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1. INTRODUCTION

In our paper [6] we discussed some generating and double generating func-
tions of Jacobi polynomials of two variables. Now in this paper we obtain
some triple generating functions of Jacobi polynomials of two variables.

In our investigation we require the following results:
Jacobi polynomials of two variables are defined by [10]

P (α1, β1; α2, β2)n (x, y) =
(1 + α1)n(1 + α2)n

(n!)2

(1.1)

×F2
∙
−n, 1 + α2 + β2 + n, 1 + α1 + β1 + n; 1 + α2, 1 + α1;

1− y

2
,
1− x

2

¸
.

The confluent hypergeometric functions of two variables are defined by
[9]

(1.2) φ1 [α, β; γ;x, y] =
∞X

m=0

∞X
n=0

(α)m+n(β)m
(γ)m+n

xm

m!

yn

n!
, |x| < 1, |y| <∞ ,

(1.3) φ2
£
β, β0; γ;x, y

¤
=

∞X
m=0

∞X
n=0

(β)m(β
0)n

(γ)m+n

xm

m!

yn

n!
, |x| <∞, |y| <∞ ,

(1.4) φ3 [β; γ;x, y] =
∞X

m=0

∞X
n=0

(β)m
(γ)m+n

xm

m!

yn

n!
, |x| <∞, |y| <∞ ,

(1.5) Ψ1
£
α, β; γ, γ0;x, y

¤
=

∞X
m=0

∞X
n=0

(α)m+n(β)m
(γ)m(γ0)n

xm

m!

yn

n!
, |x| < 1, |y| <∞ ,

(1.6) Ψ2
£
α; γ, γ0;x, y

¤
=

∞X
m=0

∞X
n=0

(α)m+n
(γ)m(γ0)n

xm

m!

yn

n!
, |x| <∞, |y| <∞ ,

(1.7)

Ξ1
£
α, α0, β; γ;x, y

¤
=

∞X
m=0

∞X
n=0

(α)m(α
0)n(β)m

(γ)m+n

xm

m!

yn

n!
, |x| < 1, |y| <∞.
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2. TRIPLE GENERATING FUNCTIONS

The polynomials P
(α1, β1; α2, β2)
n (x, y) admits the following triple generating

functions:

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.1) × Φ1
∙
1 + α2 + β2, λ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.2) × Φ1
∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k
m!k!(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.3) × Φ2
∙
λ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)n
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×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.4) × Φ2
∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(1 + α2 + β2)k
m!k!(µ)k(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.5) × Ψ1
∙
1 + α2 + β2, λ;µ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(µ)m(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.6) × Ψ1
∙
1 + α1 + β1, λ;µ, 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(λ)k(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#
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(2.7) × Ψ2
∙
1 + α2 + β2;λ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(λ)m(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.8) × Ψ2
∙
1 + α1 + β1;λ, 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−n; α2+k, β2−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.9) × Φ1
∙
1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.10) × Φ2
∙
µ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(δ)m(ν)k(1 + α1)n(1 + α2)n
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×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; δ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.11) × Ψ1
∙
1 + α2 + β2, µ; ν, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(λ)m(µ)k(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1;λ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.12) × Ψ2
∙
1 + α2 + β2;µ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.13) × Φ2
∙
µ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.14) × Φ1
∙
1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.15) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.16) × Φ1
∙
1 + α2 + β2, λ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.17) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk
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= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.18) × Φ2
∙
λ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(1 + α2 + β2)k
m!k!(δ)k(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.19) × Ψ1
∙
1 + α2 + β2, µ; δ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(1 + α2 + β2)k
m!k!(δ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; δ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.20) × Φ1
∙
1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)m+n(µ)k(1 + α2)n

×P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.21) × Ψ2
∙
1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(1 + α2 + β2)k
m!k!(µ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.22) × Φ1
∙
1 + α2 + β2, λ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(ν)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.23) × Ξ1
∙
µ, 1 + α2 + β2, ν; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(ν)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.24) × Φ1
∙
1 + α2 + β2, ν; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(δ)k(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk
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= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.25) × Ψ1
∙
1 + α2 + β2, µ; δ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k
m!k!(δ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; δ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.26) × Φ2
∙
µ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α2 + β2)k
m!k!(µ)k(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.27) × Ψ2
∙
1 + α2 + β2;µ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k
m!k!(µ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1;µ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.28) × Φ2
∙
λ, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,



