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Abstract

In the present paper we study difference sequence spaces defined by
a sequence of modulus functions and examine some topological prop-
erties of these spaces.
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1. Introduction and Preliminaries

A modulus function is a function f : [0,00) — [0,00) such that
1. f(z) =0 if and only if x = 0,
2. flz+y) < f(x)+ f(y) forallz >0,y >0,
3. f is increasing,
4. f is continuous from right at 0.
It follows that f must be continuous everywhere on [0,00). The mod-

ulus function may be bounded or unbounded. For example, if we take

f(z) = 47, then f(x) is bounded. If f(z) = 2P, 0 < p < 1, then the
modulus f(x) is unbounded. Subsequentially, modulus function has been

discussed in ([1], [7], [8]) and many others.

Let X be a linear metric space. A function p : X — R is called
paranorm, if

1. p(x) >0, for all x € X,
2. p(—z) = p(z), for all x € X,
3. plz+vy) <plx)+ply), for all z,y € X,

4. if () is a sequence of scalars with A\, — A as n — oo and (x,) is
a sequence of vectors with p(z, —x) — 0 as n — oo, then p(\,z,, —
Az) — 0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm
and the pair (X,p) is called a total paranormed space. It is well known
that the metric of any linear metric space is given by some total paranorm
(see [9], Theorem 10.4.2, P-183).

Let w be the set of all sequences, real or complex numbers and [, ¢
and cg be respectively the Banach spaces of bounded, convergent and null
sequences ¢ = (xy), normed by ||z|| = sup|zk|, where k € N, the set of

k

positive integers.
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Let A = (A\,) be a non decreasing sequence of positive reals tending to
infinity and A\; = 1 and Ap+1 < A\p+1. The generalized de la Vallee-Poussin

means is defined by
1
tn(x) = o Z Tk,

" kel,

where I, = [n—\,+1,n]. A sequence x = (x1) is said to be (V, A)-summable
to a number [ if ¢,,(z) — [ as n — oo (see[5]). If A, = n, (V, X)-summability
and strong (V, A)-summability are reduced to (C, 1)-summability and [C, 1]-
summability, respectively.

In [4], Kizmaz defined the sequence spaces
X(A) = {x (o) : (Azy) € X}

for X =, cor ¢, where Az = (Axy) = (x — xp41) for all k € N.
Et and Colak [2] generalized the above sequence spaces to the sequence
spaces

X(am) = {x () : (AT € X}
for X = Iy, cor cg, where m € N, Az = (z), Az = (v — Tpr1),
Az = (AMxy) = (A™ 1oy, — A" tay,,) for all k€ N.

The generalized difference operator has the following binomial repre-

sentation,
Ay = f:(—l)” mn Thot
v v

for all £ € N.

The following inequality will be used throughout the paper. If 0 < p; <
suppr = H, D = max(1,2771) then

(1.1) o+ bl < D{JaxlP* + by}

for all k and ag, by € C. Also |aP* < max(1,|a|?) for all a € C.



192 Kuldip Raj and Sunil K. Sharma

Let E be a Banach space, we define w(F) to be the vector space of all
FE-valued sequences that is

w(E) ={x = (zy) : z € E}.

Let F' = (fx) be a sequence of modulus functions and p = (py) be a bounded
sequence of positive real numbers. Then we define the following sequence

spaces :

1
VA (A B = {o  w(E) stim = ¥ [fu(la s, — Lell)]”
" kel

=0, for some L ¢,
.1
[V, A\, F,plo(A™,E,u) = {ZE cw(kE): 1171;11)\— Z |:fk(||Amkak||>:|pk _ 0}
" kel

and

[V, F,ploo(A™, B u) = {a: cw(E): sup)\i Z {fk(HAmukka)]pk < oo},
A kel

where e = (1,1,1,---).

If w=-e and fi = f, then these spaces reduce to those which were studied
by Et, M., Altin, Y. and Altinok, H. [3].

