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Abstract

Based on the technique used by M. A. Khan and A. K. Shukla
[4] here finite series representations of bionomial partial differential
operators have been used to establish operator representations of var-
ious polynomials not considered in the earlier mentioned paper. The
results obtained are believed to be new.
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1. Introduction :

Recently in 2009, M. A. Khan and A. K. Shukla [4] evolved a new technique
to give operator representations of certain polynomials. They give binomial
and trinomial operator representation of certain polynomials. The aim
of the presnt paper is to strengthen the technique evolved by obtaining
binomial operator represenations of some more polynomials not considered
in the above mentioned paper.

2. The definition, notations and results used :

In deriving the operational representations of various polynomials use has
been made of the fact that

(2.1) Dµxλ =
Γ(1 + λ)

Γ(1 + λ− µ)
xλ−µ, D ≡ d

dx

Where λ and µ ,λ ≥ µ are arbitrory real numbers.
In particular, use has been made of the following results:

(2.2) Dr e−x = (−1)r e−x

(2.3) Dr x−α = (α)r (−1)r x−α−r, α is not an integer

(2.4) Dr x−α−n = (α+ n)r (−1)r x−α−n−r

(2.5) Dn−r xα−1+n =
(α)n
(α)r

xα−1+r

(2.6) Dn−r x−α =
(α)n(−1)n
(1− α− n)r

x−α−n+r, α is not an integer

Where n and r are denote positive integrs and
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(α)n = α (α+ 1) · · · · · · (α+ n− 1); (α)0 = 1

We also need the defenitions of the following polynomials interms of
hypergeometric function and also their notations (see [1],[3], [9], [10]).

CESARO POLYNOMIALS
It is denoted by the symbol g

(s)
n (x) and is defined as

(2.7) g(s)n (x) =

Ã
s+ n
n

!
2F1

"
−n, 1 ;
−s− n ;

x

#

SYLVESTER POLYNOMIALS
It is denoted by the symbol ϕn(x) and is defined as

(2.8) ϕn(x) =
xn

n!
2F0

"
−n, x;

−; x−1
#

SHIVELY’S PSEUDO LAGUERRE POLYNOMIALS
It is denoted by the symbol Rn(a, x) and is defined as

(2.9) Rn(a, x) =
(a)2n
n!(a)n

1F1

"
−n ;

a+ n ;
x

#

HERMITE POLYNOMIAL
It is denoted by the symbol Hn(x) and is defined as

(2.10) Hn(x) = (2x)
n
2F0

"
−12n,−

1
2n+

1
2 ;
−;

1

x2

#

BEDIENT POLYNOMIALS
Bedient [2], in his study of some polynomials assosiated with Appell’s

F2 and F3 introduced
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(2.11) Rn(β, γ, x) =
(β)n(2x)

n

n!
3F2

"
−n
2 ,−

n
2 +

1
2 , γ − β;

γ, 1− β − n ;

1

x2

#

(2.12)

Gn(α, β;x) =
(α)n(β)n(2x)

n

n!(α+ β)n
3F2

"
−12n,−

1
2n+

1
2 , 1− α− β − n;

1− α− n, 1− β − n ;

1

x2

#

LOMMEL POLYNOMIAL
It is denoted by the symbol Rn,ν(

1
z ) and is defined as

(2.13) Rn,ν

µ
1

z

¶
= (ν)n(2z)

n
2F3

"
−12n,−

1
2n+

1
2 ;

ν,−n , 1− ν − n;
− 1

z2

#

BRAFMAN POLYNOMIAL
It is denoted by the symbol Bm

n [α1, α2 · · · ·αr, β1, β2 · · · ·βs;x] and is
defined as

(2.14)

Bm
n [α1, α2··αr, β1, β2··βs;x] = m+rFs

"
∆(m;−n), α1, α2, · · · · αr;

β1, β2 · · · ·βs ;
x

#

Where ∆(m;n) stands for set of m parameters n
m , n+1m , .............n+m−1m

GOULD AND HOPPER POLYNOMIAL
It is denoted by the symbol gmn (x, h) and is defined as