Triple generating functions of Jacobi polynomials of two variables 223

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(ν)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ2

∙
λ, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.29) × Ξ1
∙
µ, 1 + α2 + β2, ν; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(ν)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.30) × Φ2
∙
ν, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(1 + α2 + β2)k
m!k!(µ)k(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.31) × Ψ1
∙
1 + α2 + β2, λ;µ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m
m!k!(µ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk
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= et Ψ1

∙
1 + α1 + β1, λ;µ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.32) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1)m+n(λ)k(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.33) × Ψ2
∙
1 + α2 + β2;λ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(λ)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1;λ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.34) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(µ)m(δ)k(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ;µ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.35) × Ψ2
∙
1 + α2 + β2; δ, 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(µ)m(δ)k(1 + α1)n(1 + α2)n

×P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1;µ, 1 + α1;u,

1

2
(x− 1)t

¸

(2.36) × Ψ1
∙
1 + α2 + β2, λ; δ, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(δ)k(1 + α1 + β1)m
m!k!(ν)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; ν, 1 + α1;u,

1

2
(x− 1)t

¸

(2.37) × Ξ1
∙
µ, 1 + α2 + β2, δ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(δ)k(1 + α2 + β2)k
m!k!(ν)k(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.38) × Ψ1
∙
1 + α2 + β2, δ; ν, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(µ)k
m!k!(ν)m(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk
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= et Ψ2

∙
1 + α1 + β1; ν, 1 + α1;u,

1

2
(x− 1)t

¸

(2.39) × Ξ1
∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(1 + α2 + β2)k
m!k!(ν)k(1 + α1)m+n(1 + α2)n

×P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.40) × Ψ2
∙
1 + α2 + β2; ν, 1 + α2; v,

1

2
(y − 1)t

¸
.

PROOF OF (2.1)

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)k+n

×P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2 + k)n(1 + α2)k

×(1 + α1)n(1 + α2 + k)n
(n!)2

××
nX

r=0

n−rX
s=0

(−n)r+s(1 + α1 + β1 +m)r(1 + α2 + β2 + k)s
r!s!(1 + α1)r(1 + α2 + k)sµ

1− x

2

¶r µ1− y

2

¶s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

nX
r=0

n−rX
s=0

(−1)r+sn!(1 + α1 + β1)m+r(1 + α2 + β2)k+s(λ)k
m!k!n!r!s!(n− r − s)!(1 + α1)r(1 + α2)k+s

×
µ
1− x

2

¶r µ1− y

2

¶s
tnumvk
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=
∞X

m=0

∞X
k=0

∞X
n=0

∞X
r=0

∞X
s=0

(1 + α1 + β1)m+r(1 + α2 + β2)k+s(λ)k
m!k!n!r!s!(1 + α1)r(1 + α2)k+s

×
³
x−1
2

´r ³y−1
2

´s
tn+r+sumvk

= et
∞X
r=0

(1 + α1 + β1)r
r!(1 + α1)r

µ
1

2
(x− 1)t

¶r ∞X
m=0

(1 + α1 + β1 + r)m
m!

um

∞P
k=0

∞P
s=0

(1+α2+β2)k+s(λ)k
k!s!(1+α2)k+s

× vk
³
1
2(y − 1)t

´s

= et (1− u)−1−α1−β1
∞X
r=0

(1 + α1 + β1)r
r!(1 + α1)r

Ã
1
2(x− 1)t
(1− u)

!r

∞P
k=0

∞P
s=0

(1+α2+β2)k+s(λ)k
k!s!(1+α2)k+s

vk
³
1
2(y − 1)t

´s

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; +α1;

1
2(x− 1)t
(1− u)

#

×Φ1
∙
1 + α2 + β2;λ; 1 + α2; v,

1

2
(y − 1)t

¸
which proves (2.1).

The proof of results (2.2) to (2.8) are similar to that of (2.1).