For fy(z) = x, we have

1
VA pli(A™, B, u) = {x cw(E) :lim— 3 [lamuay — Lel]” =0,
e

for some L,

.1 Pk
VAP B = {r € wE) iy 5 (1wl ] =0

and

VA ploo(A™, B, u) = {x cw(B) s Y [lamwanl]” < oo}.
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For pi. = 1, we have

VoA, Fl1(A™ E u) = {:E cw(E): 1iTIL1r1>\i Z [fk(||Amuk:Uk - Le||>} =0,
" kel

for some L},

VA Flo(a™ Bu) = {o € w(B) il = 3 [fu(lamuanl])] = o}

" kel,

and

VoA, Floo(A™, E u) = {3: cw(E): 8171110>\i Z [fk(||Amuka:k||)} < oo}.

" kel,

For fi(xz) =z and p; = 1 for all k € N, we have

[V, A1 (A™, B u) = {:p cw(E): limi Z [HAmukxk - LeH] =0,
" An kel
for some L},

[V, No(A™, E u) = {:1: cw(E): liyrlni Z [HAmukka} = O}
and

V, oo (A™, B, u) = {x € w(E) Sup% > [Iamu] < oo}.

AN kel

Throughout this paper, X will denote any one of the notations 0,1 or oo .

In this paper we study some topological properties and inclusion rela-
tions between above defined sequence spaces.

2. Main Results

Theorem 2.1 Let F' = (fy) be a sequence of modulus functions and p =
(pk) be a bounded sequence of positive real numbers. Then the sequence
spaces [V, \, F,pl1(A™, E,u), [V,\, F,plo(A™, E,u) and

Vi A, F, ploo(A™, E,u) are linear spaces.
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Proof. Let z,y € [V, A, F,p|lo(A™, E,u) and «, € C. Then there exist
positive number M, and Ng such that |a| < M, and |5| < Ng. Since f}, is
subadditive and A™ is linear, we have

=, [fk(”Am(aukxk "‘/Bukyk)H)}pk

kel,
1 m m Pk
< 5 X [fellol 1A uaal) + full8] 1A ugon)]
" kel,
< DM 3 [AllAmuan)] ™ + DNeY 5 3 [l am )]
" kel, " kel,

— 0 as n — oo.

This proves that [V, A, F,plo(A™, E,u) is a linear space. Similarly we
can prove that [V, A, F,p|1(A™, E,u) and [V, A, F, ploo(A™, E,u) are linear
spaces in view of the above proof.

Theorem 2.2 Let F' = (fx) be a sequence of modulus functions. Then
l:‘/; )\) F7p]0(Am7E7 u) C [M A’ F’p]l(Am7 E7 u) C I:‘/; >\7 F7p:|OO(Am7E7 u)'

Proof. The first inclusion is obvious. For the second inclusion, let
x € [V, F,pli(A™, E,u). Then by definition, we have

£ 3 [Aellamuh]™

kel,
1
= = X [naan wpay, — Le + Le)| ™
nkEIn
1
< D= Y [fllamua — Lel)]™ + D 3 [fullizel)]™
" kel, ”ke]n

Now, there exists a positive number A such that ||Le|| < A. Hence we
have

2 2 [liamuad 0 < 5 5 (16" e - zelp] "+

An kel, el

>/|tj
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A X i

keln

Since x € [V, A, F,p]1(A™, E,u) we have x € [V, \, F, ploo(A™, E, u).
Therefore,

[V: )‘>Fap]l(Am>E7u) C [Vvv )\7F7p]oo(Am7E7u)

This completes the proof.

Theorem 2.3 Let F' = (f) be a sequence of modulus functions and p =
(pk) be a bounded sequence of positive real numbers. Then [V, A, F, plo(A™, E,u)
18 a paranormed space with

gn(z) = sup (>\i Z {fk(HAmukka)}Pk>%

" kel,

where K = max(1,suppg).