(2.15) gmn (x, h) = xn mF0

"
∆(m;−n);

−; h

µ−m
x

¶m#

LAHIRI POLYNOMIAL
It is denoted by the symbol Hn,m,ν(x) and is defined as

(2.16) Hn,m,ν(x) = (ν x)n mF0

"
∆(m;−n);

−; −
µ−m
ν x

¶m#

MADHEKAR-THAKARE’S GENARALIZEDHYPERGEOMET-
RIC POLYNOMIAL
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It is denoted by the symbol J
(α,β)
n (x; k) and is defined as

(2.17)

J (α,β)n (x; k) =
(α+ 1)kn

n!
k+1Fn

"
−n, ∆(k;α+ β + n+ 1);

∆(k;α+ 1);

µ
1− x

2

¶k#

SRIVASTAVA’S GENERALIZED HYPERGEOMETRIC POLY-
NOMIAL

It is denoted by the symbol H
(α,β)
n (x;m) and is defined as

H(α,β)
n (x;m) =

Ã
α+ (β + 1)n

n

!
p+mFq+m

"
∆(m;−n), (ap) ;

∆(m;α+ β n+ 1), (bq);
x

#

(2.18)

3. Operational representations :

If Dx ≡ ∂
∂x and Dy ≡ ∂

∂ y , M. A. Khan and A. K. Shukla [4] wrote the

binomial expansion for (Dx +Dy)
n as

(3.1) (Dx+Dy)
n ≡

nX
r=0

nCrD
n−r
x Dr

y

where nCr =
n!

r!(n−r)! . By writing the finite series on the right of (3.1)

M.A. Khan and A.K. Shukla [4] wrote (3.1) also as

(3.2) (Dx+Dy)
n ≡

nX
r=0

nCrD
r
xD

n−r
y

If F(x,y) is afunction of x and y, they obtained the following from (3.1)
and (3.2)

(3.3)

(Dx+Dy)
nF (x, y) ≡

nX
r=0

(−n)r(−1)r
r!

Dn−r
x Dr

y F (x, y)
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(3.4)

(Dx+Dy)
nF (x, y) ≡

nX
r=0

(−n)r(−1)r
r!

Dr
xD

n−r
y F (x, y)

In particular , if F (x, y) = f(x)g(y). M.A.Khan and A.K.Shukla [4]
wrote (3.3) and (3.4) in the form

(3.5)

(Dx+Dy)
nf(x)g(y) ≡

nX
r=0

(−n)r(−1)r
r!

Dn−r
x f(x)Dr

y g(y)

(3.6)

(Dx+Dy)
nf(x)g(y) ≡

nX
r=0

(−n)r(−1)r
r!

Dr
xf(x)D

n−r
y g(y)

Now by taking special values of f(x) and g(y) in (3.5), we obtain the
following partial differential operator representations of the polynomials
given above :

(3.7)

(Dx+Dy)
n
n
x−s−1y−1

o
= (−1)n n! x−s−1−ny−1g(s)n

µ
x

y

¶

(3.8)

(1+DyDz)
n
n
y−xe

−1
x
z
o
= n! y−xe

−1
x
zx−nϕn

µ
y

x

¶

(3.9)

(1−Dx)
n
n
xa−1+2n

o
= n! xa−1+2nRn(a, x)

(3.10)

(Du −DxDy)
n
n
u−1x

n
2 y

n
2
− 1
2

o
= (−1)n n! 2−n u−n−1 x−n

2 y
n
2
− 1
2 Hn

µr
xy

u

¶

(DuDvDw +DxDyDz)
n
n
u−1 vγ−1+n w−β x

n
2 y

n
2
−1
2 zβ−γ

o
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(3.11)

= (n!)2 (γ)n 2
−nu−n−1vγ−1 wβ−n x−

n
2 y

n
2
− 1
2 zβ−γ Rn

µ
β; γ ;

r
xyz

uvw

¶

(DuDvDw +DxDyDz)
n
n
u−1 v−α w−β x

n
2 y

n
2
− 1
2 z−1+α+β+n

o
(3.12)