PROOF OF (2.9)

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)k+n

×P (α1+m, β1−n; α2+k, β2−n)
n (x, y)tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α1 + β1)m(µ)k(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α1)m(1 + α2 + k)n(1 + α2)k

×(1 + α1 +m)n(1 + α2 + k)n
(n!)2
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×
nX

r=0

n−rX
s=0

(−n)r+s(1 + α1 + β1 +m)r(1 + α2 + β2 + k)s
r!s!(1 + α1 +m)r(1 + α2 + k)s

×
³
1−x
2

´r ³1−y
2

´s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

nX
r=0

n−rX
s=0

(−1)r+sn!(λ)m(1 + α1 + β1)m+r(µ)k(1 + α2 + β2)k+s
m!k!n!r!s!(n− r − s)!(1 + α1)m+r(1 + α2)k+s

×
µ
1− x

2

¶r µ1− y

2

¶s
× tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

∞X
r=0

∞X
s=0

(λ)m(1 + α1 + β1)m+r(µ)k(1 + α2 + β2)k+s
m!k!n!r!s!(1 + α1)m+r(1 + α2)k+s

×
µ
x− 1
2

¶r µy − 1
2

¶s
tn+r+sumvk

= et
∞X

m=0

∞X
r=0

(1 + α1 + β1)m+r(λ)m
m!r!(1 + α1)m+r

um
µ
1

2
(x− 1)t

¶r
∞X
k=0

∞X
s=0

(1 + α2 + β2)k+s(µ)k
k!s!(1 + α2)k+s

vk
µ
1

2
(y − 1)t

¶s

= et Φ1

∙
1 + α1 + β1, λ; 1 + α1;u,

1

2
(x− 1)t

¸

×Φ1
∙
1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
which proves (2.9).

The proof of results (2.10) to (2.40) are similar to that of (2.9).
Further we have the following triple generating functions of Jacobi

polynomials of two variables:

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk
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= et (1−u)−1−α1−β1 (1−v)−1−α2−β2 1F1
"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.41) ×1F1
"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2 + k)n

P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1
"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.42) × Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2)n

P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et (1−v)−1−α2−β2 1F1
"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.43) ×Φ1
∙
1 + α1 + β1, 1 + α1; 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1)n(1 + α2 + k)n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1
"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.44) Φ2

∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1
"
1 + α2 + β2; 1 + α2;

1
2(y− 1)t
(1− v)

#
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(2.45) × Φ2
∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1)n(1 + α2)k+n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et (1− u)−1−α1−β1 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.46) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et (1− v)−1−α2−β2 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.47) × Φ3
∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1−u)−1−α1−β1 1F1
"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.48) ×Ψ1
∙
1 + α2 + β2, λ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1−v)−1−α2−β2 1F1
"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.49) ×Ψ1
∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1−u)−1−α1−β1 1F1
"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

(2.50) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et (1−v)−1−α2−β2 1F1
"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

(2.51) ×Ψ2
∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(µ)k
m!k!(1 + α1)n(1 + α2)k+n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

=et (1− u)−1−α1−β1 1F1

∙
1 + α1 + β1; 1 + α1;

1
2
(x−1)t
(1−u)

¸

(2.52) × Ξ1
∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

=et (1− v)−1−α2−β2 1F1

∙
1 + α2 + β2; 1 + α2;

1
2
(y−1)t
(1−v)

¸

(2.53) Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2 + k)n

P (α1+m, β1−n; α2+k, β2−n)
n (x, y)tnumvk

=etΦ1
h
1 + α1 + β1, 1 + α1; 1 + α1;u,

1
2(x− 1)t

i

(2.54) × Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1 +m)n(1 + α2 + k)n

×P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

=et Φ2
h
1 + α1, 1 + α1 + β1; 1 + α1;u,

1
2(x− 1)t

i

(2.55) × Φ2
∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)m+n(1 + α2)k+n

P
(α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.56) Φ3

∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k
m!k!((1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸
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×Ψ1
h
1 + α2 + β2, µ; 1 + α2 + β2, 1 + α2; v,

1
2(y − 1)t

i
, (2.57)

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)n(1 + α2)n
P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.58) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(δ)k(ν)k
m!k!(1 + α1)m+n(1 + α2)k+n

P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.59) × Ξ1
∙
δ, 1 + α2 + β2, ν; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1 +m)n(1 + α2 + k)n

P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, 1 + α1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.60) × Φ2
∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2 + k)n

P (α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= et Φ2

∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.61) × Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1 +m)n(1 + α2)k+n

P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, 1 + α1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.62) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2 + k)n

