2 ) =3n1+3+4,1<i<ny;
):10n1+10 2k +1i,1 < i < ng;
)=11n; +12 -2k +i.1 <i < ngs.

f as follows:

flo) =1

fol) = f(u}) =1,1<i<ny
flv2) = f(v7) = f(uf) = 2n+ 1,1 < i < my;
f(vs) =3n1 + 3;

fud) = f(v}) =k, 1 <i < ng;
flov}) =i,1 <i < ny;
florud) =n1 +4,1 <i <ny;
flvav?) =i,1 < i < my;

foau2) =ng +1+14,1 <i < ng;
f(vgv?):5n1+3 k41,1 <1i<ng;
f( f’) ni+5—k+i,1<i<ngz;
f(

f(

f(

f(

f(

f(

We observe that,
forl <i<mnj;j=1,2,3

wt(v1v}) = 2 + 4
wt(viu}) =ng + 2 + 4
wt(vav?) = 4dny + 2 + i;
wt(vou?) = 5ny + 3 + i
wt(v3vd) = 8ny + 6 + i;
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wt(vsu?) = Ing + 8 +14;
wt(viv} ) = 2n1 +2+4;
wt(uful ) =3n1 +2 +7;
wt(vZv? ) = 6n1 +4+4;
wt(ufu?, ;) =Ty + 5+ i;
wt(vivd ) = 100y + 10 + 4;
wt(udu?, ;) = 11ng + 12+

It can be easily verified that all the vertex and edge labels are at most k
and the weights of the edges are pair-wise distinct. Thus the resulting total
labeling is the edge irregular total k-labeling. O

Theorem 2.5. The total edge irregularity strength of the disjoint union of

p (p > 4) consecutive non-isomorphic double wheel graphs is PPQL?WW .

Proof. Since |E U DWy, | | = 2p(2n1+p—1) by (1.1) tes ( U Dw, )
Jj=1 j=1

M . Let k = [ww . To prove the reverse inequality

we define the total edge irregular k-labeling f for 1 <i <njand 1 <j <p

as follows:

f(vl)Zf(vil):f(uzl)zl,léiém;

(

Flord) = +4,1 <0 < s

f(vz'lvz'1+1)—2n1+z 1 <7< ng;

f<“zluz1+1)*3n1+l 1 <4< ng;

(1) = (o)) = fla) = min {24 ) + 1k}, 1 < i <njand 2 < <

For1<i<mnjand2<i<p,?2 {ZS 1n5}+1§k,

We observe that,
wt(v;v; ) [ (ZS 1 ns):| 1} + 1;
wt(vju ) [ (ZS 1 ns) 1] +nj +1;
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wt(vszl) { ( — lns) }—i—?nj—i-z';
wt(uful,) =2 [2 (21 ns) + ]+3nj+i.
For1<z<njand2<z<p, [ 1ns]+1>k
fvjo )_4nJ 1+2{ ( 1”8)
Floju )_4njfi+2[ (Zﬁ ns) + 1) + 0y — 2+
(vlvly) = 4n; s +2 (2 (S0 e ) +1] + 20, — 2k +;
(ufulyy) = 4n; i +2 [2 (02 n ) + 1] +3n) — 2k +i.

+1}—2k5+2;

S~

f

We observe that,
wt(vjv]) = 4n; 1+2{ (ZS lns)+1}+z
wt(vjul) = 4nj_ z—i—2{ (ZS 1ns> —i—l} +nj +1;
wt(vafﬂ) =dn;_ Z+2[ (ZS 1ns> —1—1] +2n; +1;
wt(u{uiﬂ) =dnj_; +2 {2 (25:1 ns) + 1} + 3n; + 1.

It can be easily verified that all the vertex and edge labels are at most k
and the weights of the edges are pair-wise distinct . Thus the resulting total
labeling is the edge irregular k-labeling. Figure 2 illustrates the edge irreg-
ular total labelings of the disjoint union of 4 Consecutive non-isomorphic
double wheel graphs DW3 U DWW,y U DWs U DWg. O
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Total edze rregulanty strength of disjomt wwon of 4 nen- 1zomaorphic double Wheel graphs.
tea{ DWy | oWl owel ) DWs) =125


Marisol Martínez
figura2
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3. Conclusion

In this paper we determine the total edge irregularity strength of the dis-
joint union of p isomorphic double wheel graphs and disjoint union of p
consecutive non isomorphic double wheel graphs. We conclude this paper
by stating the following open problem.

Open problem:
For m > 2, find the exact value of the total edge irregularity strength of
a disjoint union of m arbitrary double wheel graphs.
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