= (−1)n(n!)2(α+β)n2−nu−n−1v−α−n w−β−n x
n
2 y

n
2
−1
2 zα+β+n−1 Gn

µ
α;β ;

r
xyz

uvw

¶

(DuDvDwDx +DyDz)
n
n
u−1 v−1 wν−1+n x−νy

n
2 z

n
2
− 1
2

o
(3.13)

= (n!)2(ν)n2
−nu−1−

1
2 v−n−1 wν−1 x−ν−ny

n
2 z−

n
2
−1
2 Rn,ν

µr
xuvw

yz

¶

¡
DxDw1 · · · Dws − (−1)r+mDy1 · · · DymDz1 · · · Dzr

¢n

×
½
x−1wβ1−1+n

1 · · · wβs−1+n
s y

n
m
1 · · · y

n−m+1
m

m z−α11 · · · z−αrr

¾

= (n!)(−1)n(β1)n···(βs)n x−n−1wβ1−1
1 ··· wβs−1

s y
n
m
1 ··· y

n−(m−n
m

m z−α11 ··· z−αrr

(3.14) × Bm
n

∙
α1 · · · αs ;β1 · · · βs ;

x w1w2 · · · ws

y1y2 · · · ymz1z2 · · · zr

¸

(Dxm + (−1)mh(mm)Dy1 · · · Dym)
n
½
(x−m)−1y

n
m
1 · · · y

n−m+1
m

m

¾

(3.15)

= (−1)n n! xmn+m−ny
n
m
1 ··· y

n−m+1
m

m gmn (x y
1
m
1 · · · · · · y

1
m
m , h)
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³
D(vx)m + (−1)m(−mm)Dy1 · · · Dym

´n½
[(vx)−m]−1y

n
m
1 · · · y

n−m+1
m

m

¾

(3.16)

= (1)n n! vxmn+m−ny
n
m
1 ··· y

nm+1
m

m Hm,n,ν(x y
1
m
1 · · · · · · y

1
m
m , h)

Ã
Dy1 · · Dyk −

µ−1
2

¶k
Dz1 · · · Dzk

!n

×
½
y
α+1
k
−1+n

1 · · · y
α+k
k
−1+n

k z
−α+β+n+1

k
1 · · · z−

α+β+n+k
k

k

¾

(3.17)

=
n!

kkn
y
α+1
k
−1

1 ··· y
α+k
k
−1

k z
−α+β+n+1

k
1 ··· z−

α+β+n+k
k

k J(α,β)n

"
1− 2

µ
y1y2 · · · · · · yk
z1z2 · · · · · · zk

¶ 1
k

; k

#

¡
DuDv1 · · · DvmDw1 · · · Dwq − (−1)m+rDy1 · · · DymDz1 · · · Dzr

¢n

×
½
u−1v

α+β n+1
m

−1+n
1 · · · v

α+β n+m
m

−1+m
m wb1−1+n

1 · · · wbq−1+n
q y

n
m
1 · · · y

n+m−1
m

m z−a11 · · · z−arr

¾

= (−1)n n! (α+ β n+ 1)mn

(1 + α+ β n)m mmn
(b1)n··· (bq)n u−n−1 v

α+β n−m+1
m

1 ··· v
α+β n)

m
m

(3.18)

×wb1−1
1 ··· wbq−1

q y
n
m
1 ··· y

n+m−1
m

m z−a11 ··· z−arr H(α,β)
n

µ
u v1v2 · · · · · · vm w1w2 · · · · · · wq

y1y2 · · · · · · ym z1z2 · · · · · · zr
;m

¶
Some proofs are given:

Proof of (3.7):
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(Dx+Dy)
n
n
x−s−1y−1

o
=

nX
r=0

(−n)r(−1)r
r!

(1 + s)n(−1)n
(−s− n)r

x−s−1−n+r (1)r(−1)ry−1−r

= (−1)n n! x−s−1−ny−1
Ã

s+ n
n

!
2F1

"
−n, 1;
−s− n;

x

y

#
.

= (−1)n n! x−s−1−ny−1g(s)n

µ
x

y

¶

Proof of (3.8):

(1 +DyDz)
n
n
y−xe

−1
x
z
o

=
nX

r=0

(−n)r(−1)r
r!