P
(α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= etΦ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.63) × Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1 +m)n(1 + α2)k+n

P
(α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= etΦ2

∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.64) ×Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)m+n(1 + α2 + k)n

P
(α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk
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= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.65) × Φ2
∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k
m!k!(1 + α1 +m)n(1 + α2)n

P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, 1 + α1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.66) ×Ψ1
∙
1 + α2 + β2, λ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2 + k)n

P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.67) ×Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m
m!k!(1 + α1 +m)n(1 + α2)n

P (α1+m, β1−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ1

∙
1 + α1 + β1, 1 + α1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.68) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2 + k)n

P (α1, β1+m−n; α2+k, β2−n)n (x, y)tnumvk
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= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.69) ×Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(λ)k(µ)k
m!k!(1 + α1 +m)n(1 + α2)k+n

P (α1+m, β1−n; α2+k, β2−k−n)
n (x, y)tnumvk

=et Φ1
h
1 + α1 + β1, 1 + α1; 1 + α1;u,

1
2(x− 1)t

i

(2.70) × Ξ1
∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(1 + α2 + β2)k
m!k!(1 + α1)m+n(1 + α2 + k)n

P (α1+m, β1−m−n; α2+k, β2−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.71) ×Φ1
∙
1 + α2 + β2, 1 + α2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k
m!k!(1 + α1 +m)n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ2

∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.72) ×Ψ1
∙
1 + α2 + β2, λ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m
m!k!(1 + α1)n(1 + α2 + k)n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.73) ×Φ2
∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1 +m)n(1 + α2)n
P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ2

∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.74) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)n(1 + α2 + k)n
P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.75) ×Φ2
∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(µ)k
m!k!(1 + α1 +m)n(1 + α2)k+n

P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ2

∙
1 + α1, 1 + α1 + β1; 1 + α1;u,

1

2
(x− 1)t

¸

(2.76) Ξ1

∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m
m!k!(1 + α1)m+n(1 + α2 + k)n

P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.77) Φ2

∙
1 + α2, 1 + α2 + β2; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k
m!k!(1 + α1)m+n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.78) Ψ1

∙
1 + α2 + β2, λ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m
m!k!(1 + α1)n(1 + α2)k+n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.79) Φ3

∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)m+n(1 + α2)n
P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.80) × Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!

m!k!(1 + α1)n(1 + α2)k+n
P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.81) × Φ3
∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(µ)k
m!k!(1 + α1)m+n(1 + α2)k+n

P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Φ3

∙
1 + α1 + β1; 1 + α1;

1

2
(x− 1)t, u

¸

(2.82) Ξ1

∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m
m!k!(1 + α1)m+n(1 + α2)k+n

P (α1+m, β1−m−n; α2+k, β2−k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.83) Φ3

∙
1 + α2 + β2; 1 + α2;

1

2
(y − 1)t, v

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m
m!k!((1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.84) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k
m!k!(1 + α1)n(1 + α2)n

P (α1, β1+m−n; α2, β2+k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.85) ×Ψ1
∙
1 + α2 + β2, λ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)k(δ)k
m!k!(1 + α1)n(1 + α2)k+n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ1

∙
1 + α1 + β1, λ; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.86) ×Ξ1
∙
µ, 1 + α2 + β2, δ; 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m(δ)k
m!k!(1 + α1)m+n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.87) ×Ψ1
∙
1 + α2 + β2, δ; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
,

∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)k(µ)k
m!k!(1 + α1)n(1 + α2)k+n

P (α1, β1+m−n; α2+k, β2−k−n)n (x, y)tnumvk

= et Ψ2

∙
1 + α1 + β1; 1 + α1 + β1, 1 + α1;u,

1

2
(x− 1)t

¸

(2.88) × Ξ1
∙
λ, 1 + α2 + β2, µ; 1 + α2; v,

1

2
(y − 1)t

¸
,
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∞X
m=0

∞X
k=0

∞X
n=0

n!(λ)m(µ)m
m!k!(1 + α1)m+n(1 + α2)n

P (α1+m, β1−m−n; α2, β2+k−n)
n (x, y)tnumvk

= et Ξ1

∙
λ, 1 + α1 + β1, µ; 1 + α1;u,

1

2
(x− 1)t

¸

(2.89) ×Ψ2
∙
1 + α2 + β2; 1 + α2 + β2, 1 + α2; v,

1

2
(y − 1)t

¸
.