Proof. Clearly ga(z) = ga(—=x). It is trivial that A™ugzy, = 0 for z = 0.
Since f(0) = 0, we get ga(xz) = 0 for z = 0. Since £¢ < 1, using the
Minkowski’s inequality, for each n, we have

(ﬁ > [fk(||Amuk$k+Amukyk!|)]pk)%

kel
< (% > [f1amuse) + Aillam )] ™)
< (5 3 [A0am )Y + (5 3 [Adam ] ).
" kel, " kel,

Hence ga () is subadditive. For, the continuity of multiplication, let us
take any complex number . By definition, we have

oalow) = sup (- 3 [fulIa"amal)]”) ™

" kel,
Cg/KgA (x)v

IN
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where C,, is a positive integer such that |a| < C,. Now, let o — 0 for any
fixed & with ga(z) # 0. By definition for |a| < 1, we have

1 P
(2.2) o Z {fk(||ozAmuk1:k||)} "<e for n> no(€)

" keln

Also, for 1 < n < nyg, taking a small enough, since fi is continuous, we
have

(2.3) =3 [llleamma)]” <

" kel,
Now, eqn. (2.2) and (2.3) together imply that

ga(ax) — 0 as a— 0.

Theorem 2.4 Let F' = (fi) be a sequence of modulus functions and m > 1,
then the inclusion

VA Flx(A™ Y B u) C [V, A Flx(A™, E, u)
is strict. In general
[V; AvF]X(Ai7E7u) - [V; )‘a F]X(Am7E7u)

foralli=1,2,---.m—1 and the inclusion is strict.

Proof. Let x € [V, \, Floo(A™ 1 E,u). Then we have

1
sup— > [AlllA™ gy ])] < oo,
n An kel,

By definition, we have

= 3 [T )] = 5 3 [AIA™ )]+

" kel, " kel,

= 3 [ gz )] < oo

" kel,

Thus [V, A, Floo(A™1, B, w) C [V, \, Floo(A™, E, w).
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Proceeding in this way, we have
VA, Floo(A", Eyu) C [V, A, Floo(A™, B, u)
for all + = 1,2,---,m —1. Let F = C and A\, = n for each n € N.

Then the sequence x = (™) € [V, A, Floo(A™, E,u) but does not belong
to [V, \, Fleo(A™ L, E ) for fi(z) = .

Similarly, we can prove for the case [V, \, Flo(A™, E,u) and
[V, A, F|1(A™, E,u) in view of the above proof.

Corollary 2.5 Let F' = (fx) be a sequence of modulus functions. Then
[V, F,pli(A™ Y B u) C [V, A, Flo(A™, E, ).

Theorem 2.5 Let F' = (f), F' = (f;) and F" = (f}/) are sequence of
modulus functions. Then we have

(i) [V, A\ F',plx (A™, B,u) C [V, A, F o F',plx (A™, E,u),

(i)[V, N, F plx (A™, E,u)N[V, A\, F” plx (A™, E,u) C [V,\, F+F',p|x (A™, E, u).

Proof. (i) Let € > 0 and choose § with 0 < 0 < 1 such that f(¢) < e for
0 <t <¢. Write yr, = f1.(||A™ugzx||) and consider

S FeCwe)Ps = felye)Ps + > [ felye)IPr,
2

kel, 1
where the first summation is over y; < § and second summation is over
yr > 0. Since f} is continuous, we have

(2.4) > [flyn)lP < Anel?
1
and for y; > J, we use the fact that
Yk Yk
= <14 =
hesTg ST

By the definition, we have for yi > 9,

fe(y) < ka(l)%-
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Hence
1

" 22: {fk Yk ] < maX( (2fr(1 ) > vk

An kel,

(2.5)

From eqn. (2.4) and (2.5), we have
[‘/a >‘7F)p]0(Am7E7u) C [V,)\,FO F/7p]0(AmaE)u)'

This completes the proof of (i).

The proof of (ii) follows from the following inequality:

[+ A ] D] < D]l A™uail)]™ + D] F (1A wg )] ™

Corollary 2.6 Let F' = (fi) be a sequence of modulus functions. Then

[Vvv Aap]X(Aman u) - [V; AvFap]X(Am7E7u)
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