Dr
y

©
y−x

ª
Dr
z

n
e
−1
x
z
o

= n! y−xe
−1
x
zx−n

xn

n!
2F0

"
−n, x;

;

−1
xy

#
.

= n! y−xe
−1
x
zx−nϕn

µ
y

x

¶

Proof of (3.9):

(1−Dx)
n
n
xa−1+2n

o

=
nX

r=0

(−n)r(−1)n−r
r!

(a+ n)n
(a+ n)r

xa+n−1+r Using (3.6)

= n!
(a)2n

(a)n
xa−1+n 1F1

"
−n ;
a+ n;

x

#
.
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= n!xa−1+nRn(a, x)

Proof of (3.10):

(Du −DxDy)
n
n
u−1x

n
2 y

n
2
−1
2

o
=

nP
r=0

(−n)r
r!

(−1)n n!
(−n)r u−n−1+r

¡−n
2

¢
r
(−1)rxn

2
−r
³
−n
2 +

1
2

´
r
(−1)ry n

2
− 1
2
−r

=(-1)n n! u−n−1 x
n
2 y

n
2
− 1
2 2F0

"
−n
2 , −n2 +

1
2 ;

;
u
xy

#
=(-1)n n! 2−n u−n−1 x−

n
2 y

n
2
− 1
2 Hn

³q
xy
u

´
Proof of (3.11):

(DuDvDw +DxDyDz)
n
n
u−1 vγ−1+n w−β x

n
2 y

n
2
− 1
2 zβ−γ

o

=
nX

r=0

(−n)r(−1)r
r!

(−1)n n!

(−n)r
u−n−1+r

(γ)n
(γ)r

vγ−1+r
(β)n (−1)n
(1− β − n)r

× w−β−n+r
µ−n
2

¶
r
(−1)r xn

2
−r
µ−n
2
+
1

2

¶
r
(−1)r y n

2
− 1
2
−r(γ−β)r(−1)rzβ−γ−r

= n!(β)n(γ)n u−n−1vγ−1 w−β−n x
n
2 y

n
2
− 1
2 zβ−γ

nX
r=0

(−n2 )r(
−n
2 +

1
2)r(γ − β)r

r!(γ)r(1− β − n)r

µ
uvw

xyz

¶r

=
(n!)2(γ)n
2n

u−n−1vγ−1 wβ−n x−
n
2 y

n
2
−1
2 zβ−γ

(β)n(2x)
n

n!
3

F2

"
−n
2 , −n2 +

1
2 , γ − β;

γ, 1− β − n;

uuw

xyz

#

= (n!)2 (γ)n 2
−nu−n−1vγ−1 wβ−n x−

n
2 y

n
2
− 1
2 zβ−γ Rn

µ
β; γ ;

r
xyz

uvw

¶
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Proof of (3.16):

³
D(vx)m + (−1)m(−mm)Dy1 · · · Dym

´n ½
[(vx)−m]−1y

n
m
1 · · · y

n−m+1
m

m

¾

=
nX

r=0

(−n)r(−1)r
r!

(−n)n
(−n)r

£
(vx)−m

¤−n−1+r
[(−1)m]r (−m)r

×
µ−n
m

¶
r
(−1)ry

n
m
−r

1 · · · · · ·
µ−n+m− 1

m

¶
r
(−1)ry

n−m+1
m

−r
m

= (−1)nn! (vx)mn+m y
n
m
1 · · · · · · y

n−m+1
m

m mF0

⎡⎣ ∆(m,n);
−; −

⎛⎝ −m

x y
1
m
1 · · · · · · y

1
m
m

⎞⎠m⎤⎦

= (1)n n! vxmn+m−ny
n
m
1 · · · y

nm+1
m

m Hm,n,ν(x y
1
m
1 · · · · · · y

1
m
m , h)
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