PROOF OF (2.41)

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)n

P (α1,β1+m−n;α2,β2+k−n)n (x, y)tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1)n(1 + α2)n

× (1 + α1)n(1 + α2)n
(n!)2

×
nX

r=0

n−rX
s=0

(−n)r+s(1 + α1 + β1 +m)r(1 + α2 + β2 + k)s
r!s!(1 + α1)r(1 + α2)s

×
µ
1− x

2

¶r µ1− y

2

¶s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

nX
r=0

n−rX
s=0

(−1)r+sn!(1 + α1 + β1)m+r(1 + α2 + β2)k+s
m!k!n!r!s!(n− r − s)!(1 + α1)r(1 + α2)s

×
µ
1− x

2

¶r µ1− y

2

¶s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

∞X
r=0

∞X
s=0

(1 + α1 + β1)m+r(1 + α2 + β2)k+s
m!k!n!r!s!(1 + α1)r(1 + α2)s

×
µ
x− 1
2

¶r µy − 1
2

¶s
tn+r+sumvk

= et
∞X
r=0

∞X
s=0

(1 + α1 + β1)r(1 + α2 + β2)s
r!s!(1 + α1)r(1 + α2)s

µ
1

2
(x− 1)t

¶r µ1
2
(y − 1)t

¶s
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×
∞X

m=0

(1 + α1 + β1 + r)m
m!

um
∞X
k=0

(1 + α2 + β2 + s)k
k!

vk

= et (1− u)−1−α1−β1 (1− v)−1−α2−β2
∞X
r=0

(1 + α1 + β1)r
r!(1 + α1)r

Ã
1
2(x− 1)t
(1− u)

!r

×
∞X
s=0

(1 + α2 + β2)s
s!(1 + α2)s

Ã
1
2(y − 1)t
(1− v)

!s

= et (1− u)−1−α1−β1 (1− v)−1−α2−β2 1F1

"
1 + α1 + β1; 1 + α1;

1
2(x− 1)t
(1− u)

#

× 1F1

"
1 + α2 + β2; 1 + α2;

1
2(y − 1)t
(1− v)

#

which proves (2.41).
The proof of results (2.42) to (2.53) are similar to that of (2.41).

PROOF OF (2.54) :

∞X
m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2 + k)n

P (α1+m,β1−n;α2+k,β2−n)
n (x, y)tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

n!(1 + α1 + β1)m(1 + α2 + β2)k
m!k!(1 + α1 +m)n(1 + α2 + k)n

×(1 + α1 +m)n(1 + α2 + k)n
(n!)2

×
nX

r=0

n−rX
s=0

(−n)r+s(1 + α1 + β1 +m)r(1 + α2 + β2 + k)s
r!s!(1 + α1 +m)r(1 + α2 + k)s

×
³
1−x
2

´r ³1−y
2

´s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

nX
r=0

n−rX
s=0

(−1)r+sn!(1 + α1 + β1)m+r(1 + α2 + β2)k+s(1 + α1)m(1 + α2)k
m!k!n!r!s!(n− r − s)!(1 + α1)m+r(1 + α2)k+sµ

1− x

2

¶r
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×
µ
1− y

2

¶s
tnumvk

=
∞X

m=0

∞X
k=0

∞X
n=0

∞X
r=0

∞X
s=0

(1 + α1 + β1)m+r(1 + α2 + β2)k+s(1 + α1)m(1 + α2)k
m!k!n!r!s!(1 + α1)m+r(1 + α2)k+s³

x−1
2

´r ³y−1
2

´s
× tn+r+sumvk

=et
∞P

m=0

∞P
r=0

(1+α1+β1)m+r(1+α1)m
m!r!(1+α1)m+r

um
³
1
2(x− 1)t

´r
∞P
k=0

∞P
s=0

(1+α2+β2)k+s(1+α2)k
k!s!(1+α2)k+s

× vk
³
1
2(y − 1)t

´s
=etΦ1

h
1 + α1 + β1, 1 + α1; 1 + α1;u,

1
2(x− 1)t

i
Φ1
h
1 + α2 + β2, 1 + α2; 1 + α2; v,

1
2(y − 1)t

i
which proves (2.54).

The proof of results (2.55) to (2.89) are similar to that of (2.54).
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